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PREFACE. 

These two volumes, now published as Part IV of 
the present work, are my final contribution towards the 
fulfilment of a promise made twenty-one years ago. They 
are devoted to the theory of partial differential equations. 

Though the work thus is completed, no claim is made 
that every topic of importance has been discussed. In 
the earlier volumes, indications of omissions from other 
portions of the whole subject were given and need not 
now be repeated: here also, there have been definite 
omissions. Nothing, for instance, is said concerning the 
researches of Picard and Dini on the method of successive 
approximations for the construction of an integral which 
obeys assigned conditionsj these investigations limit the 
variables to real values, and throughout the treatise I 
have dealt with variables having complex values. Formal 
questions, such as those which arise out of the appli- 
cation of the theory of groups, are hardly mentioned ; 
here, as in the precfeding volumesi I have concerned 
myself with organic properties, given by applications 
of the theory of functions, rather than with formal 
properties.. Again, the subject of boundary problems 
18 not dealt with; it appears to me to belong to the 
theory of (unctions in its applications to mathematical 
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phytioB rather than to the theory of differential equa- 
tions. In the branches of the subject that are discussed, 
I have tried ^ deal as completely as possible with what 
seems to me to be essential : and I have omitted what 
are purely formal extensions, to equ^ions of general 
order, of the properties of equations of the second order 
when such extensions contain no intrinsic novelty. 

In the preparation of the volumes, I have consulted 
the works of many writers ; and references are freely 
given. My aim has been to make these references relate 
to the main issues; not a few results, extracted from 
memoirs, have been used to construct examples ; and the 
name of the author is (I hope) given in every such case. 
But I have not attempted to select and arrange the 
references, so that they might make the framework of a 
history of the subject ; had the latter been my purpose, 
names such as Lagrange, Cauchy, Jacobi, whose work 
is now the common possession of all writers, would have 
received more frequent specific references in my pages. It 
will be seen that Darboux's treatise, Th^orie generate des 
surfaces, and Goursat's three volumes, Leqons sur /'in- 
tiijration des Equations aux derivees partielles, have been 
frequently quoted : I wish to make also a comprehensive 
acknowledgement of my indebtedness to those works. 

The earlier of the two volumes is devoted mainly 
to equations of the first order. The theory of these 
equations may be regarded as almost complete, because 
the actual integration of the equations is made to depend 
solely upon the solution of difiiculties which occur in 
connection with a system of ordinary equations of the 
first order. 
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An introduction to the subject is provided by 
Cauohy's existence-theorem ; it is discussed in the first 
two chapters. The next chapter is specially concerned 
with linear equations and linear sjrstems; these admit 
of a separate and special mode of treatment. The fourth 
chapter gives an exposition of what, on the whole, I 
L regard as the most effective method of integration for 

non-linear equations : it contains what is usually called 
Jacobi*s second method, with Mayer's developments. In 
the succeeding chapter will be found Lagrange'e classifi- 
cation of integrals, based upon the process of variation 
of parameters : but something still remains to be done in 
this branch of the subject, because even simple examples 
shew that the customary classes may fail to be entirely 
L comprehensive. The next three chapters are devoted to 

^ Cauchy's method of characteristics, alike for two and 

for any number of independent variables, and to the 
geometrical associations in the case of two independent 
variables. Then follows a chapter dealing with Lie's 
methods, based upon contact-transformations and upon 
the properties of groups of functions : it was possible 
to abbreviate this chapter, because Pfaff's problem had 
already been discussed in the first volume of this work. 
A chapter has been added dealing with the equations 
of theoretical dynamics, partly because of their intrinsic 
connection with partial equations, yet mainly in order 
to shew the origin of what is usually called Jacobi's 
first method of integration of partial equations The 
concluding chapter of this volume discusses those simul- 
taneous equations of the first order, involving more than 
one. dependent variable, which can be integrated by 
operations of the same class as those in any of the 
methods mentioned. 
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The later of these two Tolumes ie devoted to the 
conaideration of partial equations of the seooiid order 
and of higher orders, mainly (though not entirely) in* 
volving two independent variables. A perusal of the 
volume will shew that, outside the limita of Gauchy's 
existence-theoremi knowledge is fragmentary: the in- 
version of operations of the second order has not yet 
been discovered and, accordingly, any effective process 
consists of a succession of operations of the first order. 

After a chapter devoted to the discuasion of questions 
connected with the existence of integrals and, in parti- 
cular, to the discussion of the constitution of a general 
integral, two chapters are occupied with Laplace's method 
(and with its developments, due to Darboux) for the 
integration of the homogeneous linear equations of the J. 

second order: the effective success of the method de- 
pends upon the vanishing of some invariant, in one or 
other of two progressively constructed sets of functions 
involving the coefficients of the original equation. The 
result raises the question of the form of equations, the 
primitive of which can be expressed in finite terms : and, 
to this matter, one chapter is assigned. 

In the attempt to integrate any equation of the second 
order, it is natural to enquire whether an equation of the 
first order exists which is its complete equivalent : and 
equations, characterised by this property, will obviously 
constitute a distinct class. Such, indeed, were the equa- 
tions of the second order for which integrals (now called ^ 
intermediate) were first obtained ; and one method of 
their construction is due to Monge. Later, another (and 
a more direct) method for their construction was given 
by Boole : but both methods assume that a special form 
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attaches to the intermediate integral, and the assumption 
demands that a verjr restricted form shall be possessed 
by the original equation. Basing his argument entirely 
upon an assumed type of integral, Ampere devised an- 
other process of int^^tion: his method makes no 
demand for the existence of an intermediate integral : 
and the result is often effective when no such integral 
exists. All these three methods, (and another method 
of some generality, as given), require the construction 
of integrable combinations of one (and ultimately the 
same) set of subsidiary equations, when they are applied 
|i to the same original equation. But Ampere's method is 

I applicable also to equations of less restricted form. 

I It may, however, happen that an equation of the 

1 second order is not of the restricted form or, being of 

9\ that form, does not possess Hn intermediate integral, or 

is not amenable to Ampere's method. In that case, a 
method due to Darboux may be applicable, whereby a 
compatible equation of the second order (or of some 
higher order) can be constructed; provided only that 
a compatible equation of finite order can be obtained, a 
'^i primitive of the original equation can be derived. To 

these matters, three chapters are given: they explain 
the working processes that are effective for the deter- 
mination of an integral in finite terms, whether by a 
single equation or a set of equationa 

One chapter is devoted to the generalisation of 
integrals which involve some arbitrary parameters, and 
another to the discussion of characteristics of equations 
of the second order. The investigations in both of these 
diapters are cl^rly incomplete : they could be continued 
^ along lines that lead to the complete classification of 
integrals of equations of the first order. 
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In the theory of equations of the first order, much 
information is given by Lie's general theory of oontaot- 
transformations : and an obvious Mnvestigation is thereby 
suggested as to whether there is a corresponding theory 
for equations of order higher than the first. The question 
has been considered, and partly solved, by BlUsklund and 
others : one . chapter gives an outline of their work : 
it is clear that much yet remains to be done in this 
subject. 

In the last three chapters of the volume, some of 
the preceding methods and theories are extended to 
equations, which are of order higher than the second 
or which involve more than two independent variables. 
Only the simplest extensions are discussed : they could 
be amplified to any extent: but the result would be 
merely an accumulation of formal theorems possessing 
neither individuality nor intrinsic value. 
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From this brief sketch of the contents of these 
two volumes, it will be manifest that, in the theory 
of equations of order higher than the firat, there are 
many gaps and that the theory is far from complete: %i 

and even a summary perusal of the volumes will give j 

some indication of these gaps. It is my intention to 
point oiit, in a presidential address which wiU be 
delivered to the London Mathematical Society next k^ 

month, some of the more obvious and practicable > 

questions which are waiting for solution. Of these, 
there is no lack: it is only the workers who are 
wanted. - 
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On not a few occasions, it has been my privilege to 
acknowledge the help which has been given to me by 
the Staff of the University Press. Once more, an oppor- 
tunity comes to me: and I gladly seize it, to express 
my indebtedness to them all for the care, the attention, 
and the consideration, by which they have lightened 
what to me is never an easy or a simple duty. 



80 I pass from a task, which has tilled the greater 
part of many years of my lifot which has broadened in 
my view as they passed, and which has suffered inter- 
ruptions that threatened to end it before its completion. 
Many of its defects are known to me : after it has gone 
from me, others will become apparent Nevertheless, my 
hope IS that my work will ease the labour of those who^ 
coming after me, may desire to possess a systematic 
aooount of this branch nf pore mathematics. 



A. IL FORSTTH. 



TftmTf OoLtsoi^ OAttBBnw& 



CX)NT£NTS, 

OH AFTER L 
iinoDUonov: two cxiiQnuiog^KioMii& 



J 



1. lulroduotory •x|>IiuiaUoiim I 

8—4. TIm chMAclar of Um general integral of |Mrtiel equeiioiMi not 
to be inferred either bj generaliei^g from ordinary eqoe- 
tione nor from e rovenuU of any prooeee of conatniotion . i 

5. Bete of variaUee: the number of ecjuatione muni generally 4 

(though not uiiirereally) lie not greater than the number 
of do|)ondeiit rariablee 6 

fll Any nyNtem of equatioms equal in number to the number of 
de|)eiident variablotti can be made an amplified ayetem 
in an increased number of dependent variaUee of the 
name ty|ie . . . « 6 

7. Or it can be n»|»lacod by one equation (or iieveral equations) 

of higher onler in one dependent variable ... 10 ^ 

& Gauch/a theitrem aa to the existence of the integral of a 
aystem of m eqiiatiom» in la dependent variables made to 
depend upon twu exi8tence-thei>remtt : the firtit of theee 
thoiiromii .* . . . 10 

§*1L Madame Kowalevak/d pitiofuf the /trji lAtfOTfM ... 11 a 

18. The integrabi thua obtained are the only regular integrals that 

bAtiafy the impottod cunditioiui 17 j 

It. Note a« to |KMail»le non-regular iut4)graki and particular varia- 

tioiia of the cumplez variable 81 

14. The ieeond lA^-o/vm, deduced by Madame Kowale\'ak)' from 

the firit theorem : with example and note ... 88 



.1. 



i 



OONTENTB ZIU 



CHAPTER II. 

caucht'8 tbborkil 
AM. noB 

1ft. Remarks on the limitations imposed bj the conditions assigned 

in the subsidiary eiistence-theorems .... 26 
^ 16b A single equation of the/nl order f{s^ y* <» /N 9)""0 • t7 

17« Eiistence-tbcorem for/«0 when resoluble with regard to j» • S6 

18l Likewise when /»0 is resoluble with regard to 9 ... 81 

16. Summary of results, with statement of eiception ... 61 

60l More general form of existence-theorem for/»0 : with notes 66 

61. Geometrical illustration • • • 64 

61 . Statement of results for single equation of the /rH order 

iuTolving fi independent variables 65 

66b Application of the subsidiary existence-theorems to the equa- 

tion /(X| jfi f^ f», 9, r, i, 0""0 of the Hcond order: its 
integral when /«0 is resoluble with regard to r or to I . 67 
64 Summary of results, with statement of exception • • • 41 

66. Gauchy's theorem for a general class of m equations In m 

dependent Tariables of any orden ; with a remark on the 
number of arbitrary functions in the integral ... 46 

66. Significance of the limitation defining the preceding class of 

equations 46 

67. Comprehensiveness of the preceding class not universal . 00 

68. Recent investigations as to the existence-theorem for more 

widely comprehensive classes of equations ... 66 



CHAPTER IIL 

LIHIAR BQUATIOHi A9D COMPLBTK UHBAR STBTBlli. 

66. Equations X%pi'^,„'^X^p^^6f where t does not occur in 
JTi, ..., A\: its fi-1 functionally independent integrals ; 
and its most general integral, which includes the Caocby 
integral 66 

60l Equations JTipi-f ...-f J^^f^|«Z', where i does occur in the 

coefficients : integrals of the subsidiary system and their 
relation to the equation : a general integral ... 60 

61— 661 This general integral is not completely commhenslve : epeeUA 

integrals may exist that are not includra^K ... 66 

64. Summary of results, with examples of special integrals • 67 

66, TIm equation in § 60 can be changed into the equation in 

f 69: relation of their integrals 71 

661 OMidiy^ theorem assodaled with the genend hiteginl of the 

aqoalkn In 1 60 • 7t 



XTl OONTKNTB 

OHAFTBR VL 
TM MmoD Of oaABAoramitnot fom iqv^nojn w two woBPnosn 

TABIABUM! OBOMITBIOAL ftBLATIOHt Of TBB TABlOUt laTBOE^U. 
ABV. ffABS 

84. BaUidUfy eqiuUoni otyUinaJ by changing tbt Iwo imkpepdapt 

tatUUm . « . . iOft 

86. EflbotoftheaaditioMaooudiUonathiMintroduoed SOS 
. 80. Ilodat of MiUiif jing tlMMe ouiHlitiouii : Um difierent inUgndt 

obUliMd • ... 810 

87|8a Darboiu'adeUiledinodificaUon of Cauohj'iinietliod and proof 818 

88l Tbe ainguUr integral 816 

80l Exceptional cana ; uae of Legendrian oontact-iranafonnation ; 

examplee uf the whole theoiy . 817 

01. Geometrical interpretation : the complete integral, with a cone 

T, a reciprocal cone ^V, and a curve O in any plane . 881 

08. General integrals an derived from complete integrals : cMarae- 

Uriitics of familiee of tuHactti and their propertiea • • 884 
OSw CAatacieruiic tUfelufKibU, and ita properties .... 887 
04. Differential equations of the characteristics derived from the 

original equation : thej are the subsidiary equations in 

Cauchy*s method 888 

06. They can be derived also from the integral equations 830 

06w Equations of the characteristic when the integral is given in 
' a form expressing jr, jr, j in terms of two variables and two 

parameters 838 

87. £df^« of rri^ressioH of the surface representing the general k 

integral: its equations 836 

06. Jnt^ral curves ; tlioy include characteristics ; their contaot- 

relations with the surfaces representing the integrab . 836 
80. Equations of edge of regression of a selected general suiCaoe i 

derived from original equation 848 

100. Lie's chissification of partial equations of the first order 

according to the nature of the characteristics on the 

complete integRd : in |karticular, when they are 7 

(i) asyiuptotio lines, (ii) lines of cunaturSi (iii) geodesies 844 j 

CHAPTEli VII. I 

aiMOULAB 1NTI4JIUL8 AND TUKIR OBOMITRlOaL PBOPB9T1U *. ^ 

•INOULAKITIES OF THE CHAlUOTKRISTlCa. ^ 

101. The Singular Integral (wlien it exists) is an envelope of 

the complete integral ; its relations to the other sur- 
faces and the curves : I>arboux'a theorem on coiys^olt 
ekaracterisiia 840 t 



comtehtb zTii 



101 The proiwriies of the mngaUur integral are used to eonoect 

it with the original equation tSS 

109. BeUtion between the general integral and the aingnlar 

integral • S54 

104» 10ft. Oontact between the general integral and aingnlar integral 
usuallj ia of fimt order : oonditiona that the eontaot 
may be of the second order t95 

108. Order of oontact between complete integral and aingnlar 

integral 160 

107. Ellect of singularities on the charaoterisUoa : the ft?« 

possible cases t6l 

108. Case I: an ordinary point tOS 

lOOi Case II: when P-Q. 9-0 .163 

lia Gase III: when X-^pE^^ F-^ql^O • . . • 865 

111. Case IV: when P-0, 9-0, I-^pE^O, T-^qE^Q 166 

111. Tarioua Sulvcases of Case IV 169 

111— >118l Sieeptions to Gase IV, when the equations are not in* 

dependent of one another: characteristics and a 

conditioned singular integral 171 

lia Cuse V: when P-0, 9-0, JT-O, F-O^ JT-O ... 178 



A 



CHAPTER VIII. 

^ ^ THK MITHOD OF 0HA1U0TERI8TIC8 19 ANT 9UBBBB OF 

IlfDBPByDBMT YARIABLBB. 

117. Equations of characteristics, when ther^ are fi independent 
variables, in Darboui's form • 188 

1 18. The additional conditions associated with the new variable 884 

119. Modes of satisfying these oonditiona : kinds of integrals 
thus deduced 888 

18a The singular integral: special integrala • .891 

181. Eiceptional case ... 898 

181 Equations of characteristics derived fmm the complete 

integral in two ways . • • • • . 893 

181 The various hypersurfkce integrals touch at a position 

j common to all of them • 897. 

I 184. Order of this eontaot . « .901 

188. The investigation in § 184, when fiM8 • • • • 908 

188. Eiamfte of the general theory 910 

187. Oontaot of the complete integral and rii^ttlar integral ; 918 



Vrm OONTENIS 



OHAPTER IX. 



UB^I MKTHOM APPUBO TO BQUATIONt 09 THl f IBM OBUBB. 
ABt. 

Itt. OoiitACt-\nuMfoniuiUoiui: If ajer't fonn of •quAtloM glTing 

the DMwt general tranftfonnAtioii deftned bj Lie • J16 

188. EquAtioiM ftir iufiniteeiiuAl ocmUct-lnuMforamtioM . 117 

laOl Ale6 for thuwe which involve the deijeodeui VAriable in 
onlj a eingle equatiou, with the epecial cmee, (i) in* 
finiteeiiiMl, (ii) hoiuugetMouii, (iii) iufiuiteHimAl and 
hoiuogiBiieoiui : roUtiou of the Uat to theoreticel 
dyiiAuice J16 

IJl. The dctenuiiiAtioo of iuQuiteniuud homogeneuun oouteot- 
traiitfonimiioiiift, which loavo Muy |iartial equation of 
the tlnit order uiudtored, ii^ equivalent to the Integra* 
tiou of the equation S83 

US. Application of finite contact- tranaforumtiona to the intogra* 

tion of/ (4*1 J^nt^Pit — li'J^O: with the varioua 

tjr|MM of integralu S84 

13S. Likewido for an cquntion/(X|, ...» x., />|, ..., pJtmO . 189 

1S4. LikewiHe for a complete ayateni when the dependent 

variable occun explicitly S33 

18ft. And for a complete ayHtem when the dependent variable 

does not occur explicitly 837 

188. Relationa botwuen the equationa of a complete ayatem and 

the conutituentii of a coutact-tranaformation . 848 

187. Qroupi of /unctions: tub-groHp$: t^Heuu in involution: a 

/unction in involution with u group: aimple propertiea 

of groupa .844 

188. Ue'a thcorum on a group of order r and an aaaooiated 

complete Jaoobian ayatem of equationa: rwciprocai 

(groups 847 

188i /ficfu*t<i/ funotiona of a group : their number: two reoiprooal 

grou|Ni have Uie name indicial Auictiona 8flO 

140. Canonicttl /urm of a gn>up not in involution, determined 

by ita indicial fUnctiona 854 

141. When a group of order m -^ 2^, having m indicial lUnctionai 

la in canonical form, it can bo amplified into a group 
of order in (where 2a ia the total number of variablea) 
in canonical form . . '. . 861 

148. When a group of functioiui ia aubjected to a oontact-traua- 

formation, the order of the group and the number of 
indicial functiona are invarianta: and oonvemely 864 

148. Higlieiit order of a aub-group in a group, and graateai 

numbe^i^pdicial functiona that a group can poaaeai . 866 



\ 



CONTENTS inx 



144. Ooiiitn»iioiioftlMmib*gfOttpofgrQfttMtord0rina8r<rap. H9B 

14a. AppUcation of properties of groups to the integrstkm of 

oomplete Bjstenis of partial equations of first order 






CHAPTER X. 

THK BQUATIONt OF THBORITIOAL DTVA1I1C8. 

I4d. ' Hamilton's canonical form of the equations of general 

theoretical dynamics : the ftmction IT, and the aaso- \ 

ciated partial equation 871 \ 

147. Hamilton's equations connected with the ftinction S . 976 \ 

148. Relations between the two sets of eqiuitions, connected 

with initial taiues 979 

148l Hamilton's equations connected with the Amotion A • 981 | 

IflOi Rttensions of Hamilton's results hj Jacohi into a method 

(called JaeM*9 firti method or the •ffamUton-Jacobi 
meiAod) for the integration of equations of the first 

order 988 

161. Ifayer's generalisation of the complete integnU thus ob* 

tained 987 

161 - Corresponding results when the dependent Tariable occurs 981 
lU^ 151 The lV>i8son-Jacobi eombinant and its use in the inte- 
gration of the canonical sjstem .... 991 
166^ 166L A eontact-transformation leaves a canonical sjstom un- ' 
altered : and eyerj transformation having this property 

is of the contact type 998 

167. Special case of oontact-transformatioo applied to a canoni- 
cal system 409 

158. The canonical equations are the equations of the coYitaot- 

transformation applied to the energy of the system 404 



CHAPTER XL 
•muLTAKKOus iQUATioire or THB riBar osdbb. 

159. Introductory remarks : differential equations derived from 

an integral system • 408 

1801 KOnig's system of rm equations in m dependent variablea 

and n independent variablea (r<fi) • • • • 411 

181. OcndktiaimoieompUUinit^raUlitjf 419 

181 Method of intviAkm when the ooliditkmaara satisfied . 418 



OONTINTB 

ffAMI 

DilfcrBOi kiiMlt ol iniegnk indiotil : how fur Umj eta 
be ooDoeotod bj the VAri*iion oC niramaUw : vitb ao 

eiMU|il« , 419 

Uamburger'e mU of m huau eqiuUonii in m dependaoi 
J TAriablM: tba method ioeflective in general when there 

f ere more then two independent Terieblee 4S8 

167. Uamburger^e method when there ere two inde|iendent 

I Teriablee 430 

il68. £itreme cene in Hamburger'e method: JecobPe linear 

equAtione and their integral 43S 

16d. Equations for which m » 2, m » 9, with examplee 435 

170^ 171. . Haniburger'e proueati in detail when im > 8 44i 

178. Alternative method, in which the subaidiaiy equationa are 

INUtialf not ordinary * 448 

173. Hambiirger'a method applied to non-linear aimultaneoua 

equationa in two iiido|)eiident variaUlee and aa many 
de|)eiideut variables a« equationa .... 4ft5 

174. Proof of the main theorem 460 

175. Alternative method which aometiniea ia e£footive 466 
176L When the Jacobian proce:w for a iiiugle equation ia general- 

iiied, aa ia the Lugraiigian prooeiMi In Uambuiger'a 
luothodf it leads to sultafdiary equstiona, which are 
liuoo-liuear but cannot be integrated by inverse opera- 
tions of only the first class 474 

177. Two equations of the first order in two dependent variablea 
do not, in general, lead to an equation of the second 
order in either variable alone 477 



CHAPTER I. 

Introduction: two Existence-theorems. 

1. The inTestigationfl, which conntituie this Part of the present 
work, are devoted to the conflidcration nf properties of partial 
differential equations. In text-books which deal with the modes 
of oonstnicting the integrain of niich ef|iiation(i, several procrmoa 
are given, often with the main piirpono of obtaining the int4*grals 
in finite tcrmn ; but the proceRsen are limiU^I i'n^e ncopi; of their 
application, b(.*cauM> the equations which pn>ve amc*nable to their 
acti<in are lew in character and not infriKpirntly have bcn^n arti- 
ficially constructed Whrn thene proci'mea either are not applicable 
or cannot conveniently be completed, no information concerning 
the solution of the equation would then be obtained ; indeed, they 
offer no guarantee that an integral even exiflts. 

Accordingly, it is desirable to discum the whole theory of 
partial differential equations from the foundations and, in the 
oourK of that discussion, not only to revise known results but 
also, 80 far as may be possible, to place them in their fitting 
positions in the ordered body of doctrine. Such a disciuwion was 
foand to be necessaiy for the proper establishment of n>sults 
relating to ordinaiy differential equations. It is even more 
neoessaiy in the case of partial differential equations, partly be« 
cause the inveruon of simultaneous partial differential operations is 
more diflfeult than the inversion of ordinaiy differential operations, 
partly because the suggestions as to the character of an integral, 
as ofered by p roc es s es of inversion, are leas significant for partial 
eqoalioiis thu for oidinary equations. 

r. T. \ 
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S. Two kindfl of iUuBtmtioQ iihould suflBce for a juttificaiion of 
ihis last statomeot. 

Ooa mode of atiomptiiig to discover the character of the moat 
complete integral of a partial equation would be by generalisation 
from the case of an ordinary equation. 

For an ordinary equation, which has y for its dependent variable 
and X for its independent variable, the integral is made complete 
by the assignment of initial values to the variables; that is, y is 
aome function of « and so, when a constant value is assigned to dP, 
the function y and all its derivatives become constants. As the 
. equation is to be satisficKl and yet the integral is to be as com- 
l^ete as possible, these constants will be as unrestricted as possible : 
and therefore it is to be expected that some at least of them will 
be arbitrary constants. There thus arises a suggestion that the 
most complete iutegial will bo such that, when some constant 
value is assigned to or, the function y and some of its derivatives 
acquire arbitrary constant values. The suggested property has 
been established under appropriate limitations and conditions. 

To extend these results, if possible, to partial differential 
equations, consider a single partial equation of the first order, 
having $ for its dependent variable and Xi, ..., x^ for its inde- 
pc^ndent variables. If an integral exists, that integral must 
determine « as a function of oTi, .,., ar«; and so, when an initial 
value On is assigned to a7«, the first derivatives of g with respect 
to d^i, ..., oTm-i con be deduced from an assigned expression for i, 
and then (save in special circumstances) the partial equation 
detemiines the first derivative with regand to arn. By using 
the equation in combination with the .expressions ft>r the first 
derivatives, the derivatives of higher order con be obtained for 
the value a^ of 4*^ ; and ^hus no limitation appears to be imposed 
on the value of « as an assigned function of «!,'..., ar«.|, when 
'•"■^M. If th6 integral is to be as general as possible, it is 
reasonable to expect that the tissigne^ function shall be as general 
as possible. But at this stage, questions aris^. as to what is the 
most generiil function admissible } Is it to be made general by 
possessing the greatest possible number of arbitrary constants ? 
Can the assigned function be an arbitrary function, subject possibly 
to limitations imposed by the partial equation ? and, if so, must it 



/ 



11 CONSIDERATIONS 8 

be explicit or may it be given implicitly, for example, by means of 
quadratures which cannot be effected in finite terms f Or are all 
the modes indicated for securing the generality of the integral 
admissible, so that there are different kinds of general integrals ? 
and if so, are there any relations among the various integrals? 
To such questions the argument offers no hint of an answer. 

Similarly, when a partial equation of the second order is 
propounded in the same variables #, xr,, ....'nf the extension of 

the results obtained for ordinaiy equations suggests that » and r— 

should acquire asaigned values as functions of «|, ..., ff^i, when 

«W ""Chi* For the values of 5—, ..., 5 , when «W"aii> could be 

deduced fi^m the value of # ; and then the values of ^ ^ , for 
r«>l, ..., n — 1, and ««1, ..., n, could be deduced fi^m the values 
of j|— , ..., oir Already known; and^ the partial equation would 

3*1 
(save in special circumstances) determine the value of r--^ . As 

before, the values thun obtained, when combined with the use of 
the partial equation, load to the values of all the derivatives. 
Thus all the quantitien asfiociatod with $ are known: at the 
utmost, only npecial limitations appear to be imposed upon the 
asmgned (unctions by the procem adopted; and therefore it is 
reanonablo to expect that the integral will become the mont 
general ponsible when the two assigned functions are as general 
as possible. Again, at this stage, questions arise as to the con- 
stitution of the generality of these assigned functions. Is the 
generality to be secured, by arranging that they shall involve 
the greatest possible number of arbitrary constants ? or by making 
them independent arbitrary functions of «^, ..,, «^f or by 
associating them with a possibly even more general function of 
«i, ..., c^ for the particular value a« of «w f If the functions are 
arbitrary, must they be given explicitly or may they be given 
implicitly as, for example, by uncompleted quadratures f Again« 
are all the modes admissible as alternatives, so that they lead to 
different kinds of general integrals f and if so, what relations (if 
any) subsist among the integrals f As in the former case, the 
afgument offers no hint of answer to the questions. 
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t. In both the initancea Ihai have been briefly oonaidered, 
the argument oflen suggeBtionii and even stin expectations: that 
this is the limit of the attention to be paid to it, can perhaps be 
most simply soon by a porticuhur case. Applied to a couple of 
simultaneous partial equations determining a couple of dependent 
variables, it would lead to a suggestion that the most general 
integral would involve at least two sets of general elements, what- 
ever be their form ; yet the inti*gral of the simultaneous equations 

3^ "^"3, "'*"*" '•■^^'•*> 
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a being a constant ; manifestly it contains no arbitrary element. 
In fiict, the utmost to be inferred from the argument is that 
some kinds of equations umy possess integrals involving arbitrary 
elements in their most general forms, and that there may be 
different kinds of general iiitogruls. 

Whether these general integrals include all the integrals of an 
equation is a matter that demiuids separate consideration, to be 
undertaken later in another line of inquiry: and, naturally, a 
detaili*d consideration of the generality of integrals must also 
be undertaken later. « 

4. Another mode of attempting U^ discover the character of 
the most complete integral of a partiiU equation consists in com- 
paring differential equations, constructed from initial integral 
equatiiins, with those integral equations : but it is easily seen to 
be untrustworthy. 

Thus if an integral equation 
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where cul — 6e«l, be propounded, the result of eliminating the 
constants between the equation and its derivatives leads to the set 
of partial equations 

Pi ^"|H 9«^" *" ^Pn ^n 
where 

for r«> 1» ..., ti. The process cannot be reversed, so as to lead to 
an inference that the most general integral of the set of partial 
equations contains three arbitraiy essential constants : the infer- 
ence would be incorrect, for the set of equations is satisfied by 

where /(«) is any function of # containing any number of arbitrary 
constants. 

Again, if there is given an integral equation 
/(«if •••» *»» *• Oi. •••• «»•)■■ 0, 
it is possible to construct a set of partial eqtiations with which the 
integral equation is consistent, by forming the n derived equations 

which give the values of =—, ...,^1 And then eliminating the 

HI constants a,, ••• , a^. For the present purpose, the m constants 
may be assumed to be not reducible to a smaller number, and m 
may be assumed not greater than it ; also, when elimination takes 
place, the number of resulting equations will be not less than 
n + 1 — ffi. It will be assumed that the number of such equations 
in the set is actually it + 1 — m ; each of them is partial, and of the 
first order. 

If m is equal vo n, there is a single partial equation : and the 
argument suggests that a single partial equation of the first order 
may possess an integral involving n arbitraiy constants : it does not 
prove this result, for there is nothing to shew that the partial 
equation is not of a special form, arising from the limitation that 
it has been deduced from an integral equation of specified form. 
The argument ofiers ho contribution to the question as to whether, 
if the integral is possessed by the partial equation, it is the most 
general integral 

If m is less than n, there is a set of simultaneous partial 
-equationa of the first order: and the argument might be held 
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to suggeat that « -f 1 -* ih umultaneoua partial equaticMis of the 
first order, involving one dependent variable and n independent 
variables, may pusseas a oouimon integral involving m constants. 
Hie result is, of course, not proved and it is not true in general 
fiict : for, independently of the impossibility of reversing the process 
of eliminatiun, the n -f 1 — m equations are affected by the form of 
the original integral and therefore will have relations with one 
.another, while such a set of partial equations pustulated initially 
need not have any relations ^ith (»ne another. Thus the exiMtciice 
of a common inti*gral is even more doubtful than in the cane of a 
single equation : if it exists, no inforence as to its gouerulity can 
be drawn. 

6. After these explanations and criticisms, it is manifest that 
attempts to obtain infonimtion as to the solution of partial equations 
by vague extensiiuis of the knowledge of the solution of ordinary 
equations must be abandoned. The constructive process, that will 
be adopted instead of them, consists in the gradual establishment 
of results, bt^ginning with the proof of the existence of integrals 
possc*stting detiuite assigned characters. The actual constniction of 
the integrals when their existence has once bei*n established, the 
discussion of the range of their generality, and the poHsibility of 
using them in the derivation of intitgrals of other kinds, all are 
matters for subsequent investigation. 

It will be assumed that, aave in si)ecial examples, the number 
of independent variables is n ; and they will usually be denoted by 
^i» •••» «rn. The number of de|K*udent variables may be taken as 
m, the simplest cose arising when m » 1 ; they will be denoted by 
'i* •••! <^M » and when there is only one variable, it will be denoted 
by M. For the present purpose, thinje depi*ndent variables are to 
be determined b) ptirtial differential equations ; let the number of 
such equations in a given set be s, and suppose that the highest 
derivatives that occur in them are of order ^. 

Let derivatives of each of the ec^uations be constructed, of all 
orders up to those of order tc inclusive. Then the total number of 
equations in the amplified set is 

«(l + N4-in(ii4-l) + ... to (« 4-1) terms) 

(ii4-l>(M-l-2)...(n4-ic) 
■* 1.2....ic 



( 



5.] NUMBER OP SQUATIOHS 7 

ny; and the total number of dependent qnantities, i)eing the 
dependent variabtes and their derivatiTes of all orders up to fi-f « 
inclnriye, is (or can be, for some of the dependent quantities may 
not occur explicitly) 

m(l + fi-f4n(a-f !)-»-... to (« + ^ -f 1) terms) 



/ 



I 



mNK, 



'^ 1.2....(«-«-m) 



where 

^" (ir + l)...(« + M) 
The factor K is obviously alw/iys greater than unity; and 
therefore if «< m, or if « ■>fii, the number $N is less than mNK. 
The number of equations in the amplified set is less than the 
number of dependent quantities in the amplified aggregate ; and 
therefore it will generally be impossible to eliminate the dependent 
quantities from among the equations. Were such elimination pos- 
sible, the results would take the form of relations between the 
independent variables : and these, of course, do not occur. There 
is therefore nothing incompatible with the analytical nature of the 
case, iff <fn, or if ««>fn. 

Next, consider the possible hypothesis that « > m. The iactor 
K is greater than unity; but its value decreases as « increases, 
and it tends towards unity with large increase of ir. Let «| be the 
earliest value of « for which 

m 

then for the value iti, and for eveiy value of « which is greater 
than iTi, we have 

t > mK. 
and therefore 

$N>mNK. 

I For such values of «, the number of equations in the amplified 

f system is greater than the number of dependent quantities in the 

amplified aggregate. The dependent quantities could then, in 
i * general, be eliminated fi^m the amplified system of equations ; 

the results would take the form of relations among the inde- 
pendent variables alone, and such relations cannot occur. Such a 
eonduaoo is^ in general, not compatible with the nature of the 
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case : and iberefore, in geneinl, « cannot be greater than in. If 

however the eliminatian could be performed for any given aet 

of equations, amplified in the manner indicated, the final relations r 

would be evanescent, and the incompatibility would not appear. ' ^ 

This last event could occur only if such conditions were satisfied 

by the original system and ooiisei|uent conditions were satisfied by 

the amplified systvm, as would reduce the number of indepemlent 

equations in the amplified syHti*hi so that, at the utmost, it 

should not be larger than the number of dependent quantities in 

the auiplified aggregate. 

Hence, in general, the number of ec^uutious in a given system 
must not be greuti^r than the number of dopendont variables 
involved ; but the number of (Hjuutions may bo the greater in 
particular systems, and the invttHtigation of the necessary and 
suflicient conditions will be a matter for subsequent discussion. 

It is clear without detailed argument that, when t is less 
than m and when the equatioiia are general, then m — « of the 
dependent variables can have values assigned (either quite arbi* 
trarily or arbitnu*ily within proper limits), still leaving as many 
equations as undetermined dependent, variables. 

Accordingly, the moHt general case to be considered for the ^ 
present is that uh^hich the number of equations is the same 
as the number of dependent variables. ; 

6. Two properties of such a system of equations may be 
mentioned; their importance is mainly foniuU, and only a brief 
consideration is needed. 

The first of the properties can be stated as follows : if a system 
of m partial equations in m dependent variables involves derivatives 
of oitler higher than the first, it can be replaced by an equivalent 
system of equations cont^iining only derivatives of the fint order, 
the number of indi*pendent equations in the new system being 
the same as the number of depi^ndent variables which it involves. 

The ]>ro{K*rty is piucticailly obvious and so hardly requires 
proof: it can be seen in ctmnection with any particular example. 
Let there 1h3 a single equatitm, involving tierivatives of the second 
order as the highi.*st : when n new dependent variables are intro- 
duceil by the equations 

3* / 1 \ 

gjr=»/*r» (r«l, ...,flX 
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f 

the given equation can be expressed in a form 

which involves only derivatives of the first order; and the new 
system now contains it-f 1 equations, involving n-f 1 dependent 
variables with derivatives of the first order. 

It may be added that the main use of the property lies in 
deducing existence-theorems for equations of order higher than 
the first firom the existence-theorems which soon will be established 
for systems of equations of the first order. 

An extended form of the property enables us, not merely to 
replace any given B]rstem by a system containing only derivatives 
of the first order, but also to secure that each equation, which 
in the new sjrstem involves derivatives of the first order, is linear 
in those derivatives. Thus, in the preceding example, additional 
dependent variables would be introduced by. the equations 

for /A and t ■> 1, ..., n: the original equation takes the form of a 
relation 

/(*i» •••» '»» *» Pit •••» Pnf Jii» •••» 7»»)"® 

among the variables free from derivatives; and the derived 
equations 

ax, ^ a# ,1-1 c^p^^ A^nSfM ax, 

are formed for t«l, ..., n. All the equations are linear in the 
derivatives which are of the first order; but it should be noted 
that the number of equations in the modified B]rstem is larger 
than the number of dependent variables, though the conditions 
for coexistence are satisfied. 

When the number of variables is other than very few, the 
extended form of the property tends to be cumbrous. It is, 
however, of definite use, as will be seen later (Chap, xviii), as part 
of a method for obtaining integrals of equations of order higher 
than the first when they possess integrals that are expressible 
in finite terms. 
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7. The other of the two propertieti indicated in § 6 baeee the 
•olution of a syHtem of m partial equations in m dependent variables 
upon the solution of one equation (or of more than one equation) 
in a single dependent variable in aasociation with algebraic pro- 
cesses: the substituted equation or equations usually (but not 
universally) involve. derivatives of order higheir than those which 
occurred in the original system. 

Reverting to the method adopted in § 5, and applying it for 
the purpose of eliminating r,, ...» ^m and all their derivatives, we 
should have mN equations in the amplified set, while the number 
of doi)endent quantities to be eliminated is (m — 1) NK. Accord- 
ingly* l<)t «ri be the leasit value of k for which 



K< 



n 



m-l' 
and therefore 

(m-l)iy/r<m.V. 

The dependent quantities, composed of ««, ..., s^ and their 
derivatives, can be eliminated from the amplified set of equations: 
the results of the .eliminatiun will take the form of one equation 
or more than one e<iuation involving f| and its derivatives, the 
latter being of onler higher than those which occur in the original 
system. Moreover, by the algebraic proeesHCs, all the dependent 
quantities that are eliminated are expressible in terms of those 
that survive. Accordingly, when the solution of the equation or 
equations in f| is known, the other dependent quantities can be 
regarded as known : and then the solution of the original system 
will have been obtained. 

It should bo addetl that this property is not of importance 
in the general theory: its chief value lies in the fiict that it 
provides a method which sometimes is effective in leading to the 
solution of {larticular classes of e<|uations. 



Preparation for Caucuv'h Theorem: toe first of tub 
hURsiDiARV Existence-theorems. 

8. We pnxreed now to the establishment of some positive 
results, in particular, to the establishment of Cauchy's theorem 
affirming the existence of integrals of a system of partial equationa 
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The syBtem of equations contains the same iimnber of dependent 
* variables as of equations ; in form, it does notittblude all possible 
systems of such a character, but it will be found to include a 
large selection of important and representative systems ; and the 
integrals will be proved to exist, subject to an aggregate of 
assigned conditions. For the purpose in view, the method devised 
by Madame Kowalevsky* will be adopted, whereby the main 
theorem is approached through two existence-theorems belonging 
to partial equations of comparatively simple type. 

The first of these theorems can be stated as follows : — 

Let a set of partial equations be given in the form 

for values i ■■ 1, . . . , m, being m equations in m dependent variables ; 
the coefficients 0^ are (unctions of ^, , . . . , #«» alone. Let C| , • • . , Cm 
be a set of values of ^i , . . . , ^^ respectively, in the vicinity of which 
y each of the (unctions O^r is regular; ifind let ^, ..., ^n, be a set of 

functions of «^, ..., r^, which acquire the values Ci, ..., Cm respec- 
tively when «^«a„ ..., «^ ■■ On, which are regular in the vicinity 
of these values of c„ ..., «», and which otherwise are arbitraiy. 
;^ Then a stfstem of int€gral$ of the equations can he determined^ 

which are regular functione ofxx^ ..., x^ in the vicinity of the values 
Wi^OifX^^Ott ...fXn^Ont and which acquire the values ^, ..., ^^ 
when 4r, « (B| ; moreover, the system of integrals, determined in accord* 
once with these conditions, is the only system of integrals thai C9n be 
so determined as regular functions. 

^ 9. It is convenient, for the sake of conciseness in the formule, 

I to write 

for fa* 1, ...t ft, and rml m: and then we have to deal with 

^ quantities in the vicinity of sero values ef y and {1 

As the fimctions are regular within this vicinity over some 
finite region, we select a portion of the region defined by the 
ranges 

• Crtflf, tun (1971), P^l-M. 
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and we denote by M the greateet value amoiig the quantitiee 1 0^\ 
within this portien of the region selected, if be^ig finite. The 
functionfl can bo expreaaed as power-aeries ; and if we take 

where the multiple summation is for all integer values of «|, $^, ... 
fix>m sero upwards, simultaneous sorus being included, then^ 



I-^-Kb^ 



a fortiori. Similarly, within a selected region of existence of the 
functions ^, defined by ihe ranges 

we have 

where the multiple suiiuimtion is for all integer values of /i^fig, ••• 
friMu xoro upwards, HiidultiuitMius zenis being excluded; and then^ 
if i^ denote the greatest value uiiiong the quantities \^^\ within 
this region, we have 

> N 

a fortiori. 

If functions {^ exist possessing the character required in the 
theorem, they can be expanded as series of powers of yi in the 
vicinity of the origin; having regard to the value they must 
acquire when yi«>0, we can take them in the form 

t - f !• + yiir^ -^ yiW^#»i + • • • . 

where (as the functions f are to be regular in all their variables) 
the coefficients ^n,, ^m, ... must be n*gular functions of y,, ya, ... 
within the selected ivgion of existence, and they do not involve yi. 
Those functions C if they exist, are ti> HatiHfy the differential 
equations : we substitute them therein, and comiMire the coefficients 
of the various powers of yi and, from the fact that the derivatives 

* 8m my Tktorg of Funetioms, (Second dtlitioD). bereafter qiioUs4 si T. P., 
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with regard to ^i (and oonseqiie'ntly of yi) occur on the left-hand 
•ides of the equations only, we find relations of the form 

where the number of terms in the summation on the right-hand 
side is finite. Each term Z is the product of four (actors : 

(i) a coefficient a from the expansion of the fimctions : 

(ii) a product of the functions ^^^ the second subscript 
index X being less than p : 

(iii) a first derivative of one of the functions ^«a, the second 
subscript index X being less than p : 

(iv) a positive integer. 

Now all the functions ^^ having their second subscript index 
sero, are the functions ^i, ..., yjt^; and their expressions as 
regular functions of yt» •••» y* ai^ known. Hence the relations 

give a formal determination of the functions ^^p in succession ; 
they appear as power-series in y,, ..., yii» the coefficients in which 
involve the constants a bom the expansion of the functions 0, the 
constants c firom the expansion of the functions ^i, ...» ^mi Mid 
positive numerical factors. 

When these values are substituted in the yi-expansions of 
iu •••» Cni expressions result which formally satisfy the differential 
equations. In order that they may possess functional significance, 
these multiple series must converge ; this necessary oonveigeoce 
can be proved as follows. 

10. We consider variation in a more restricted range for the 
quantities {; given by 

lf.|<2' lt«l<* lf-l<S' 

so that 

|ti+tf+... + tml<il; • 

and we oonstruct a dominant function^ in the form 
0-22...— ^^-j—- jjj^^-^CH.**.... 
•T.r.,tn, 
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when) the multiple aummation ia for all integer valuea of a|, i^, ... 
from aero upwards, aimultaneoua leroa being included. Then the 
modulua of any term in ia at least aa great aa the modulua of 
the corresponding term in 0^ having the same combination of the 
variables. Moreover, in the region of variation considered, can 
be expressed in finite terms : we have 

We also consider variation in a more rvstricted range for the 
quantities ya, ...,y»» given by 

iy'i<;r^ iy-'<i^i' 

SQ that 

|yi4-... + y,i</i; 

and we conatruct another dominant function ^ in the form 

•whore the multiple summation is for all integer values of ^, /if,... 
from i^ro upwards, siiuultoiieous zeros being excluded. Then the 
modulus of any tenu in ^ is at least as great as the modulua 
of the corresponding term in ^^ having the same combination 
of the variables. Moreover, in the region of variation considered, 
^ can be expressed in finite terms; writing 

we have 

p-if' 

and the range for the variable y is given by 

11. By means of these dominant functions, a dominant system 
of partial equations 

3yi i-l r-« 5yr 
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is constnicted ; and we amign, as oonditions, that each of the 
quantities Z| shall acquire the value ^ when yi«0. Taking 
O and ^ in their expanded formft as power-series, and applying to 
these equations the process applied to the original system, we 
obtain equations of precisely the same form as before, to determine 
the successive coefficients in the expressions for the variables E as 
power-series in the variables y,, y,, ..., y^; and the successive 
operations for the constructicm of theso coefficients are the same 
as before. In these new operations, all the terms in the expression 
for any coeflbnent are positive ; the modulus of each term is at 
least as great as was the modulus of the corresponding term 
in the former operations; and therefore, if 

we have 

, . \pf'^\>\F¥^\> 

that IS, 

Hence the series for {^ will certainly converge if the series for E^ 
converges. 

The values of Z^i, ..., Zm, and their consequent expressions as 
converging series, can be otherwise obtained. Returning to the 
dominant system and using the finite forms for and ^, we have 
to determine values of JTi, ..«, E^, satisfying the equations 

dEj ^ M si^ 

®y* "" i-J^(z,+...+z^)'-' -• ^' 

and such that 






when yi «0. Thus JT^, a function of all the variables, is a (unction 
of the combination of them represented by y, say a function of y 

dE 

alone, when yi">0; and therefore ^~^, for r">2 n, is also a 

function of y alone when yi m 0. The differential equations then 

BE 
shew that ^ is a function of y alone when yi«0. Again, 

differentiating all the equations with regard to yi, noting that the 

quantities E and all their first derivatives are functions of y alone 

9E 
when yi ■> 0, and applying a similar argument, we find that g— f 



X. 
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ia a funoUon of y. alom when y, m 6. SimiUiiy, ior att the 
derivativee in ■ucceasion. Iniierting their forms in 

we lee that Z^, if it exiiite, is expressuble an a function of y^ and y. 
Now ^ro the equations, we have 

3yi"3yi "'"" 9yi * 

and therefore, taking account of the conditions that 

when jfi IB 0, .we have 

in general. Denote this common valut; by Z, which now is a 
function of yi and y ; then all the equations in the. dominant 
system are satisfied, provided Z can be determined to satisfy the 
equation 

dZ M , ..dZ 

3y» iTIT? ^y 



l-m 



i< 



and is such that it acquires the value — ~- when yi^O. It is 
easy to verify that the equation is^tisfied by a relation 

(l - m ^) y + Mm (ii - 1) y, -/(Z), 

where/ is any function whatever of Z: and therefore all the 

requirements will be met if / can be chosen so as to allow Z to 

Ny 
acquire the value — ^ when y, » 0. For this purpose, the two 

r y 
equations 



^-— — tarn H 

muHt be the same.. Tliu lattvr givca 



(i-'«Ji)y -/("). U 
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whichy mibetitnted in the former, gives 

/(«)-(i-«5)^^-^. 

being the appropriate eipression of the fiinotion/ Thus all the 
requirementa are met by a yalne or valnea of E determined by 
the integral relation 

(l-m5)y + lfm(ii-l)y.-(l-mj)j^. 

This quadratic equation has two roots. One of the two roola 

becomes — when yi«> 0, and must be discarded as not satisfying 

the imposed condition when 3fi>-0. The other root is given in 
the form 

«50»-y)^-{(/'-y)+«'By--J'^«(«»-i)y.} 
— [(p-y- ♦» Ry)*+ i^*(» - lyy.' 

-2irm(«-l)y.|p-y + mJ(V-y)|]* 
it can be eipanded in powers of yi in the series 

•f higher powers of yi. 

It is clear from this eipression for Z obtained in finite form that 
Z can be expanded in a scries of powers of y and y^ which con* 
rerges in a non-infinitcsimal range ronnd y •■ and yi -^ 0. When 
y is replaced by its value yi + yt-f ...-f yn, the modified power- 
series in yu yti •••» Jfii still converges in a non-evanesccnt range 
round yi->0» yfl«-0» •••, yii«"0; consequently, the quantity Z of 
the required type does exist 

It therefore follows that the quantities JB^, •••, E^ exist as 
determined by the equations in the dominant system ; and there- 
fcve integrals of the original equations exist satisfying the pre- 
acribed conditions. 

IS. The preceding investigation establishes the existence of 
integrals which are regular functions of the variables in the 
r. V. \ 
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•eleoted region; it ia easy to see that they are the only aet of 
integrala which, aatiBfying the preacribed ooiiditiooa» are regular 
fimotiona of tht^luaablea. If any other aet eiiat^, being regular 
fiinctiona and satisfying the prescribed conditions, they would be 
expressible in a form 

when these are substituted in the difierential equations, they would 
lead to reUtions 

for the determination of the ooofficients, similar to the relations 

When p « I, no double-suffix function occurs in Z\ which then ia 
the same as X, because the term in 1^'^ independent of y, is the 
same as the corresponding term in t^ : hence i 

When /> >- 2, the only double-suffix functions that can occur in X' 
are the (unctions ^\|, which have been shewn to be the same 
as ^Ai ; hence, for this value, Z' » Z, and therefore 

Similarly for all the coefficients in succession : we find 

for all the values of ^ ; and therefore the set of regular integrala 
obtained, subject to the prescribed conditions, are uniquo regular 
integrals. 

As an eiaropls illustrating the geueral tbsoffem, we require the integrals of 
the simuluneous equatious 

ds «dtf 

gj.(««-«+.)j-. 
such thaii when xmd, • 

The equatious are ameuaUe to the uitliiuury practical inethods» The nest 
geuend iutognU of the linit squAtion in eaaily fuuud to Ls 

s-/(jf4-s«x), 
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whm^fk arbitrary ao te m the eqaaiion is oonoemad. Alao 

and tharafofv 

1 

iHnm g b arlntrary ao te aa the ^oatioD ia oonoamad. 

To determina thaaa arbitrary ftinetiooai tba impoaad eooditioiia art vaad. 
Aa 

«-/(y +«■')• 

and aa M»B{y) when #»0^ we hare 

n-iKOr-l-aSj). 

Laplao6*a theorem in eipanaion oan be used to giro tba aipUeil aipt eai ion lor 
iiintemiaof#andy: thiaia' 

-ii(y)0+'i«(y)i*(*;y)). 

^v^Mra T(Sf y) ia a aeriea of powers of x, the ooeffioienta bebif IbnotioBa of jr 
whioh TaniiBh if it (jr) Taniahea identicall j. 

Again, aa v«<9()r) when x*(^ we have 
ao thafi geoenulyy 

Hie apparent aingularitj oan be remored ; for 

.1 1 sT{x,y) 

3fC^"i l'k'xH(y)T(s,yy 

where the ftinction on the right-hand aide ia regular in the Ticinity of #«0^ 
gmiK Thna the required integrate are 

In particular, if the imposed conditiona should be that ii»0 and v»5()r) 
when #«(^ then aa it(jf) vaniahee identicallj, T{s, y) Taniahea. The Ml 
eipreaiione Ibr the integrala are 

tbeee are eaaily obtainable directly tnm the diflRwential equationa but not 
the Integrala which infol?e the arUttary fttscfi^ i vui «. 
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IS. It tlioukl be observed that, throughout the fbregoing prooC 
there haa been a complete reatriction to regular fiioctiona. The 
poflsibility of non-regular functiona, satiafying the equationa and 
obeying the preacribed oonditiona, haa nowhere been taken into 
aooount and the proof doea not ahew that it ahouM be rejected aa 
inadmiaaible ; what ia establiahed ia that a unique aet of regular 
integrala exiata. In the atateuient of the argument, it ia practically 
aaaumed that the integrala are regular. Thua «| ia made to acquire 
the value of a regular function of x,, ...» x» when f| -> a, ; and thia 
could be aecured when «| is a uniform function of Xi, even if Xi ia 
an eaaential aingularity, provided Xi then be allowed to approach <i| 
by an appropriate path^. If however Mi ia made to acquire ita 
value when dr|«ai, quite independently of the path by which Xi 
approachea the poHitiun a,, and ao alno for the other dependent 
variablea, then it ia not difficult to aee that the integrala muat 
be regular under the aaaigni.*d conditiona. For the differential 

equationa then make r--, ..., y^ regular functiona of x„ •..•'ii» 

whatever be the X|-path of approach to a^ ; when derivativea of the 
equationa are formed and auitably combined, it could be inferred 

that K-z » •••» -^ 7' ^'^ '^^^ circumatancea, become regular functiona 

OXi OXi 

of tf*„ •.., x^; and ao on, for the derivativea in aucceasion. The 
inference that Si, •.., Sm ^^^ regular functiona of Xi, j*„ ...,'» is 
then immediate. 

The aaaumption ma<le by ignoring the path of approach of X| to 
Oi may fairly be deacribed aa a customaiy aaaumption : it doea, in 
effect, exclude the conaideration of the poasibility that a, ia an 
eaaential aingularity of a uniform function, and it may exclude the 
conaideration of other poakibilitiea of deviation from regularity. 
Yet it ia not inconceivable that, in particular iuatancea, auch aa the 
atability of a Hy»tem in a critical conditi«>n, the excluded poaaibilitiea 
are of importancef : in auch an inatance, it might be actually the 
fiict that the variable muat approach ita value by a apecific path 
and ia not permitted an unreatricted approach to the value. 

* 84W 7. >\, p. 67 (lecond edition), Ex. 4. 
. t Th« Mme consideimtionii occur in connection with the integrmli of an ordinary 
•qoation of the first ordeiji eie i| Sa— 84 in Toluine ii of thia work, where (| 94) Iha 
oondition giTcn for that caee hy Fuchi ie explained. 
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The second or the suihidiary Existence-theoreiis. 

14. In the preceding theorem, the only Tariablee which occur 
eiplicitly in the set of partial equations are the dependent variables i 
it can, however, be extended so as to allow the explicit occurrence 
of all the variables. The extended theorem is as follows :— 

Let a set of partial equations be given in the form 

ftf values I -> 1, ... , m, being m equations in m dependent variables ; 
the coeflBcients Oi^ and the quantities G| are functions of all the 
variables, dependent and independent. Let Ci, ..., Cm, Oi, •••, a^ be 
a set of values of «|, ..., ««,» ^» •••» ^n respectively, in the vicinity 
of which all the (unctions G(^ and G| are regular; and let ^, ...» 
^ be a set of fiinctions of ^r,, •••, dr«, which acquire values C|, •••• 
Cm respectively when ^ •• a,, ..., dr«iB 0,1, which are regular in the 
vicinity of these values of r„ ..., r^, and which otherwise are 
arbitrary. Then a system of integrals of the equations can be determ^ 
ined, which are regular functions q/* x,, ..., a*« in tA« vicinity of the 
values «i"a„ c^-xit, ..., 0*11 •flhi, and toAicA acquire the values 
fi, ..., ^ when 4r, « Oi ; moreover, the system of integrals, determined 
in accordance with these conditions, is the (mly system of integrate 
that can be thus determined as regular functions. 

The establishment of this theorem can be derived from thj 
fnmer theorem in a simple manner. Let n new dependent 
variables f|, ..., tm be introduced, defined by equations 

and by the conditions that, when «t ■■ ch, 

Fran the last n - 1 (rf these equations, combined with the imposed 
eonditioDS, it is dear that 

in genetaL Then 

Si-Si-*' 
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■oihat 

^ « «! -f ftinotioD of 4^, ...» irn 

on applying the impoaed oondition. / 

We replaoe d^» ..», dr« in 0^ and in Oi by t|, •••, t^t and denote 
the fiinctiona resulting after the change by JT^^ and Hi. Alao^ 

noting the fiaot that ^- ia unity, we take an amplified syatem of 

equations 

ar."ar/ 
ar. "• 

for I « 1, ..., m, and /a -> 2» ..., « ; and the impueed conditions are 
that, when Wi ma^ 

The coeflScients in the modified system are functions of the de« 
pendent variables; the properties of the modified system; when 
account is taken of the imposed conditions, are the properties of 
the systems to which the former theorem applies. Hence, by that 
former theorem, a set of integrals 

for I » 1, ..., m and /A » 1, ...,ii,eiists; the functions ^^ are regular 
functions of the variables x, and when X| « Oi, the functions ^i, ...9 
^M reduce to ^, ..., ^^ respectively; and these regular integrals 
are the only set of regular integrals which satisfy the imposed 
conditions. 

When we substitute ti^Xi, <i«ar„ ..., <A«f» in the modified 
system, we return to the original system : the results just obtained 
constitute the theorem required. 

Note. There is the same kind of limitation as in the former 
<^A^ (§18): it is possible that, for reasons connected with essential 



1 
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nngnlarities mich 9n jMiticular modes of tlie approftdi of «^ to Oi, 
there may be iion*regular integrak of tlie equations titietyiiig the 
imposed eoiiditioii& 

Jkl. ObUinUMintflgrmlortbeeqiuitkNM 






ssl^ to the IniUsl soiiditkNM tliAti wbn jr-O^ 

«-S,^-»Vei-*, •-•^•»\ 
(wfawe e is a ouotUni), in llie form 

Em. t, Intogimte ilmilarly the equalloiie 



(Riquier.) 



g-ir+(«-ff.*«)(l«»«)+«l(«-ff-*«)g + g' 

^- (x«+ft.«)|t4Ji(,.tf.««)^+^ 

Miljeet to the initial oonditions tliat» when 4r«(K the reriablM % % i^ m^ 
letpeetiTefy eoquire the Ttlues 

(Riqnier.) 

Ar. a. As en eiample of the general theorem^ let it be required to obtain 
the integral of the equation 

C jf"-y+jr 5f 
which aoquirea the raluey when #»1. 

After the eiplanatione that hare been giten, it will be of the form 
f-y-(jr-.l)jr,+(jr-l)>yi-... , 

te order that this may Mtiefy the diflbrentialcquatiooi the eoeflloiente yitfi, ••• 
are determined hf the rektion 
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M maj be twUUd Iqr mlMiitttiiiii Um ipwiinn lor i and 
ootflciaoU of pow«n of #- 1. In particuUr, 



I 



TIm oquaikMi It amtnaliU to Ibo. ordiiuury iWMUoal molbod. TIm 
gtiMnd loUgnU 1« found to bo 

I 
(jr-jr)f;-/(i), 

wliort / 1* an arbiinury lUncUon, to bo rendorod dcAoiU hj noaoi of tbo 
AMignod ooDdiUoD, whioh U that « loiiail acquiro tba ?aliio jr vboii.jr«l. 
Uonoo 

and thereloro 

1 

(I -f) #5 -/(f), 
■o that tho required integral ia giveo by the equation 

1 1 

(l.,)ti-(x-y)ff. 

But in oouneotion with thia equation, it niuat be afieoified jm thai faluo 
of J which acquiree the value jf when x— 1 ; it in not enough to take any root 
of the equation iior the integral, beoauae (when x—l) there ii an infinitude of 
valuea (if < aa fUiiotiona of y, and only one of theae ii actually equal to y. In 
iMt, the finite fonu of the equation, though it indudea the required integral, 
doea not give a unique ei|>reM4iou fur $, 

Noi€, It eouietiniea ii oouvvuient^ tu aiMociate an ordinary equation 
with a partial difierential equation 

It ii known that integrala of the ruapective equationa esiat Taking the 
equation juat dincuaaed, ao aa to have 

the on^ regular integral of the ordinary equation, acquiring a value aeio when 
jr»l, ia given by 

y-a 

• Fieard, IVaiff dUnalyn, t. u, eh. si, § 16. 



) 
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Now Ukiiig Um fMurtial equaUoo and rappodng an intflgrml of Um oidinaij 
•qnaiKNi, AMmuMd to adai in tha aama regular field of TarlaUon, to ba anbatl- 
ialed in f, wa hare 

thai ia, t» J, a conaUnt» for that aabatitution : and the oooatani A naniUBal^ 
can be made aero. GonTenelyy 

t-O 

dearly givea the regular integral of the ordinarj aquation in the fottn 

We can alao^ l^qnadraturea, obtain the complete |irimitiTe of the ofdinaiy 
equatioB in the Ibrm 

(jp-jr)#f-€^ 

whwt e ia an arbitrary oonatant Thia cannot be obtained flron the regular 
integral of the partial equation, !ij taking 

fbr aoy value of J9 if we take unlimited Tariation of jr; beoauae |r*0 la an 
eanntial Angularity for one equation and an ordinaty pdint for the other. 
But it dui be obtained from the non-regukr integral 

1 
by taUDg f • J : the appMipriate Tahie of a la 



CHAPTER II. 
Cauoht'b Tuboecm. 

Til main wmlU in Ihit dmptor are MaooUtad with thmmtam tataliHrfilnf 
tha aiiiilflnoa^ undar aaaigoad ooodiUoiMi of iniegndi of ajatania of partial 
aquatioDBi tha numbar of aquationa in a ayatam baing tha aama aa tha nombar 
of dapandaol vaiiaUaa : tbay ara convauietitly daHcribad aa CSaucbj^Tbaoi«in» 
baoauaa tbaj bava ibair origin in Caucby'a invaaiigaiioua* on tba aobjaoi. 
Tba matbod adoptad ia baaed uiioo tba niamoir of Ifadama Kowalavakj, 
quoted in tba praoading obapter (p. 11) ; referenoa maj abo ba mada to tba 
axpoaitiona givan bj Jord^ui, Cuun (tAnal^se^ t in (1886X cb. ill, { 1, and 
by Qoumati LefOM $ur tiHt^c^tion des ^muIiomj aus deriv/e$ parMiei du 
premier ortb% (1891), cb. L 

16. Tbe existence-thcDn^iiis established in the preceding 
• chapter can be applied to equations, and to syst^^ms of equations, 
of representative ty{K*s ; and to such applications wu now proceed. 
But some (Missing remarks must, be made upon the limitations 
that have been imptwed. All the liquations are linear in the 
derivative's of the dependent variables: this character, if not 
initially possi'ssed, frtKjuently (though not universally) can be 
secured by appropriate transfonuations. All the coefficients of 
the derivatives in the iKjuations have been assumed to be regular 
functions of the indepi*ndent variables (and, in the case of the 
earlier theon*m, of th«j dept*ndent variables) within the fields of • 

variation considered: no result as to the character, or even the j 

existence, of integrals has Ix^n obtained when there is any i 

deviation from the )K>stulati*d n^gulurity. The imposed initial ^| 

conditions are of a similar type, because they require the assump- 
tion, as valuta, of arbitrary functions of a regular character for a 

* (Eurre$ dt Caucky, I'^B^r., t. tu, p. 17, and elMwhera. These menoin were 
pubUfthed in tha Comptt$ Rtndu$ in 1SI2 ; hit earliest researebeson the sabjeet data 
baek to 1S19. 
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chosen value of a particular variable : but no result is established 
if these assigned arbitrary (unctions are not regular, in any form 
of deviation from regularity. It may be possible (and frequently 
it is possible) to transform the equations in such a manner that 
another particular variable may be selected as the pivot of initial 
conditions, with the appropriate modification as to the arguments 
of the ftinctions in the assigned initial conditions; and the 
eiistence-theorems establish no relation between the integrals 
proved to exist in the respective cases. Moreover, the integrals 
considered are functions which are regular within the fields of 
variation; the limitation to uniformity, instead of to regularity 
so as to exclude essential singularities, is (for the almost complete 
part) excluded from discussion in the present state of knowledge. 

Even within these restrictions, the existence-theorems already 
proved have a wide range of important applications; some of 
these applications will now be taken in succession. 



Caucht's Theorem for Equations or the First Order. 

16. We begin with the simplest case, being that of a single 
equation of the first order in one dependent variable and two 
independent variables; taking the latter to be 4? and y, and 
denoting the first derivatives of m with regard to these variables 
by p and q respectively, we may consider the equation in the form 

/(*,y»*»p,7)-0, 

where / will be taken to be regular in its arguments : and we 
shall assume that the equation is irreducible. Let ^mo, y«"6, 
ji«C p^\ f Mfi, be a set of values satisfying the equation /""O; 

then unless the quantity ^ vanishes for these values, the equation 

can be resolved so as to express p in terms of the remaining 
aiguments in a form 

say 

where ^ is a regular analytic function of its ailments. Now, as 
Jr Qtnany involves the variables that occur (or some of themX it 
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usually ia poeiuble to dioose initial values so that ^ does not 

vanish : and then the analytic resolution of the original equation ' 
is possible. But it may happen that values of $ (if any) and of its 
derivatives which satisfy the original equation /« 0, that is, which 
make / vanish consistently with a relation between x, 4?, y and 

with derivatives from th^t integral relation, also make /- vanish 

similarly : the suggested rt^solution of the original equation is 
then impossible, so that p could not be eipressed as a regular 
analytic function of dp, jf, m, g. 

17. . As a fint alternative, we assume that the resolution 
with regard to /) is possible in the form 

where g is regular in the vicinity of x^a, y «6, M'^c, q'^iL, We 
can apply the existence-theorems, already established, to prove 
that an integral m o/ihe equation ejrUts, having the propertiee: — 

(i) it i$ a regular function 0/ x and y within fielde of 
variation round jc^a ami y^b given by 

;x-o|<r, :y-fc|<r, 

where r is not injinite^inial : 

(ii) when jc ma, the integral z reduces to ^(y), where ^(y)ii 
a regular function of y within the field |y — fr|<r, 
acquiring the value c when y^b, and otherwise arbt- 
imry; 

(iii) tlie integral s, as determined by these conditions, is unique 
as a regular integral. 

In order to deduce this reHult from the former theorems, we 
consider a system 

dx dy 



dx dx^ds^^dqdy I 

regarding it as a system in three dependent variables s, ji^ f . 1 

Applying the second of the uxistence-theorems ({ I4X we infer t 



•I 

V 
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that integnls of this sjratem of eqaatknu eiist which are regular 
in the Tidnity of co, ^•■6, and, when c«a, are snch that 

*-«(y). 



P-ir{«.y.*(yX^>}. 



where ^(y) is the foregoing regular function of y acquiring the 

▼alue e when y »6, and \^^ is therefore aho regular, acquiring 

the value /a when y • 6 ; moreover, this set of regular integrals is 
unique, liet the set of integrals of the system, thus known to 
eiist, bo denoted by 

j-jP(4r,yX p-'PiT.y}, ?-Q(«,y); 

we proceed to prove that »^Z{rt y) satisfies the original equation 
so that, owing to its other properties, it is the announced integral 

As these quantities Z, P, Q satisfy the amplified system of 
equations, we have 

firom the first of those equations, so that 

Again, we have 



Tx'P' 



dQ^dP 

fifoni the Koond of those equations, so that 

dQ ±fiZ\ 

and therefore 

Hence sz ~*Q ^ * function of y only, and its value is the same 



whatever value be assigned to «r. When 4p«o» we have 



I 
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from the AMigned value of Z, and 

from the MMgned value of Q; hence, when mma, Uw vdae of 

dZ 

, — Q it lero, and thereEore 

generally* that ia. 

Again, denoting P - jf («, y, 2; Q) by u, we have 

■ac~ax~az'^"a03y 

-0. 

by the third equation of the Bytttcm. Thus « ia independent of «; 
when « B a, ita value ia 

on inserting the values acquired by X, Q, P when as^a: this ia 
lero, and therefore umO generally, that ia, 

and therefore 

We thua have 

d$ ds . V 

in association with m^Z{x, yX ^^^ ^ ^^Z{x, y) satisfies the 
equation 

which is the original equation. Owing to its other properties, by 
which it obeys the assigned conditions, f «Z(x, y) is the integral 
required. ^^ | 



I 



} 
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18. Passing now to the other alternative, under which the 
equation /■■ cannot be resolved with regard to p because the 

magnitude d- vanishes for values of the variables that make / 

vanish, we consider the resolubility of the equation /■■ with 

regard to g. This resohition will be possible unless the magnitude 

df 

d- vanishes for values of the variables that make / vanish ; when 

it is possible, the resolved form will be 

where A is a regular function of its arguments, in the vicinity of 
values (say) d?«a, y«6,-i«e. An integral of tk$ equation witt$ 
having ike properties: — 

(i) it ia a regular function of 9 and y within fieldi of 
variation round x^a and y^h given by 

|i-a|<r, |y-6|<r, 

where r i$ not infiniteeimal : 

(ii) when y « 6, the' integral $ reduces to ^ (a;), where yft (x) is 
a regular function of a: within the field |«-a|<r, 
acquiring a valine c when y « 6, and otherwise arbitrary : 

(iii) the integral i, as determined hy these conditions, is unique 
as a regular integral. 

The proof of this proposition is similar to the proof of the 
proposition in the case when the equation f»0 was resolved 
with regard to p; it will not be set out in detail. 

19. Combining these results, ii follows that an irreducible 
equation /"O possesses a regular integral with assigned condi- 
tions if it is resoluble with regard to p, that it possesses another 
regular integral with other assigned conditions if it is resoluble 
with regard to g, and thitt each of these integrals is unique under 
its conditions. These integrals have been obtained fix>m equations 

p-^(«.y»'.g). q^h(x,y,$,p\ 

respectively, which arise from the resolution of /"O in the 
respective cases: but they do not generally represent the whole 
of the equation /» 0, for if/ were of degree m in p and n in g, 
there would generally be m equations of the former type and n oC 
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the Utter, dintinot from one Another in their respective aeta Each 
such equation determines a unique regular integral under the 
atisigned conditions, which may be made the same for each equa- 
tion in the set If for the m equations, the respective regular 
integrals are 

then deariy the equation 

1* - e, (X. y)} i* - *.(*. *)) ...{*- *-(*. y)l - 

gives the integrals of the equation 

supposed of di'gree in in p and resoluble with regard to ji^ such 
that when x^a, m assumes the assigned functional value ^(yX 
Similarly, if 

/('. !/> '» />. V) - 

be of degree n in y and be resoluble with regard to g, an equation 

(t-»i(x, y)] {m^%(x. y)) ... |t.a.(x. y)j -0 

gives the integrals of the equation such that, when y *« 6, jr assumes 
the assigned functional value ^ (a*). 

But it may happen that the equation 

/('.y.*.i>.9)-0 
is not rcmJuble with regard either to j> or to {, that is to say, it 

may happen that the magnitudes ^ and / vanish for values of 

the variables which make /vanish. The existence-theorem cannot 
then be applied, and so it provides no information as regards 
integrals of the liquation. We uiUHt then investigate independently 
the character of thune integrals (if any) of the equation 

which at the same time ture such as to satisfy the equations 

dp "• dq "• 
This discussion will come later. 

2Q. The initial conditions imposed upon the integrals, in the 
cases where existence has been establisUed, are associated with 
particular values of the variable ^r or of the variable y: a mote 
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general ferm can be given to the theorems, by a change in the 
independent variablee. Let these be changed bom m and y to 
X and F» where 

X^X{x.y\ F-F(*.yX 

and denote by P and Q the derivatives of i with regard to X and 
F respectively. Then if the transfonned equation is resoluble 
with regard to P, it posiesses an integral $ (which therefore is an 
integral of the original equation) characterUed by the /Mowing 
ptopeftteei 

(i) ii ia a regular function of m and y within domaine that 
are not infinitesimal: 

(ii) when X{x,y)^a, the integral acquires a value 9(w,y\ 
whidi ia a regular function within the domaine con- 
eidered, which is not expressible in terms of X ahne^ 
and which otherwise is arbitrary: 

(iii) the regular integral thus determined is unique for the 
branch of tihe equation given by the resolution with 
regard to P. 

Note 1. When the equation f(T, y, s, p, q)^0 is resoluble 
with regard both to p and to q, regular integrals are obtained 
each of which is unique under the initial conditions imposed. 
Such integrals are, in general, independent of one another; if an 
integral possessed by the equation resolved with respect to p 
proved to be the same as the integral possessed by the equation 
resolved with respect to q, there must be relations between the 
two sets of initial conditions. 

Note 2. In each set of initial conditions, a single function 
occurs which, within certain very broad limitations, is arbitrary: 
subject to the associated conditions, this arbitrary ftinction deter- 
mines a regular integral uniquely. We may therefore expect 
that, when classes of integrals of partial equations of the first 
order are being discussed, one class will emerge characterised by 
the occurrence of a single arbitrary function. 

This result will be found to be a special case of a more general 
result 

Note 8. The equation/(«,y, f, m 9)«0 has been described as 
irredueibia; the property has been tadUy uaed^ tliou^ «i:\^»s\ 
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22. A precisely mmilar application of the general existence- 
theorems in the last chapter can be made when the differential 
equation of the first order involves n independent variables: it 
will therefore be suflBcient to state the results. 

Denoting the independent variables by «|, ..., ««, and the first 
derivatives of jr by p^, ...» /i^i as usual, we take the equation 
in the form 

/(*!. •••! ^t^pjht •••• />»)*0, 

and we assume it to be irreducible: and we have the following 
results. 

Except for such values of the variabl(^s (if any) as make ^ 

opr 

vanish at the sam^ time as / the equation can be resolved with 

regard to/),; and if ^i -Ot, :••,«?« "■Om, i»c,j[ik»V| Pii~X«9 

be an ordinary set of values for the equation /»0, so that / is 

regular in their vicinity, then the resolved expression for /v is 

regular in the vicinity of those values. Let ^ denote a function 

of d^ jTr-i* ^r^u •••! ^n$ which is regular in the vicinity of 

iTi « a,, ..., x^ mm Qn, which at a„ ..., a^ acquires the value Cn and 

which is otherwise arbitrary. Then an integral of the resolved 

equation exists, determined by the conditions 

(i) it is a regular function of the variables within fields of 
variation given by 

where p is not infinitesimal; 
(ii) when rr^Ur, the integral acquires the value ^. 

Moreover, the integral of the resolved equation, as determined by 
these conditions, is unique. 

If the original equation is of degree /a in /v, there are p re« 

solved equations equivalent to/«*0 save when ^ vanishes with/; 

each such resolved equation determines a unique integral, subject 
to the imposed conditions ; if these be d, ••«, {»» then the equation 

(*-f,)...(«-W-0 

oui be regarded m providing th« Integnd of /• 0, tuliijeoi to 
the impoaed oonditiona. 



The reaolutioo of the equation/* is poasiUe with regiid to 

e«A of the • qu^titie. j. in turn, except only when | vuudi.. 

with/; and each ^uch aolution leads, under oonneaponding impoiied 
oonditions similar to thuee used for the reiiolution with regard 
to |v.» to similar integrals of the n*8olved equations and to a conne- 
sponding integral of/« 0, unique under the imposed conditions. 

Hence, by resolving- with n^gurd to one or other of the 
derivatives pi, •..» /jw> we establish the existence of integrab of 
the equation, uniquely detenuined by imposed conditions which, 
within certain Urge limitations, involve an arbitrary functional 
element. 

This establishment of the existence of integrals of the equation 
fmO is effective except in the single conjunction that all the 
quantities 

dih' djh Bpn' 

vanish for values of the variables which make /■■ : in that con- 
junction, if it can occur, the existence-theorems cannot be applied. 
There will therefore remain, as a subject for separate consideration, 
the discussion of the integrals (if any) of the equation 

/-o. 

which simultaneously satisfy the equations 






As before, we can de<luce the existence of integrab which aie 
such that, when some relation 



is satisfied, m acquires a value ^(xi, ..., x^\ where /* and ^ are 
regular functions, and ^ is not expressible in terms of gi alone : 
the general condition, necessary for the existence of the integral, ia 
that the quantity 

ya^^a^aM^ a^ a^ 
d/h Sj^i a^i ax, ••• dfin a«« 

shall not vanish in virtue of/«0. 
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(ii) wkm^ mma,tken m redue$$ to ^(jf)and ^ redue$$ lo.^fjfX 

w^^r§ ^(y) and ^ (y) an regular /uncHonB of y unikim 
tk$ domain | y * 6 1 < p« acquiring the vaiuei e and X 
rtipectivelg wkeng^b, and are otkerwiee arbitrary; 

(iii) the integral m as deterinified by these conditione ia unique. 

The mode of establifihment is similar to that in the case of the 
equatioD of the first order, and so the exposition will be brieil 
We consider a system of equations 

de 



IS- 


•»• . 


u-t 


ai' 


dr 




a* 



dx dx^9s^^dp^^dq9g^dedg^dtSg' 



of the same character as in the general existence-theorems; and i ' 

we regard the system as involving six dependent variables ' * 

'» Pi q» T, e, U When the former results are applied^ we infer 
the existence of integrab of this system of equations, characterised 
by the properties : 

(i) they are regular functions of x and y within the fields of 
variation 

(ii) when ««"a, then 
« dy • 

' -dT' 



18.1 



TBS 8I00in> ORDER 



8» 






r-.{a.,.^(yX*.(,).^>.^>.^}. 

where ^ (jf) and ^(y) are the foregoing regular ftinotionst 

(iii) the set of integrab determined by theee conditiooa ia 
unique. 

Let the set of integrals thus determined be 

$mg{m,3f), p-P(#,yX ?-Q(«»jrX 

r-Jl(#, y), f-a(«, yX l-T(«,y); 

then $^E{m, y) tt lft# aiinmnoBd initgfvl of lft# ot^^jmI rmuini 

The proof is simple, on the same lines as befors, IVom the 
first of the equations, we have 

and therefore 

81 

Similariy 

Again, the third eqoation gives 

9Q dP 



10 that 



dZ 



hiM-'^)-"- 



Thus 5-- Q is independent of m: inserting the values of ^ and Q 
cy 

when «« 11^ we find the value to be aero, so thai 

8y ^' 



and therefore 






•Dttiui equMioa give* 

dS^dR 
d* djf 



dP 



■ayVa*)* 



id therefitn 8— ■?- ia independent of •: it* value is mio when 
• a,MidM 

•hat i», 



« 9P 

' ay 

"at3y* 



a»z 



Bimikrly from the fifth equation, we have T- ^ i ndepende nt 
of «:.ite value ia aero when «»a, ao thali 



ay 



that is> 

Laatly, writing 

the aixth equation ahewa that « ia independent of •: ita value ia 
aero when c«o, and ao v^O generally. Tliua 

H-g('.y,X.P,Q.S.T)mO, 
that ia, 

••-^C*. y. *. p. J. «. *)-oC 

. Bm dt y* 3»* . 3»« . . .. 

Where p-5;. ,-^. r-g-, •-g;^. l-^p^. m AMoeiaiioii 



with Mm£{m,y). 

Owing to the other properties, by which it obeys the 
conditions, 9 « Z(x, y) is the intt*gial of the original diflTerenlial 
equation, having the prescribed character. 

Thus the existence of an integral of the equation 

hx,y,9,p,q, r, «, 0-0 
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ady; denoting the derivaUvet with regaid to the new nuriables 
/• q\ f*. ^f ^. we have 



.a/ a*' 



tmf' 



(IT- 



When theee are subcttituted, the new equation will be reaolaUe 
with regard to »^ except fi>r values (if any) of the variablea which 

make js vanish, that is, which make 

vanish. In the present case, we can choose j/ so that it shall 
involve dp and y\ and therefore, even though /- and ^ vanish, the 

foregoing quantity will not vanish unless ^ vanishes. When ^ 

does not vanish, the equation can be resolved with respect to r^ : 
and an integral of the equation exists, uniquely determined by 
conditions similar to those in former cases. 

This transfommtion, moreover, shews that the initial conditions 
can be modified in all the preceding cases: they can be associated 
with an initial value x' « a', of course with the appropriate modi* 
fications, that is, they can be associated with an initial relation 

*('.y)-a', 

where is a regular function. 

The existence of an integral of the equation 

/('. y. '. i>. y. r* «. - 

is thus established except for such values (if any) of the variables 
as make the equations 

y.n 3/_n 3/.n 



/♦r 



,0, V... 



*<* this be Doauble. the eziai* 
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Then a ijfiUm of %ni0grah «i, ...» Hk of th$ §qnatimk§ miid$t 
ckarQCl$r%$$d kjf tk§ propmiisi: 

(i) tkejf ar$ regular /unctions of j^, ..,» ir^ in Jidd$ of 
luridlioii firmi hjf 

nxA^Ti p 19 not infiniiuimal; 

(ii) «i;A^» X| • Oi, the valuei acquired 6y (A« iniegrale wnd hjf 
their derivatives are given by the r^aiions 

for the various values of X atid /i, ii being assuwhsd Aai 
the values of the functions ^Ap, when «t""^> •••• ^*^» 
are values of the^derivatives ofs^ •••tSm urithin thsjiMd 
of regular existeiu:e of the functions Z^ •••» Xml 

(ill) the system of integrals, thus determined, is unique. 

In order to eHtablUh thU re8uU, we merely genenUiae tlie 
method applied in the preceding special cates of the theorem. We 
introduce a number of auxiliary variables 

assigning as initial conditions that, when Xi^ai, the values they 
shall assume are given by the relations 

PAtwk.. ■ ^Art 

when r < r^, and [Zx] is the value of Za when «| » Oi ; and we oon- 
struct the system of equations 

^ari "ax."*" -J a^.''*^ -■•■'••• 

dpxfm... _ „ 

"~jj P^, M-l. •. • 

?/*V«L-i a. ^PtiJL'^hJzhJ-Z' 
djpi a-r, * 

these holding for r <rA,r-f «-l-<-f-... <rA» «>0» and for all values 
of X ; the right-hand side o£ the first equation is the complete 



I 



ana inereioTO wt nave 



-/a. 



equations which, tor all the values of X, consiiiute the original 
syitem. These are equations satisfied by 

n-V^4(*i, ....«.X (X-l....,«iX 

which accordingly are the integrals of that original system. The 
properties, which they posnoas as integrals of the substituted 
system, both as regards regular character, values acquired when 
^1 « Oi, and uniqueness, shew that tbey obey the conditions imposed, 
in connection Iht}^ the original system. 

A Aimple iUuctrstioD in provided hy the difiereotisl s^ustioD of s vibrsting 
pUna uiembraDe, which is 

/c^i m at, 

where A' i4 s ooosUut : so iutegral of thin equstion ui uniquely determined bj 
the ooiiditiou of being s reguUr function of jr^ y, I, and bj the conditions that, 
when 1-0, . 

By the. nature of the caae, the boundary of the uembrans i« Axed ; henoe^ 

sbng the boundary, f and <t are alwaya lero^ eo that the regular functi o ns 

/(x, y) and p(4P, jf) have their otherwise arbitrary character reatricted by 
thia general condition attachod to the }tarticular problem. But it follows 
hwxk the general theorem that, if an integral can be obtained, in any manner, 
satisfying the imposed conditions, it is the unique integral, subject to those 
conditional 

For example, let the membrane bo rectangular in form, having its sides 
equal to a and b: let the equations of the sides be y«>0, y»6, jr»0^ x»a, 
so that / and ^ must vanish for any one of those four relatione. Now an 
integral of the equation is given by 

«aB(«coe cl-f/9 sind) sin Xjt sin ^jf, 
provided 

and this integral will vanish on the rectangular boundary if 

sinXa«0^ sin|A&»a 
The Utter will be satiafied by taking 

. Iw mw 



a 



» i»""r • 
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wfaavi f and m §n lotogan ; then 
and Um intflgrml i« . 



Cleftrij, Um 111111 of mij number of mob Integrftk is *bo an intogril: to Ibal 
w ba?« an integral giren bj 

£^2 2 (•,,ooerfc^+A««iii<ta.0tln^rin2ff. 

Tbia quaniitj £ Tanisbea 00 the boundary : ii^ tben, tbe coeAdaiita %«! Am 
can be determined ao as to satisfj tbe impoeed oonditiooSi va shall have the 
raquired integraL No#« when f «0^ 

£^2 2 m^^J^Bin^, 



d£ 



?^j«!!?!5, 



^-1 1 evJH»ain^^sin=£? 

and tbeee should be equal to /(jr, jf), ^ (4p, jf), which aooordinglj impose 
limitations upon the character of the regular functiona. The oonditiona will 
be satisfied if 

''--iKi/iil^^'' 3f)sin'^'sin??J*rfrclj. 
Tbe required integral is uniquelj giTen bj the eipression 

f- X X (aiMCO9 0^-t.A«,sintfh^)sin4^sih^!!jr3^, 
with the foregoing values for the ooeffideots • and fi. 

Note. It will be noticed that the existence-theorem provides 
for the introduction of a number of functions which, within certain 
▼eiy wide limitations, are arbitnuy functions of all the variables 
but one, or are arbitrary functions of all the variables subject to an 
assigned relation among the variables. In the case of the sjrstem 
of equations considered in this section, the number of these 
functions is 

n + r, + .M + r«, 

being the sum of the orders of tb« ^- 
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[tflL 



integnd is r, ik§ §ams as ihs order of iks squaiiatk Special 
iUustrationa bave been fiimiiihed by an equation of Ibe firai 
order and by an equation of tbe Mecoud order. 

26. In the eetabliahmcnt of the theorem as to the existence 
of integrals of the equations 



y»f, 



-ir,. 



y-jm 



-r« 



it was assumed that no derivatives of j| of order higher than ri 
occur, and similarly fur the derivatives of the other dependent 
variables. This limitation is important: it is actually necessary 
in order that the couvergi*nce of the series (and therefore the 
Ainctionul sigiiiticauce of the integrals) may be established. 

The importance of the couditiuo luay be illubtnited bj a niu^ eiample*. 
CoDiiidcr the equatiuu 

a«« at 

which beloDgH to the «y«t«Di when AMbociated with impoied conditions to be 
eatiatiod for an aanigued value of ^; but tbe liniitatioo ia not obeyed wben the 
iupoHod oouditioiia are to be iiatiatied for an aaiiigoed value of jr. To aee the 
efttfct of tbe liuitatiou, let it be roquirod to obtain an integral of the equation 
wbicb eball acquire a value F{jf) wben jr«>0^ P(jf) being an aualytio function 
of jf, regular in tbe vicinity of y«0. A formal nolution ia manifeatly given by 

..•Mldfyx* 

Tbe convergeuce of the nerieH cannot be cutabliabed : indeed, tbe Mries ia 
general in iu>t a converging ■erieii. To make tbe neriee more preciae, let 



i-y* 



which eatiailea all the conditions : then 



t- 1 






Mow it ia known t that ^ the radiua of convergence of a converging 
Sua^JK**! ia given by 

1 ^ 

-;-Lim|aM"*|; 

• Kowalevtky. tnlU, i. lemm, (1S7S). p. tt. 

t r. J^., I as. 
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beooe, if p be the ndios of oonvergenoe of the eerlee for f regenled as* power- 
■eriee in jt, we bave 

|i-yl' M— .• 
approziiiiAtelj, hj the nee of Stirling's theorem ; thus p is seres whaterer 
Unite Taloe be poee es e cd bj jr. In other words, there is no region of ooii* 
Tergenoe fbr t in the case of the ssimmed form of P(jf). 

The question thus suggests itself: what am the limitations upon P(jf) thai 
the seriee for t should oonvergef To answer it, we take the equation as 
an instance of the equations in ) S3 : the theorem shews that a regular 
Integral exists determined uniquelj bj the conditions thali when jf«0^ 

f-«(x)- 1 €WJr*, 

where iH*) and R(x) are regular functions. The formal expression of this 
integral is easilj found to be 

Hence, when 4P*0, the value of t is given bj 

if the integral is to be given by the former process, this must be the value of 
P (jf) in the assigned initial conditions. 

Let f denote the radius of convergence of the power-seriee Q{x) and 

R(x) simnlUneously: then, because S %jk« and 1 i^»«* are converging eeriea 

•■# •■# 

when I X I < f, a finite quantity O exists such that 

so that we may take 

On . 09 

where |«|<1,. |e|<1, while « and v arenotseroi If p denote the radius of 
convergence of the seriee of powers of jr, then 

or the power-a«riM inaBt conrerge over tb* whoio pUae. ConMquentI/, th* 
onl/ funotioas admiaaibto m tsIum of P (y) in the Mrikr iiiTMtifffttioa are 

f.T. . 4 
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thoM which are ngultf ovw th« whola'pkiid and, wfaaa i pf efa ii m power- 
aeries, oonveine over the whole iJene iu a mauuer comparable wilh the Mriee 

Thiiiipofl«ible?aliiet of i'(jf)ar0 given bj • 

when (in the la^t eiamiile) the real part of n in ponitive. 

ST. The equations, in § 25, though not of a completely general 
character, constitute a very extensive class; and they are even 
morv extensive than their explicit fonn indicates, because of the 
possibilities of trausfonuation. 

Suppose that, in a given system of m equations, the order of 
the highest derivative of Xa is Ta, for X» 1, ..., m ; then, by trans* 
fommtion of the independent variables, it is usually possible to 
secure the explicit occurrence of the derivatives 

that is, of the highest derivatives with regard to one and the 
same variable. If all these occur, no change is needed ; if any are 
absent, we change the variables by relations 

for «al, ..., li, the constant coeflicieuts a being at our disposal 
provided their determinant is kept ditfer^nt from lero. Suppose 
that the required derivative of x, has not occurred in the original 

equations, but that there is a derivative ^ ^^ ^ * ^ — , where 

e-M-l-tt-f.,.«-ri; then, ailor the trunsfonuatiun, the derivative 

^—7^ will occur unless tf|/ai,*au*... vanishes. We can alwaj's 

secure that this negative provision is satisfied; hence the w 
equations cim be tnuisfonned so that the rtK)uired derivatives 
occur explicitly. 

But this result is not suAieient to secure the form of the 
e<|uatiuus ad4>pted for the exiHtem*e-thiH.>rem ; it must further be 
/HMitihio to resolve the m e(|uations with respect to the fii selected 



\ 
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derivatives. When the renolution is possible, the resolved equa- 
tions are of the form 

SiT;-*' a?;^"^"- 

When the resolution with regard to the selected derivatives is not 
possible, and is equally not possible with regard to every set of 
similarly selected derivatives, the equations do not belong to the 
dass considered 

As an instance shewing that the form cannot be regarded as 
one to which all equations of the type considered are redueible» 
take the ec|uations 

when the transformation 

x/ " a„r, + a„rt + «»«•» 
(lor •• 1, t, 3) is effected, they have the form 

#k #1 #1 

The equations can be resolved for —,, ^, n (and therefore 
would be reducible to the selected general form) if 
anOtaOn Pg, P,, Pg 
Qu Qi. Q. 
Sit -Rt* A 

IB not lero. But it might very well happen that the determinUnt 
of the coefficients P, Q, R should vanish identically; the resolution 
would then be impossible. In that case, it is equally impossible 

A— ^ 
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*| • mk mk 

olve the equations with regard ^ g7>» 3;r'» gT'* •■"* •'** 

regard to the remaining three derivativee^ and to the 
ence-theorem cannot be applied ; but then it is abo neoeiaaiy 
the relations 

Pu Pn. P.. '^ 

Qu Qt. Q.. Xn 

-Ri. -Bii -Rfi A 

satisfied. 

Hence the form of equations retained in $ 25 is not a com* 
ietely inclusive normal form ; but, as already stated, it includes a 
ery extensive class of equations*. 

£je. CMiatder ths squstioiui 

as^.?# dX 

ex ex cje 

rjf ?jf dy 

wbsre a^n and 6's sro oonsUnU, JT is a function of # s]oo% F Is a Amotion ol 
jf alone. 

Effecting the trannfonuationii, we sssilj find that ths ^sftcm esn bs 
changed mo jm to bars the nomiiU form iMlected, provided ab'-ab is noi 
sero. Aeeuming this provi4o aatiiified, the siietenoe-iheoreoi spplies and 
the integnU oertainlj exint : ibey are most easily obtainable by quadrstors 
from tbe original equations in the form 

au-k-bp^X-k-fiy)) 

a's + 6'r-r+y(x)r 

where/ and g are arbitrary ftinctions. To determine/ and ^.in oonnsctaon 
with auaigned initial conditiiMia, we take tbe exiateuce-theorem for the 
tranaformeil equations: it would aiMigti values ^(yx'-^b^) and ^(y-f By) to 
« and V reii|)octively when ox-f /Ky i« coui»t4uit, nay X« where md^f^ u not 
loro. Thus 

which determine / and g, 

'*««•> ais«uauon ol this matwr, §ee Bourlet, Ann. ds r£c. Surm. Saif ., 
-..# xhe exaini>le that follows U taken from this 



/ 
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But if fOf'-f^mS^ Um resoluiioo It not poasibto: and Um etii«eiio»- 
theorem does not applj. The quadrature ia atill povible ; and we find 

where /(y) ia arhitraiy ao far aa the flrat equation ia eoooemed, and f (jt) ia 
arbitntfj ao fkr aa the aeoond equation b concerned. Aaauming for pu r poeea 
of illuatration that no one of the eonatanta cr, 6^ a*, ^ Taniahea, we have 

»'{^+/(y))-Mr+#(*))i 

henoe^ aa there ia no rehition between the Tariablea # and jr, we muat hate 

where e ia a conatant The two integral equattona are now equiiralent to one 
only ; hence they do not preciaely determine the two quantitiea « and v. 
One of theee can be taken at will, aaj 

r-^(4P, jf); 
and then 

which accordingly are integral equations in the caae when a6'*a'6»0. 



Other classes of Equations. . 

28. The preceding forms of equations are thus not universally 
inclusive ; and, in recent years, investigations have been made on 
general differential systems, so as to establish the existence of 
integrals under assigned conditions associated with wider classes 
of equations. These investigations are mainly due to M^ray, 
Riquier, Bourlet, Tresse, and Delassus* : their formal complication 
is elaborate. There are two main issues in this development of 
the theory ; one is the construction of canonical forms, the other 
is the establishment of the existence of integrals of the systems of 
equations, the ejxpression of which involves arbitrary constants or 
arbitrary functions. And we have seen, by a particular example, 

* Many rafercBCta will be fband in von Wtber'a arliala oa partial dlfftranllal 
eqoatioBa in the KneffdopMU iir mmtkiwmti^ehen Wimemeht^fUn, fol. n, pp. M9, 
300. Ib addition' lo thaaa, toar flMmoIre hj Riqalfv auiy be mtntioBed; thqr are 
to be fomid In the Aelm JfalA., t. tun (1900). pp. SOt— 8SS, ih^ %. nw (1901), 
pp. t97-«Ml AmL 4U Vie. Norm. 8i^., P^ Mr., t. tfin (1901U V^ 4U-4tV 
a.« t. IS (1909), pp. 97— TIL 
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(S 8), thst CM6S may occur in which iaiegnUa oerUinly exist and 
cannot contain any arbitrary element whatever. 

For such inventigationH, we refer to the memoiri of the authors 
quoted ; and we shall therufure entor into no further 'detail as to 
the existence of integralu of HyMtenis uf equations in number equal 
to the number of dependent variableit. There still remain, for our 
couHiderution, the dibcuHNiun of the integralH (if any) of an equation 
or a system of ec|untiens in the vicinity of values of the variables 
where the functions concerned are nut angular, and the diiicussion 
of the? integralH (if any) of sybtems of equations in which the 
number of dependent voriabU^fi is lesH than the number of eqiw- 
tioUH. To the former, very little H|Niee will be devoted as the 
Hubject is hardly begun : it certainly m'ehiH to have claimed no 
attention fnmi inventigatoiu The latter is of the utmont import- 
ance, jMirticuhirly in the caiM when there iH only one dependent 
variable; it will be undertaken in a bueceeding chapter. 



^^ 



i. 



I 



CHAPTER III. 
LiKEAR Equations and CownjcTE Linear Ststems. 

For the materials of this chapter, reference may be made to the authorities 
quoted in Part l, ch. n, of this work, in particular, to Mayer's memoir, Jfatk 
AntLtr (1878), pp. 44S~470, and also to chapter n of OoursaVs Lefmu iur 
rint^gratian des ^uaftofu avx dirit^ pariMlt$ du premier ordre. The chap- 
ter is derotcd to linear equations, either single or in simultaneous systems. 

^j Single equations and systems of simultaneous equations, which are 

( homogeneous and linear in the difierential elements of the variables, have 

already been discussed. The discussion of exact equations and exact systems 
of this type is given in the first two chapters of volume i of this woric : the 
remainder of that volume is devoted to the discussion of inexact eqtuttiont 
(Phdr% problem) and of inexact systems. 

• 

The linear equation 1 X|ti|«0. 

29. We proceed to a more detailed ccmffideration of equations 
of the first order. Cauchy's theorem establishes the existence of 
integrals having a considerable degree of generality : but it does 
not prove that the integrals have the widest degree of generality 
possible or that they include all integrals by the appropriate 
specification of the arbitrary elements ; and the only method which 
it provides for the actual construction of the integrals leads to 
expressions in power-series. It should be added, however, that 
(save for special classes of equations) the method provided in the 
proof of the existence-theorem is the only univerml mode of con- 
stmeting ih4 integral : but for those special classes of equations 
simpler methods can be devised for the construction of the integrals, 
I whfle Ibiilwr information can be obtained as to their relative 

> gtas t i liqr uA their classification. In all that follows^ we txe 



I 
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ooQoemed rather with the theory in general than with the praotioal 
aolution of particular equations as expounded in text-booka^. 

The timplest equations of all are those which are linear in the 
derivatives; among theui» the simplest is the equation * 

when the coefficients Xu •••, Xn are functions of the variables 
JP|, ••^9X9 but do hot involve the dupi*udvut variable «. It will 
be seen later that every linear equation can be expressed in this 
form. 

As usual, we associate with the partial equation the system of 
ordinary equations 

•y " Y ^ ••• '^ Y \ 

by the theory of such equations, their integral equivalent consists j| 

of n — 1 independent equations in a form : 

Ur{x^,...,x^)^er, (r«l, ...,n-l). i 

Taking any one of these integral equations, we have #^ 

concurrently with the ordinary ditferential equations ; hence 

again an iiititgral equation. ' Now t^ere cannot be an integral 
equation independent of the set 

ttj-c,, ut-o, M,.-|-C||.,; 

so that the new equation is not independent of this set. But it 
does not involve any of the quantities c ; hence, though the equation 
holds, it does not hold in virtue of the integral set. It therefore 
can only be an identity ; so that the equation 



-^^axf •*■•••"*" ^"3^^ 



II 



is satisfied identically. Coimequently, when we put 

* For lartasot, muoh of oluiptof 11 in mj Treatia im Diff r m H m l 
(Sa. tdo. 1900), wUI bo Uk«o for srsntad. 



^»' 
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in the original partial equation, the hitter ib satisfied identically: 
and therefore t « «, is an integral of the partial equation. 

Moreover, this holds for all values of r ; and therefore there are 
n^l ftmctionally distinct integrals of the equation. But there 
are not more than « - 1 distinct integrals ; that is, erery integral 
can be expressed in terms of these. Let any integral be denoted by 

*-/(r, «w); 

then the equation 

is identically satisfied. The equations 

X^"^4. XT ?!?r«n 

i^ for r»l, ..., fi-l, are identically satisfied: and the quantities* 

JTi, ..., JTii do not all vanish: hence 

V ^i» ^«f •••• ^% I 
The quantities ti are functionally distinct, so that /does not vanish 
through an aggregate of vanishing first minors. It cannot vanish 
in virtue of «■-/, for it does not involve f. It must therefore 
vanish identically ; and therefore some relation must exist among 
the quantities /, «,, ...,11^1.1, the relation involving / because 
«!, ..., ««.! are functionally distinct: let it be 

Hence ik€ equation po$$e8se$ exactly n — 1 functionally independent 
integrate. 

• If/ denote the most general integral of tll^ equation, then 

^ must be the most general function possible: the requirement 
is satisfied by making ^ a completely arbitrary function of its 
aiguments. Hence if tf„ ..., ti».| be a eet of functionally inde^ 
pendent iniegrale, tike moet general integral of the equaUcfn ie 
given 6jf 

! where ^iea oompletdy arbitrary function of He argummte. 

I The arbitraiy function ^ and the functionally distinct integrals, 

ean be determined so as to satisfy assigned initial conditions 

^ and therefore so as to yield the integral estaUished by GauchY^a 
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theorem. Let ai» ...» a^ be values of Xi, ••«, #« in the vicihity of 
which all the quantitiee X|, .••» Jf. are regular; and auppoee that 
some one of these quantities, say Xi, does not vanish ior those 
values, an assumption that can always be justified by an appropriate 
choice of an •••, an* The genend initial conditions will be that the 
integral t is to acquire a value /(x,, ..., XnX when 'i^au the 
function /being regular in the fields of variation considered. 

The appropriate arguments can easily be constructed. Let an 
integral v^-i be obtained to satisfy the partial differential equation, 
subject to the condition that it shall acquire a value Sf, when 
dr|»ai; its value is 

r,., - x, -f (x, - a,) Pr{ti - a,. ;r, - a,, ..., x^ - a,). 

where Pr is a regular function of d?,, ...» ^m in the vicinity of the 
initial values. Taking this result for r«" 2, ..., n, we have ri» ..•» 
r».| as n *^ 1 functionally distinct integrals ; and then 

is clearly the integral of the equation which acquires the assigned 4^ 

value /(x, , . . . , XaX when Xi ■■ a, . 

The appropriate tirguments can also be constructed fix>m the 
associated ordimuy tniuations. 



Corollary. Alter the preceding analysis, we can state the ^ 

existeuce-theortMi), in a differt^nt but equivalent form, as follows. > 

//<<!• •••• ^U ttre iHiluen of jCu •••» '»> t'n ^^ vicinity of whidi all 
th4 coejficienU X' in the equation 

Pi -f AV/*i -f JT/^j^ + ... 4- X^p^ - 

aiii regular, the equation posseeees a — 1 functionally dielind inie^ 
grab, which are regular in the selected region and t^AicA reduce to 

'fl» • • M •rn respectively, when x, a Ot ; and if these integrals be Si i 

s^i, any integral of the equation can be expressed in the form 
s»f(si, ..., in.|) by appropriate choice off 

' £x. 1. Required su integral of the equation ' f 

x,/>,4-x,/>,-hr,/),-0, j 

which shall acquire the value d (r,, x^\ whea Xi «a|. 

To obtain au iutegral y| which shall acquire the value Xg, when X|«a|, ws i 

take ; 

«^-x,+(x,-a4)^+(X|-ai)>^-|-... ; 
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and we find 

•Otllftl 



--{-^^^e?)'-} 



■2!S 

We proceed eimlUrlj to ohUin mi fntegral e^ whidi ehall aoqulre the Tthie 
«l, when #i«ai { we find 

The required Integrel to deerl j 

^ If we proceed tnm the Meocmted ordinary equetkNM^ we need two 

iDtegrak of the equAtldie 

• ^1 dxf dx% ^ 

theee can be taken in the fbnn 

We then require the form of f efich that f (utt «t) beoomee ^(xt, J^ when 
j^^Hf s hence 

and therefore 

. ... ♦(«!» «t)-^(«l«l. «!%)• 

that ia, the integral ie 

«-^(a„ «,) 



I iEr. 1 Three given fonctione «, v, w of x, jr , t are eodi that 

Sa Se . 8if ^ 



and three other functions {, f, ( of the same Tariablee are defined bj the 
relatione 



Phnre that the moet general talues of {, ^ ( are 

\ . *-s-^^s» ^'■^•^^T^^ f-s-^^«' 

where (7 and if are integmle of the equation 






andJ^ ie an afbitmiy Ametion of #, jf I f. 



I 
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TUK UNEAlt EQUATION £ XiPimZ. 
SOl Nexl» we oonaider the linear equaiioD 

where JTi, ..., Xn, Z are fiinctioim of the variablea «|» •••, «w, t. 
We shall asBume that any factor, which is couimon to JTi, • . • » X^ , /» 
has been removed ; it. will therefore be unnecessary to take account 
.of a value of j which siinultaneouHly satisfies the equations • 

X|-0. .... X.-O. Z-0, 

the differential equation being then satisfied without regard to the 
derivatives of «. 

With the linear equation, we associate the set of ordinaiy 
equations 

dxx dx^ dx^ di 

JTi JTt ' X» Z ' Id ^1 

Now whether X|, ..., JT^, iT be unif4>rm or not, we shall assume 
that there are values of the variables in the vicinity of which 
Xi, ..., X«, E behave regularly; and then, from the theoiy of 
ordinary equations, we know that the foregoing set possesses ft 
functionidly distinct integrals. Let these be 

where Ci, ..., o^ are arbitrary constants. 
In the first place, any equation 

giveM an integral of the anginal equation if it involvee $ exjdieiilg. 
As it is an integral of the ordinary equations, the relation 

is consistent with those equations; and therefore 

cxi 3x„ 3* 

Now this is a relation between the variables: it clearly is not 
sathJied in virtue of ^^Cr\ and thei-efore it is satisfied identically. 



*l>i • 1 ^Mt-t i' •' I ^"^ —J-^A^Jfc^Jfcf^^aifc^atttfi 



il 
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Taking ^»Cr as an equation giving a value (or values) of m, the 
derivatives are given by 



9^ 



*^p.-0. 



)x^ ds 

When these values of |^, form « 1, ..., n, are substituted in the 
foregoing equation that is identically satisfied, it becomes 

Now ^ contains g, so that -^ is not identically lero: and -^ 
does not vanish because of the equation ^^er, for it does not 
contain Cri hence ^ is different from sero. Accordingly, the 

equation 

Z-jr,p,-...-Jr,/i,i-0 

is satisfied : or the equation ^^Cf, when ^ involves s exjplicitly, 
provides an integral of the partial equation. 

The same is true for each of the equations ^ • c, provided each 
particular function ^ involves s. Now some of the quantities ^ 
must involve «, even though each of them may not : for otherwise 

^ would vanish for each value of r, and the equations 

would be satisfied identically, for r » 1, ..., n : we should then have 

satisfied, but not in virtue of ^-iCi, •••, ^mCii: it must be 
satisfied identically and therefore, as the functions ^, ••», ^ do 
not (under the present hypothesis) involve $, there would be a 
functional relation between them, contrary to the fact that they 
are functionally independent. Hence, through the integral system 
of the ordinary equations, we find an integral or integrals of the 
partial equation. 

In the second place, let /(^ ^) denaie any arMmry 

'^incHm of ih€ quanHiiM ^ and 9Hppo9$ that the equoHtm 

/(^,....^«)-0 
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detennines a value or values of m: then /^O ptovidee on itUegral 
of the differeniial equation. For the equations 

for r»l, •••, n, are satUfied identically; as / ia arUtraiy, not all 
the quantities §£;••••> g^ vanish; and therefore, on moltiplying 

by ^ and adding for all the values of r, the equation 

is satisfied identically. Now the derivatives of j, as determined by 
/■iOi are given by 






for all the values of m : when these are used, the identical equation ^ 

becowes 

(z-jf.p.-...-jr.;..)i^g^^.o. 

Now as / contains «, the quantity 

r-l 3^r 3* 

does not vanish identically; and it diH.*s not vanish in virioe of 
/■■ 0, when / is perfectly arbitrary : hence 

or the equation is satisfied When the values of pi, ....j^i of jr 
are determined by/-* 0, the equation is seen above to be identically 
satisfied : hence /» provides an integral of the equation. 

Of couroe, there may be special forms of / such that the 
equation /"bO does not determine s: and there may be special 

forms of/, such that S ^^ vanishes in virtue of/»0. In 

■^ r-l t^^r ^^ "^ . 

what pR*cedes, we are cuncenii*d with quite .arbitrary forms' of / 
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81. The integral thus obtained is clearly of a very general 
character. A question arises as to whether it is c6mpletely inclusive 
of all integrals : that is, can the functional form / be so chosen as 
to provide any integral that the partial equation possesses f Let 
such an integral be known to occur in a form 

and let «»e, Ci^Oi, ...» a^«»a« be a simultaneous set of values of 
the variables, in the vicinity of which ^ is a regular function. 
Also suppose that these values are such that, in their vicinity, the 
functions ^, ..., ^ are regular, these providing integrals of the 

partial equation asliefore explained. Now the n quantities ^ 

^ are functionally independent of one another; Mid therefore not 
all the determinants 



dM • W, Wn 

vanish identically. Two typical cases will suffice for the general 
discussion: for the first, it will be assumed that 

a(^t *»»» ^) 

9{^i9 «j» ••.! ^n) 

does not vanish identically; for the second, it will be assumed that 

a( ^f *"i ^) 
3(^» 'i» •••» 'n) 
does not vanish identically. 

82. In the first place, when the Jacobian of ^, •••, ^ with 
regard to «^, .••,«w docs not vanish identically, it is possible to 

choose the set of values c, a, a« for «, r, «w, so that the 

Jacobian does not vanish or become infinite for them, unless the 
set constitute a singularity or other non-regular place for one 
or more of the quantities ^ Assuming this choice made, we 
then can reeolvQ the n equations 

BO 9B to express mi, •••, 4^ as regular functions of j, ^, •••, ^, in 
forms 






,^tt«» 



lot 



....«^ 



-•"T.O.*-!::. •::>., ^«- 



^^c»>* 



ivee"^ 



ivett 



\nWI 



P^ 



,Ae«^<*^ 



X\s^ 



vr« 



can 



vw^-^* 



H 






3*r 



.+ \,^^^ 






jitte» 



IH 



*\. 



ib«tt 









<ot 



t\l«' 



UNie 



a\ao 



Vi»o« 



t\»ft* 



• 3^ + 2 -J, 



„Xue« "^'W^^ 



Cot 



aW 



cV\ov« 



e»V 



ftUO» 



let^" 






v^c^^^k.. 



^tta»tt»«»3*'';^u*-'^.^^*' 



lYkcao 



,e\ft»*»** 






tV 



above e*l«' 



*UOtt 









iOlivi^ 



nv 



■Uttt 






\>o «»•■ 



t Vtt 






gi^OCl 



\,o »aW*»'X„^ vi»:P»- 






W>W"» **' 'f .». •^♦l^ 



occttt 



e#^^ 






o{X 



obVft^*'" 






^.niVva^- ^i ,occ««*"'*^ 




iatVott 



•rwtt 



or THE INTBQRAL 



i^ — 



fcrm of the arbitmy function cannot be determined so that t 
general integral becomes the given integral 

It may happen that ^ does not vanish. The condition c 

only be satisfied, if ZvO: and this must hold in association wi 
X » 0. Again, $ occurs in x » ^'^^'^ <^*^^ more, the fimn of t 
wUtraiy function cannot bo dotormined so that the gene] 
integral becomes the given integral. 

Of these three alternatives, it is clear that the last belongs 
a qpedal set : as the integral is given by Z^ 0, we must have 



S''^"^^"®' 



9Z 

'a* 



•ad then the equation 



must be satisfied, concurrently with ZvO. Moreover, as ^a 
..., ^aic^ are a set of n independent integrals of the syst< 
of oidinaiy equations 

dr, dx^ ds 

we have 

j( ^^-''^^ ) j(*^ ^y 

\'i» *t» •••» 'ii/ \'» 'i» •••• ^n/ 

where «v m omitted from the deriving variables in J^, s 
r«l» ..., n in turn; hence as ZaiO for the integral under a 
Bideration, X^ must vanish for the value of s unless Jr shoi 
vanish for the value. We have assumed that not all the quantit 
X, Xt, ..., Xm vanish for the same value of g. 

The second alternative may belong to a less special set^ it f 
be illustrated by examples. The first alternative provides \ 
most general case. 

Integrals, which arise under the second alternative or um 
the third alternative, may be called tpecial integrals^. 



* B oi nMom Umj sis esIM HngmUr. This term, howtvsr, k belter fttti 
fcf aelMsoriBtegiBltbeloBilaf tntpttoaAlljlosqastftoBtof a degrtt hisb^ •^ 
Ihsiwtialhsdw t f sU fs s . 
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88. In the aeoond plaoe» when the Jaoobian of ^» ..• » f^ with 
regard to $, Xg, ...» dr^ does not vanish identically, to take only a 
typical case when the Jocobian of thoee quantities with regard to 
'if 'nf •••• 'a doea vanish identically, it is {Missible to choose the set 
of values o, Oi, ..., an, so that the Jacubian does not vanish or 
beoouie infinite for thuw unless thov constitute a singularity or 
other non-rugular place of oi'io or uiore of the quantities ^ 
Assuming this dene, we can then resiJve the n equations 

so as to express the variables t,jr^, ..., a-^ in tenns of X|, ^, ••., ^ 
in funns * 

for r » 2, ..., II. When these values are substituted for «, Xt, •••,«» 
in the equation ^ » which provides the given inti*gral, it takes 
the fonu 

and the given integral can now lie taken in the form $^0. The 
derivatives of $ are given by the n relations 






3*1 r-l 3^r 



for m » 2, ... , n. Multiplying these by ^i and by Xm respectively, 
and adding for the various values of in, we have 

For the integral under consideration, we have 

and we know that the relation 






M-l 



CJTu, 



is satibfied identically. Moreover, all the functions are regular in 
a)} the vicinities concerned, so that all the quantities ^, for 
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rail, •••, II, are finite in the fields of variation retained. When 
these equations are used, the above equation becomes 

and it must be satisfied in association with 0^0. This require- 
ment can, as in the preceding discussion, be met in three ways. 

It may happen that r- vanishes identically ; then ri does not 
occur explicitly in tf, and the expression of p^l^ 

that is, a form of function has been obtained for/(^, ..., ^) so 
that/* has become the given integn^ ^ » 0. 

d0 
Or it may happen that ^ vanishes, not indeed identically but 

only in 'virtue of 0"^ 0. Then 2r, occurs explicitly in 0; the form 

Lof the arbitrary function /in the general integral cannot be deter- 
mined so as to particularise the general integral into the given 
^ integnU. g^ 

^' Or it may happen thai ^— does not vanish. The condition can 

then only be satisfied if Z| ■• ; and this must hold in association 
with — 0. Again, the variable ri occurs explicitly in : thus, once 
more, the form of the arbitrary function / in the general integral 

. cannot be determined so as to make the general integral become 

I the given integral 

The three alternatives are similar to those in the former dis- 
cussion; integrals, that arise in connection with the second or 
the third of the alternatives, will be called special^ as before. 



i 



1 



84. Gathering together these results, we can summarise them 
as follows : — 

Let ^(«, ri, ..., rfi)«0 prtnfide an integral of th$ partial 
differentiai egtfoh'on 

and U/tf{^, •••! ^) "■ denaia %t$ moH general integral./ being an 
afhitrary function; then the functional form off can be ckoeen eo 

thai /(^ ^) becomee f , mleee ^ i$ of the type of integral 

called epeeial, of unleee the valve ofn provided b) 'V*^^ t»faA^\>AM 
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a $ingularitg or Uk$r Hon-regular place for on$ or moro of tko 
quaniitiee ^ 

It thua appean that the general integral far the linear non* 
homogeneoua equation^ in which the dependent variable occurs * f 

explicitly, ia not ao completely incluaive as is the general integral ) 

for the linear homogeneous equation, in which the dependent 
variable does not occur explicitly. 

Instances of the principal portit>n of the theorem are so frequent 
that none nee<l be anlducod here : a few examples will be given to 
illustrate the Biiecial integrals and other exceptions. 

Ex,\. Coiiittder ths equaliou 

Two iiitograU of the AMOciatod equalioiui 

dr ^ elf 
jT ■■ jf ■■ f 

Ofm be Ukon in lbs form 

. « . f 

and the numi general iutegral in given by ' 

It ia ea«y to verify that 

^-«-^-0 

iwt>videa an iut^gral of the aquation. Eipreeiing ^ in tawps of ^| ^y and ^ ^ 

we And 

ao that 

thua ^ does not ? anbih identically but only in viituil of ^»0^ and than A 

only in virtue of the fliotorl-^, in ^'. Thua the integral given by ^^0 is I 

a apecial integral ; for the fonu of / in /(^» ^ cannot be choeen ao aa to 

make /(^» ^) booooie ^. j 

It ihould be noted that /(^|, ^) can be choaen, in a Ibrm ^*-^,' ,p 

ao aa to vaniah for the integral |iruvided by ^vO: but it doee not follow 
(and it ia not the lact) that /can be ohcMen no that/(^i9 ^) beoomee ^. 

Es, 8. Conaidor the equation 



{-'^ 



/>i+*il>t+'«J^-«. 






I 



ft? 



84.] EXCEPTIONAL INTEQEALi 

Intognb of the tModaled ofdinaiy equatioiM 

niaj U taken in the form * 

and Um gmeiml integral ia 

where / ia an arbitrary ftinction. 
It ia eaay to rerify that 

{Noridee an integral of the equation; hut the ftinctional form / cannot he 
dioaeD 80 that/(^; ^, ^) heoomea ^. In fact, we hare 



♦•-T- ♦•-?' 



80 that 



.?*:. 






^-♦^-^ 



and -?• doea not Taniah identically. Taking the ralue of f given hj ^ and 

anlietitnting it in ^, we find ^-0: ao that ^ Taniahee in Tirtne of thia 

ie8Qlt|thatia,inTirtueoff'-a The integral f-0 ia a epedal integral 

If; inatead of eipreeaing *x% 't» 'i in terma of the quantitiea tv ^i #if ^ 
with a Tiew te the tranaformation of i)p, we e i prea a f^ «^, «| (n terma of 
'If ♦if ♦•• #!» we find 

and then the requiaite condition ia 



<• 



in aaneiatioQ with f^-a Now ^ doea not raniah MenUcaQj, nor doea 

ft Taniah in Tirtne of ^«0; we rnnat therefore haTe JTimO in aaaociation 
with f^«a Thia ia aatiafled: and therefore, aa before^ i)p«0 prorMca a 
•peoial integral of the equation. 



Est. H OonaMer the eqnatkm 
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dM dg di 




♦l""J • 


♦.-*•'■» 



TIm moil genenl iutegral ol the iMUtUl equatioQ U 

/(♦ii*i)-0. 
where /U *n ArhititMry ftinotion. 
It l« eeej lo f eriiy thai 

lirovidee an integral of the equAiion : but the ftinotlonel form / oamiol be 
ohoten eo m to make /(^i, ^) beuoiue ^. ProoeediDg ae in the faoecal 
eipoaitiou, we have 

10 that ^""l and oanuot Tamah, ahewiiig that / cannot be ehoeeii lor the 

purpoee. But the quantity £ of the general inveetigation Taniahee Urn the 
value of i given by ^mO. 

It will be noted that ^ duoa not involve ^i: the epeoial integral ia a 
Mugularity of ^. 

£x, 4. Coiiaider the equation* 

The iiitegrab of the ordinary equatioiia 

Jx iijf- di^ 

i^(/-V.y)**' 1 "a 

can be taken in the form « 

and the general integral ia 
It ia eaay to verify that 

firovideii an integral of the equation ; it ia olear that no fom of /can he Ibund 
which will make the general function /(^|, ^ become f. The integral 
provided by ^-O ia a apecial integral; and nianifeetly any aet of vahiei^ 
aatiafying ^-iO and chotien aa initial valuoii, conatitute a bcandi-plaoe of the 
quantity ^ and of the coefficient otp in the equation. 

Am thia coefficient ia not regular in the vicinity, Cauchy'a theorem doee not 
apply. 

• This example ia given by Chryntal, Trmtu. H. 8. E., %. auvi (IdM), p. 667. 
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85. The diseuBmon of the integrals of the equation 

can be associated with the discussion of the integrals of the 
equation, which is without the quantity E and any explicit occurs 
rence of $, by means of a simple transformation. Let the integral 
be given by the equation 

where, in the circumstances, ti involves m\ then we have 

Now K- does not vanish identically, and we shall assume^ that it 

does not vanish in consequence of uaiO; hence we may resolve 
these equations for pu •••» />«• Substituting in the original 
equation, we have 

and this must be satisfied identically when a value of $ given by 
tf « is inserted : in other words, the modified equation is satisfied, 
not identically but only simultaneously with fi • 0. The modified 
equation is of the earlier type : the coefficients of the derivatives 
involve only the independent variables but not the dependent 
variable u. Of this modified equation, let 

bo an integral ; then obviously u a will give an integral of the 
original equation. But the fact that («> or^, •••, 4?^) is an integral 
of the modified equation means, as was seen before, that when this 
value of II is substituted the equation is satisfied identically. This 
limitation is additional to the earlier requirement, which was only 
that the equation should be satisfied simultaneously with tc » ; it 
was not necessary that the equation should be satisfied identically. 
We cannot therefore infer horn the argument that any integral of 
the original equation can thus be obtained finom an integral of tlfe 

* Ths tlgiiitauMt of the ttniiBptkNi, and tb« lioiltolloa wtiieh It Inpotci^ 
woaldaMd to U tiMalatd If the diarMt« of the lattgiato wm bdiif atttnalaeA 
soliljr \ff Um prtml ai s ui m ii t. 
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modified equation ; and it is clear that any integral to obtained is 

a special case of an integral given by | 

tf(f,iri, ....«,)-a-0. ' 

where a is an arbitrary constant*. 

JEr. As an w^piptfti wnfidftf th6 TKinatton 

It'clearij U MtisAed bj a value off given bjr the aquation 

But efiecting the irauiiforniation indicated, vit. taking 

a-a(«, JT, jf)-(^ 
80 that M l« a new variable, we have 

Any Integral of this equation, when substituted, la known (by our sariiir 
aiguuMot) to wake the equation satisfied identically. If ws take 

the equation is not satisfied identically ; it can onljr be satiafied for this value 
of M simultaneously with m»0; but M«Bjr-^y+«is not an integral of the new 
equation. 

On the other haod» the original equation is satisfied by a valtis of $ given 
bjr the equation * 

^ y»+**-o, 

where a is a constant : and 

Is an integral of the modified equation. Thus the first integhd is not given, 
the second integral is given, b/ the method. , 

The distinction between the two cases can be eipressed simply bjr a 
reference to ihs theory of continuous groups. Let 

be an infinitesimal transformation. 

We have 

jr(y»+*>)-0; 

the quantity ^-f <* is an iuvariaHi for the given infinitesimal transformation. 

We have 

-V(jp+y+i)-(x+jf+i)(jr-»-y-*), 

* The limiUtion wss. I bslievs, fint pointed ovl% bj Qeorsat, fai | IS of the 

work qaotsd on p. 66. 
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■0 tlut JT-fjf'f « is tiot an inT»riMit for Um inllnitwiiiiAl ImitfomiatkNi : hitl 
when we have 

then, in Tirtne of that equation, , 

jr(jr-|.y-|.f)-0; 
the equation x-^y-^imO b an tfivoriaiil §qtiaH<m for the transformation. 

80. It renudns to amociate Cauchy'e theorem with the equation; 
for this purpoee, we have to obtain an integral which, when ffi»>€h, 
reduces to 

where ^ is a function, which is regular in the domains of the 
values ir^»a«, •••, Cii»a», and otherwise is arbitraiy. 

Choosing Oi so that JT, does not vanish there, the integrals of 
the associated ordinaiy equations 

can be obtained, subject to assigned conditions that «^»ai,. . • , «w»a«, 
M^giot, ••., a,i)»e, when «i->ai; and they have the form 

«!-* +(4P|-ai)t| -0 , 



where tf|, •••, tf« are regular functions of the variables mi, •«., 4^, $* 
Now the general integral is 

/(ti,, th, ..., O-O; 

or, changing the form of the arbitraiy function, we may take 

lf| »#^(tCl, •••, ttn) . . 

as the integral, where F also is arbitraiy. When i^ ■» Oi, this 
equation becomes 

but the value of t when«i»ai, is iobe jr(«%, •••,0* <^ there- 
finre when the arbitraiy function is chosen so that 

and consequently 

F(Ht9 •••» tl«)aijf(Ut, •••|1l«\ 
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we have aa integral 

which is the integral in Cai|chy*8 theorem* 
Ex. fiaquired the inlagral ol 

which, whan jr«>ai !• ituch that t-^* 
Two int^gralii of the onlinarj equationt 

^ ii ^ 



Ntch thati whoD jr»( 
■eon to ht 



IP 

are taken euch that, when jr»a, w« have jfsl^ and B^j-l thMe aia eattl|j 






a,.?/.*. 



•o that, fur the required iotagral, 



/(y)-*^: 



4 • 



Thus the general integral of the equation can he teken in the Coru 

where/ ie arhitrarj. When x^o, thin equation beoomee j 



and therefore 

Henoe the required integral ie given by the equation « 

that ie, 1 

4cx 

. • . ... ' 

If/ instead of taking Cauchy'e theorem in ite aimpleat form as 
associated with an initial value X|»ai, we require an integral j 

which, when a relation of the form 

/(j,*!, ...,x»)»0 
exists among the variables, shall be given by the equation 
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effectiTely what is required is the determination of the arbitraiy 
fiinctionid form F in 

80 that the equation may be satisfied without any other relation 
solely in virtue of/»0, jf-0. 

As /» and ^» are two relations between n 4- 1 quantities^ 
fi — 1 of these can be regarded as independent : or we may regard 
all the n «f 1 variables as expressible in terms of n — 1 independent 
quantities: Taking the latter mode of representing them, let 
their expressions be 

4 for rwl, ..., n. When these are substituted in the quantities 

^, ...,^, we have 

j ♦■• -♦«(*, iPl» ..., «!•) 

i -♦-(f. t. t-) 

- 'im (fi f»-i) - ^m «ay, 

for m»l, •••, a; and these n relations, expressing ^, ...» ^ in 
terms of n — 1 quantities, are satisfied concurrently with the 
relations /"^O, jf>bO. Among these n relations, let the a^l 
quantities fi, ..., fn., be eliminated, and let the result of the 
elimination be 

Now when/ai and ^»0, we have ^ degenerating to ^; and 
the general integral becomes 

F(^, ♦O-O, 

which coexists with /» and jf » 0, but, as now it involves only 

the quantities fi f«.,, it is satisfied by itself and not in virtue 

of/»0, jF«0. We thus have 

and therefore also 

F{^ ^n)^0(K -M M 

Henoe the required integral is given by the equation 

0{^ ^)-0. 
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Sm, In eiAinpl«a| Um dtUiU Momaliiiiet ar» developed in * diflbrail waj. 
Ltt it be required to find • eurfiu:ei eatiefying Um aquation 

and iieeeiug through the curve 



S+S + 5"^' ''+»»3^+"->- 



The curve ceo 


\ be expreiMri in the (bno 


when 


X-ClX. Jf-6m Mmc,, 




o/XH-^iNM-l-cav-l. 


Two iutegrele of the eauiociated ordinary equatioue are 


heiKre, along the 


ourvci we have 


eo that 






*"i5' ""If 



andthereibre 



whence 

Thia equation oorvee|KMKU to the equation 0(^t ...• ^"O in the (ve- 
ceding diecuwiion. In the |>reiieiit cane, the required integral ie aoooidingiy 
given bj 

iiuierting the valuee of u and v. the equation of the required eurlhoe ie 

COMPLETK LINEAR SykTEMH THAT ARE UOMOQSNIOU8. 

87. Before pansing to the diticuHtiioD of the moBl geneiml 
equation of the firut order and of dt-gree higher than the fini, 
it \H convenient to deal with a syHteui of ainmltaneoua linear 
equationa involving one dependent variable. If the dependent 
variable occurs explicitly, the equations can be changed, by a 



^ 



> 



i 



4^ 
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tniisfoniMiiion as in $ 85, so that the new dependent Tariabie 
doee not occur explicitly; the number of independent variables 
is thus increased by unity. In their transformed expres8ibn» 
the equations are homogeneous in the derivatives ; they may be 
written 



where the coefficients aMm for m and n • 1, ..., t» are functions of 
the independent variables ri, • .. , x« alone. We have to investigate 
the conditions under which an integral (if any) can be possessed 
by the system ; we have also to devise means for the construction 
of an integral when it is possessed. 

Equations of this type have already, in Part I (§§ 38 — 41) of 
this work, received some consideration ; but there they arose as 
a class, associated with equations linear and homogeneous in 
differential elements in the variables, and the limitations imposed 
upon them were derived firom the originating equations. Their 
importance, not least owing to their frequent occurrence in various 
theories, justifies an independent treatment ; the earlier discussion 
will render some abbreviation possible. 

The M equations in the propounded system are said to be 
independent, when no linear relation of the form 

j Ml («)-»- --t-MnCt*)-© 

\ exists, the quantities ^ f^ being functions of ri, ..., «?«, and 

\ the quantities il|(«), ..., A^(u) being merely the linear com- 

binations of the derivatives of «. If, however, such a relation 
or relations should exist, then one or more than one of the 
equations il («)» would be dependent on the others : an integral 
of those others would satisfy the dependent equation or equations ; 
and so the dependent equations could be ignored for the present 
purpose. Accordingly, we shall assume that the equations in the 
system are independent. 
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To decide whether tho new syateni is oomplete or nott we 
coi»truo( the quantititis BmiB^u)— Bn(Bmu); »ad we h«Te 

B,(BnU)'B^iB^u) 



r-W-l 



rmH-l 



-Si uu^ti^r")- i ifHM<(f^)^,(u). 



r-li-l 



r-t 1-1 



Couibiuing the fiivt HUiiiuuitioiiB in the two lines, we have 
Ai(4ru)''A,(Aiu) 00 the coefficient of f Mr fii< ; this quantity b 
a linear combination of the c|iiiuititie8 Ai(u\ .... A^(u\ because 
the HyHteiii is C4»ni|ilete : henct* th(*tte two sununations give a linear 
combination of the quantitieti ^4 (u). Each of the other two 
Bummati4>n8 is actually a lineiu* combination of these quantities; 
hence the whole expn^ssion for Bu^iB^iU) — B^iBy^u) is a linear 
conibinati4>n of the qmuitities A (u). Elach of the quantities A(u) 
is a linear combination of the quant itii-s £(11); when the values 
are sulMlitutiHl. we find that iiniCBiiu) — //^(i^iiiU) is a linear 
combination of the quantities B(u). As this holds for all values 
of III and N, it follows that the syhtem of iH)uations £|(u)»0, ...» 
J*^(u)»0 is complete. 

In the second place, a complete eyutem remaine compleU far 
any tmne/onnation 0/ the independent variables. Let these 
variables be transformed by the relatioiui 

for r»l, ..., s, the functions /i, ...,/« being indepi^ndent of one 
another. Then 

dxr 3-r/ dxf dx^ dx^ '" cu-/ dx, ' 
for all values of r; substituting in An(u) for the quantities 7-- » 
we have 

and il»'(w) is h«Muogouuuuii uiid liuuor in the derivatives 



ai 
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As there is no linear relation among the quantities ilii(ti)i 
there can be none among the quantities A^in): the equations 
A'(u)mO are independent Further, the operation An is replaced 
by Anf haying the modified coeflBcients : thus 

A^iAnu) - A^(An'u) - A^iA^Hl 

An(A^u)^An{A^u)^A:(A^u\ 

and therefore 

A^(A^u)^A:{A^u)^A^(Anu)^A^{A^u) 

• linear combination of ili(ti), ..., A^{u\ 

- ^/(ii),...,^;(ti), 

finr all values of m and n. Hence the system of equations 
il/(ii)aiO, ...» il/(ii)«0 is complete. 

89. The first of these properties is used to express's complete 
linear system in a canonical form : the second of them will be used 
in the establishment of the existence-theorem. 

As regards the expression in. a canonical form, let a complete 
linear system of m equations be given, involving one dependent 
variable « implicitly through its derivatives and m-^-n independent 
variables C|, ..., m^^. As the m equations are independent of one 
another, they can be resolved algebraically so as to express m of 

the derivatives of **» ^y gr> •••> g — i linearly in terms of the 

remainder; let their expression be 

• for 1^ 1| •••, III. ^ 

The system was complete in its earlier expression : hence, by 
the preceding property, it remains complete in the changed 
expression; consequently. 

where the quantities % do not involve a or its derivatives. The 
left-hand side of this relation is 

r. V. ^ 
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and it does not oootain any of the m derivatiyes s--. ..., a^z 

• • jn 

whereas tke right-hand side does contain a deriyative s~ unless f i 

is sero. Henoe, in order that the relation uiay be satisfied, each of 
the quantities fi, •••• (m is scro; and it then becomes 

Now the system is complete, so that no equation of this type is to 
be associated with it which is nut satisfied in virtue of £i(i«)«iO, 
• ••• Bm{^)^0; consequently, this equation must be evanescent (or 
all values of • and j, and therufure 

This relation involves the independent variables only; hence it 
must be satisfied identically, for all^alues of %,j, and i. 

Conversely, if this relation be tMitisfied fur all values of t,^, and 
s, then we have 

and the system of equations i^i(ii)aO, ..., BM(ti)»0 is evidently ^ 

complete. Hence we have the formal result : — 

A complete linear uydein of m equation, involring one dependent 
variable u and m-f ii independent mriablee x^, . . . , jt^^mi aaif #ifcA 
that only derivatives of u occur, the eijuatione being hofnogeneons in i 

thoee derivatives, can be espreeeeil in the form 

for I Mil, ..., m\ and the conditions, necessary and sujficient to 
secure that the system shoidd be complete, are the aggregate of the 
im (m ^ 1) Ii relations 

for the vidues of s, and for the combinations of % and j : each of 
these relations must be sittiajied identically, \ 

In cunsequeuce of the conditions, the equation I 

Bi(Bju)-^Bj(BiU)^0 
is satisfied identically, for all valutas 4>f i and J. A set of equations 
pusseHsing this pru|ierty i^ frequently tuiid tu be in involution. \ 

A complete linear HyHteui,exprt*tvSi-d in the above form, is 
times called a Jacobian system. 
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40. The preceding investigation gives the formal conditions 
for the coexistence of the equations: it gives no information as to 
the integral or integrals (if any) of those equations. An existence- 
theorem, similar to those in the preceding chapters, is as follows : 

Lti Oi, ..., OflM^ be a iet of tfcJuea of the independent eariablee 
in tke viciniitf of which all the coefficient U, in the complete Jaoobian 
eyetem 

*<«)-^-^ "^^ l/i|^-0, «-l,....m). 

are regtdar /unctions ; then the eyetmn poeeeeeee n functionally die* 
find integrate, whid^ are regular funcHone in the vicinUg of the 
selected vaiuee and which reduce reepectivelg to values c^i» . •• , Cm^, 
when mimOit^Pi^ Off •••? «w"«iii« 

The theorem has been established^ when m >■ 1. The inductive 
method will be used for the general case ; and we shall prove that 
it is true for a Jaoobian system of m equations in m -t- n independent 
variables, if it is true for a Jacobian system of m — 1 equations in 
m-fn — 1 independent variables. 

Accordingly, we make the latter supposition that the theorem 
is true for a complete Jacobian system of m — 1 equations in 
m -^'n — 1 variables. For brevity, we make Oi at 0, ... , am-^n "■ 1 
all that would be necessary to secure this result would be to take 

The equation 

possesses m4fi— 1 functionally independent integrals, which are 
regular functions of the variables in finite fields of variation round 
0, •••, 0, and which acquire values dr,, or,, ..., c^^^ respectively 
at that place ; this is a theorem already proved (J 29). Of these 
integrals, m — 1 dearly are given by 

tl«iS|, i^, •••, 4^ 

respectively i let the remainder be denoted by wyaM.!, •«•, jfaiHi 
respectively, where 

9w^^'''^fm^'¥ihtim^9 (•■■If •••» »»)» 

* la I IS, Ooiollaij. 
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HiH-i denoting a regular function of the variables m^ •••» «»hi in 
the aeaigned vioinity. Reversing these equations so as to express 
«mi. ••••*«H^». wehave 

where F^f ^ ^ regular function of the variables #|, ...^ a^, 3IWi» 
••*» y^H^ in the vicinity of 0, ..., 0. 

Now let the independent variables be changed from «^, a^, ...y 
Sm^ to x^, or., .,., ««, j/m^u ...» y-H^ii; we know, from the property 
established in § 38, that the new system of equations is complete. 
Ako let the result of the translormation on any integral u be 
denoted by v. The efi*uct of the transfonuatioQ upon Bi(u)'»0 
can be obtained at once : as its fii 4- n — 1 functionally independent 
intograk now are dr„ ... , «•„», y«^.„ ... , y,,^.», which are the aggregate 
of independent variables other than «|, we have 

i(.(.).|^.0. 
For the other equations, we have 

for t»2, ..., Ill, and 

forj>B 1, ..., a; hence the equation A|(u)«0 becomes 

w-i #-M^i ^y# 

with new coefficients Kn. 

The properties of these coefficients could be deduced from those 
of the coefficients I/n : they are most simply deduced by the use of 
the known property that the new system ^i<v)«iO, ..., ^(v)»0 
is complete. On account of this property possessed by a Jaoobian 
system (it will be noticed that the new system has the form of a 
Jacobian system), we have 

for all values of $ and j. Now all the coefficients Fa are zero, and 

d . 

Ai is r-- ; hence the fun*goiug conditiuu is 

3arj 
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that i8» the coefficients V^ do not involve C|. We also have 

for all values of t and j in pairs combined from S m, and 

for BMMfn-^l, ..., m-t-n. The modified Jacobian system is 

for f ■* Zy • • • f In. 

Now the last m — 1 equations constitute a complete Jacobian 
system, for the necessary and sufficient conditions 

B,(V^)-Bj(V^)^0 

are satisfied ; and they are a system in m -I- n -* 1 independent 
variables f«, ••., '«•» Vm-^u •••» ynn^t the variable 4?i not occurring. 
Owing to Bt (r) » 0, it follows that an integral of the system of 
m equations cannot involve x, in the modified set of variables: 
consequently, eveiy integral of the system of m equations in the 
m -I- n independent variables is an integral of the sjrstcm of m - 1 
equations in m 4- a — 1 independent variables, and conversely. 

The coefficients Kn in the Jacobian system of m — 1 equations 
are regular (unctions of the variables in the vicinity of or,, ..., r^, 
jffli^i, ..., ym^Hi'O, ..., 0; for they are polynomial combinations of 
the coefficients {7|| and of the derivatives, of ya^i, ...» ym^n with 
respect to the original variables, all of which are regular in the 
assigned vicinity. By the hjrpothesis adoptcnk^ the systems of 
111 — 1 equations, the Jacobian system of m— 1 equations in the 
m-9-a- 1 variables possesses n fiinctionally independent integrals 
which are regular functions of the variables in the domain con« 
sidered and which reduce respectively to. j/m^-u •••» jfuM^t when 
J^«i0» ...» ffM">0; let these integrals be 

where ^m4« is a regular function of the variables which vanisheSi 
when cb » 0, . . . , 4^ • 0. It is clear that no one of the quantities 
f v^i •••! thi contains «!» so that each of them satisfies 
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Conaequently, they are integrak of the Jaoobian lyiiein of 
m equations. 

Moruovcr, theso intogralii aatigfy the awgned conditiona; tat 
we have 

•o that as ^^ is still a regular function vanishing when a^^O. 
..., dr^»0, the integral v« reduces to x^^^i when we revert to the 
original variables and we make «i»0, x,«0, ..., Xai">0. 

The theorem is thus true for a complete Jacobian system of 
III equations in m + n variubloH, if it is true for such a system of 
m — 1 equations in m + n — 1 variablea It is known to be true 
for a single equation in any numbiT of variables : hence it is true 
generally. 

The existence of ii functionally inde|)eudent integrak has thus 
bi*en established. When i/i » 1, it is known that an equation in 
n + 1 indi*pi*ndent variables {KMSi^sses n, and not more than ii» such 
inti*gnils ; the course of the preceding argument then shews that 
a complete Jacobian uystem of tn equations in in + n variablei 
poisesses ii, and not mot^e than n, functionally independent integrals. 

41. The set of integrals, detenuined in association with the 
assigned conditions of § 40 and retlucing to Xm^,, ••., »^^^ for 
assigned values of d;|» •••, j*m, is sometimes called a fundamental 
syetem for the assigned vicinity. 

As in the cose of a single equutiun, it can be proved that any 
integral can be expressed in terms of any set of n functionally 
indejMndent integrals : and, in particular, the expression in terms 
of the niembi'rs of a fundiimentid syHtem is simple. 

To prove the first of these statements, let Ui, ..., ii» denote a 
set i»f functionally independent integrals of a Jacobian system of 
m equatioiui in m + 'i independent variables ; so that, with the 
preceding notation for the sybtem, the equations 

for r » 1, ..., N, and t^l, ...» m, are satisfied. Moreover, they are J 

satisfied identically, because the quantities U|, •••, ti|» do not occur ^ 

explicitly. \ 
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Now, lei 
denote any intq^ of the Jaoobian syRtem : then the eqnationB 

for 1*1, •••» m, are satisfied ; .and they are satisfied identicallyi 
becanse ^ does not occur explicitly. Hence all the determinants 

9ih 8ti| dui dui 

8«l*"** 3^iii' S'm+i' '"* barman 



8^iM« I 



) 



8tta 8tt,t 8Mm 

vanish, in association with the integral 

hut If does not occur explicitly so that, as the determinants cannot 
vanish in virtue of. that integral equation, they must vanish 
identically. Accordingly, some functional relation must exist 
among the quantities V^, V|, ..., ti,i ; it cannot exist among tt|» ••• , tin 
alone, for these are independent ; and therefore it must involve ^. 
Hence it may be taken in the form 

V^-/^ti, ti»). 

where / is some (unction of its arguments. 

We thus have a verification of the proposition that the number, 
of functionally independent integrals in a Jaoobian Sjrstem of m 
equations in m -9- n variables is exactly n. 

The form of the (unction/ is not difficult to obtain when ^ is 
given, if we take' a fundamental system of integrals for the set 
Hi, ..., tin. In particular, let the latter be 1^, ..., ?«, where f« 
(fbrf*!, ...,11) assumes the value ^m^^, when C|«ci|, •..,^*^; 
ti is required to determine the functional form g, such that 

TW» •••• *••• ^4-1 *^iii+n)"*y Wf •••• ^nh 

Let i^«<i|, •«., ^Tfl, aia^; this equation becomes 
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This U true tat all variables independent of one anoUier; and 
Iherofore 

•o that 

being the required ezpreasion in terms of a fundamental aet of 
integrals. 

CSoBOLLAHT. When the preceding results are combined, the 
following existence-theorem is obvious : — 

L€t Oi, ..., Om^ he a Ui of values of «^, •••, «Whi ^^ ^^* 
in their vicinity, all the coejficiente U in the complete JaoMam 
' ejfstem 

for |s 1, ..., m, are regular functione of the variablee; and let 
A(^M-Mi •••! ^Mft^ii) denote an if regular function of ite argumente 
in the aeeigned region of variation, which {ejcceptfor the require^ 
i9ient of being regular) ie arbitrarg. Then - an integral of the 
Jacobian egetem ejcints, which ie a regular function of the variablee 
in the vicinitg of Ui, ..., cIm^ii, and which acquires the value 
A(-^»^i» ....'»+ii)i u^hen x^'^'a^, .... J«,-a«. 

42. It is a part of Cauchy's existence-theorem that an integral 
satisfying the conditions : 

(i) that it is a regular function of the variables within the 
domain of a set of values where all coeflScients in the 
above linear equation are regular, 

(ii) that it acquires the value of an aHiiigned regular function 
for an initial value of one of the variables, 

is a unique integral so determinetl. Hence the fundamental system 
of integrals of the equation 

Pi + A'./i, + ... + J^»^., /i„^, - 0. 

required to acquire values x,, ..., .r«^i respectively when ap|»ai, 
and to be regular functions of the variables, is unique as a set of 
integrals. 

The inductive proof of the establishment 4»f integrals of a 
Jacobian system shews ttuit, if a si*t of intc^gnds satisfying the 
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assigned conditions be unique for a Jaoobian system of m — 1 
equations, a set of integrals satisfying the assigned conditions is 
unique for a Jaoobian system of m equations. The proposition 
just quoted indicates that a fundamental system is unique when 
there is a single equation : hence a fundamental set of integrals is 
unique for a Jaoobian system. 

Similarly, the integral at the end of §'41, defined as an 
. integral of the Jacobian system 

for <« 1, .... m, which is a regular function of the variables and 
acquires the value of an assigned regular function of ^m^h •••I'm-t-ii 
for initial values of x,, ..., Xm, is easily seen to be a unique 
integral determined by those conditions. 

The property of uniqueness of the integrals is thus established 
in connection with the various existence-theorems belonging to 
the Jacobian systems. But it must be remembered that the 
selected initial values, of the variables are such that all the 
coefficients tTn are regular in their vicinity: and only on this 
I hypothesis have the theorems been established. Separate investi- 

gation is necessaiy for the consideration of integrals (if any) of 
the system in the vicinity of a set of selected initial values of the 
variables, which constitute a singularity or other non-regular place 
of any of the coefficients. 

Two Methods of Integration of complete linear systems. 

43. Now that the existence of integrals of a Jacobian system 
has been established and that the character of the conditions 
which limit an integral has been indicated, it is desirable to have 
some means of actually constructing the integral, more especially 
if there should be an integral which is expressible in finite terms. 
Two methods seem more direct for this purpose than others: one 
of these is due to Mayer, the other is based upon the actual stages 

f in the establishment of the existence of the integrals. 

; Mayer's method has ahready^ been expounded: consequently 

the discussion need not be repeated, but the results will be restated 

for oonvenience. It is as follows :— 
i 
d ^ Tol. tor Oils work, Nil, U 
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To oUain a aei of n %nd$pend$nt integrals of the campUi$ 
Jacobian iifsiem 

9u -^- jj da 

for t»\, •••, m, w§ irans/oriH the variablee «|, ..., #a i^- ^^ 
eubititutione 

aiu{ conetruct the equation 

jRk^ tfyiioltoNt eukeidiarif to this single equatioHt vii. 
«yi"~V — ••••' 



1 






ar» to &0 integrated, keeping yi, ..., Vm ai invariable quanHHes: let 
the n integrals be 

^p(^m^l» ...» •fm^ii. yi. .... ym) - OODHtant, 
/or p«il, •••, It. TAtfii Mtf set of H indepemlent integrals of the 
Jacobian system are given bg the/iJlowing process : in tke equations 

^pi^m-^i* *.*> •''■i-fii* yi> yii. ...I ym)"*^^(ci* ..*• ^1 ^1 ytf *..• y«i)» 

the variables yi, ...., ^m are (o 60 replaced by their values m lertM ^ 

o/* the variables Xi, ••., Xm, and if, in ang of ths equaiionSt 

^p(Ci Cm, tf, yti •••» ym) «Aou/rf 60 a pure constant, the Swaged 

equation is 

^(^M-fii ••.» ^m-fii* **!» •••» **••)■■ ^y(^i» •••• ^» •!• ...» •■iX 

7%««0 n equations are resolved to as to give Ci, •..•€« {or n inde* 
pendent functional cotfhbinations of them) : lei the result of the 
resolution be 

ivl^ere (7|, ..., O^ are n independent functions of Cu »••$€%: the m 
integrals of the anginal syutem are 

tt«iU,i(X|, •••, Wmt .'"iifii •••• ^mtm)9 (p^l» •••! ••)• 

NUe 1. Thu iiiiii|)li>!Ht mifMtitiitioiw tor the inuMfonnaiion of 
the viiriabli'H Ap|M*ar t4» lio 

rf-i-yu 

«i-«i+(yi-«i)yi. 



/ 
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for fat 2, ..., in; the quantities Fa4i» •••> Y^i^^ in the suheidiary 
equations are given by 

t-fl 

ilToto 2. If only a single integral of the Jacobian system is 
wanted and not a full set, it can certainly be obtained fix>m any 
one intq^ of the subsidiary system. 

iVoto 8. If any integrals of a Jacobian system are known, they 
can be used to modify the system, no as to reduce the amount of 
integration necessary to complete the set. Thus let 

be known integrals independent of one another, where />< n ; and 

use these p quantities to change the variables from dr, «^^^ to 

(say) «?!, ..., r,„4«^, y,, .... y,. Then as y, is an integral of the 

system, the term r— must be absent from each equation of the 

modified S3rstem: its coeflRcicnt- must vanish in order that the 

equation may be satisfied. Similarly for g— , . . . , ^ • Thus there 

will be a modified system of m equations: the variables yi, ..., y^ 
are of the nature of parameters : it involves m + a — /) variables . 
^f •••» K^^^^^\ and it still is complete. It therefore possesses 
fi — p integrals; and these can be obtained, as in Mayer's method, 
by the integration of the n— p subsidiary ordinary equations. 

44. In outline, and as regards the theoretic amount of inverse 
operations (such as integration) that are required, Mayer's method 
for the integration of complete linear systems is the simplest and 
the briefest : but occasionally, for particular systems, the detailed 
operations can be complicated. An alternative method of pro- 
ceeding is provided by an adaptation of Jacobi's method of inte- 
grating partial differential equations ; the details of the adaptation 
K are almost dictated by the course of the proof of the existence- 

\ theoreoL In details, it frequently is simpler than Mayer^s method, 

though the number of inverse operations is greater: but the mere 
number of sodi operations, without regard paid to their intrinsio 
y- difBoultyt is not the only trustworthy oriterion of practical sim* 
plicity. 



\\ 
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The method may be deecribed as that of aoooeanve leduotioii. 
Let the system be taken in its canonical iorm, the first equation 
being 

This equation in m 4- a viiriablus has m -f a -* 1 functionally inde- ' 
pendent integrals; of these, la - 1 are evidently given by j^. •••, «ip, 
and the remaining a are provided by integrals of the subsidiary 
equations 

the quantities ^«, •••• «« being regarded as parametric. If the- 
integrals of these subsidiiiry equations are 

M^(jr„ ....dTM^J- constant, (m- 1* •••• <»X 

then the n remaining integrals of B^ (a) « are given by 

Every integral of //|(u)«0 is a functional combination of «^s .... 

^m» ai, •.., Mn; the approprititt^ functional combinations must be 1 

such as to satisfy the reuiiiining equations 4»f the system. 1 

We acc4irilingly make x,, •.., u'mh Mi» •••• u^ the indepundent { 

variubU)s f4ir the equutiiui B^{u)^0, If any inU*gral of this 
e(|uati4>n be takun in the f4»rni 

a-/(x, ^m,Uu...,U^), 

which is also an integral of Bi{u)»0, wo have 

Because the system is complete, we have 

B,{B,Ur)^B.(B,Ur)^0; 
but B| (Ur) vani8h'tia(k'ntically, so that B^iB^Uf) • 0, and thereforo 

Hence Bg{Ur) satisfies the e<]uation //,(ii>>«0; it may be lerOi or 
it may be a pure constant : if it is neither of these but is variable^ 
it is an integral of //|(tt)«0, and then*fon) can be expressed in 
terms of jr„ ...t^Mi ^i» •••• <'fi* Thus all the ooelHcients in the 
traiisforme«l oxpreHsion of B^iu) « are functions of the m 4- a * 1 



^ 



I 
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new Tariables alone. The equation in this form has m-Mi — 2 
fiinctionallj independent integrals ; of these, m * 2 are given by 
Wt, .«., Cm ; and the remaining n are provided by integrals of the 
Bubsidiaiy equations 

the quantities r,, ..., 4Pm being regarded as parametric All the 
denominators, if not zero or pure constants, are functions of' 
«^f •••> <^» tf,, ..., Un\ let the integrals of this set be 

9,0h, ...»««» tf,, ...,«!•) -constant, (p-1, ....n); 

then the n remaining integrals of Ba(ii) ■■ are 

Each of these, as a functional combination of «;b» •••• ««»» «if •••# ^» 
is an integral of B|(tt) -i 0; and every integral, common to Bi{u) «0 
and jBa(tc)«0, is a functional combination of c^, ••., Xm, V|, •••, Vn. 
The appropriate functional combinations must be chosen so as to 
satisfy the remaining equations of the Jacobian system. 

We now proceed as before: and for the third equation^ we. 
make c^, ..., Cm» v^t •••> ^n the independent variables. If any 
integral of the equation jB,(«)»0 be 



we have 



i^(»)-g+i^il.(«'r)-0. 



But, as the sjrstem is complete, we have 

iB,(B,rr)-iB,(2?,r.)-0, 
•B,(B,r,)-iB,(B,Vr)-0, 

because Bi{Vr) and iB|(vr) vanish identically; therefore B,(Vr) is a 
simultaneous integral of /i;(tt)«0 and Bt(tf)«>0. Consequently 
^(Vr) is either sero, or a pure constant, or a function of c^, ..., 
I Cm* t^f •••> Vnl Mid the coefHcients in the modified form of J9,(ti)«0 

involve only the variables which occur in the derivatives of ^. 
The position is now the same, as in the preceding stage, except 
that the number of variables has been decreased by unity. 

We pass thus from stage to stage: the integrals at the last 
stage are fi fonetaonally independent iniegit\a i)t \^% vptascDu 
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NoU. At fiiBt sight, it would appear aa though the number of * 
qiiadraturua of ordinary equationa, required to make the procen 
effective, ia iim, being n for. each stage. But the number can be 
reduced, often very substantially, except at the last stage when n 
such quadratures are then certainly required. For example, let 

tt' (^i. . . . » *iii+ii) ^ constant 

be any integral of the subeidiary system of i^(ii)«*0: then 
iiBtt'(x„ .... x«,^ii)«u' is an integral of JB|(a)«0. . Now fi>r 
any value of p, we have 

-0. 

because Bi(u') vanishes identically : hence B,(u') satisfies JBi(tt) « 0. 
If jBp(u') is not zero and is not a pure coiiHtaut, it is an integral of 
^1 (u) «- ; if it is functionally independent of m\ we may write 

and we thus obtain a new integral of Bi{u)'mO without any 
further quadrature, in ih%i cajie of each operator Bp that leads to a 
result of this %y\)Q. 

Again, each new integral so obtained muy be similarly treated, 
until posvibly an adequate number of integrals has been obtained 
at the stage. The reduction in tho number of quadratures may 
thus be made by means of the operators in the remaining equations 
of the system at any stage : it clearly cannot be made at the last 
stage when no further operator remains for consideration. 

Further, if Bp(u') is zero, then u' is an integral common to 
Bi(u)=*0 and Bp(u)^0\ when retained as a new independent 
variable under tranHfornmtiitn of the variubleH, the integration of 
£,(u)*-0 will bi! thereby simplified. 

Again, if Bp(u') be a pui-e constant, ^a say, and if B^iw*)^ 
derived from a functionally diutinct integral of £,(u)»0, be also a 
pure coutttiuit, ■■ b say, then ^ 

J9^(6u'-ai;')-0, 

that is, bu' <- av' is an integral common to Bi (u) » and JB, (n) » 0; '] 

it can be used to simplify the integration of jB,(u)«0 at the -| 

appropriate stage, | 

s 
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Thus the number of quadratures necessaiy for the method maj 
be considerabljr reduced : but even in the most &¥Ourable oiroum* 
stances, their number is greater than the number in Mayer's 
method 

Ar. 1. As SB eiample, which will be iot«frated bj both BMihod^ eon* 
iidar the qntsoi ^^^ 

whete |^«^f for i^ml^ ?, a, 4. We hare 

jr,(jr,t)-^',(j,f)-o, 
jr,(jr,f)-jr,(j,i)-o^ 
jr,(^,f).-i',(Ar,f)-^ 

so that ths qntsoi is a oomplote linear eysteiii, being a ^fstem In hivolution. 
When eiptessed in a oanonical form, it te 

AdopUnf Itayer'e method of integration, we make the traiMlbrmalloiis 
and then ths singls equation to be coneiflered is 

whers 

*i 3ri"-»-(««+yir«)» ^* '• • 

The subeidlarjr eqnatioo ie 

and an Inlcgralie ImumI to be 

W-K«i-»-yifiW {(••+yiyf)«4- jri«J - oonstaat. 
Aooofdlaglj, bj ths theorem quoted in | 49, we eooetruet the equation 

the right^and ilde befaig obtained bj puUinf fk equsi to SHO fai the fan I and 
I the ▼anablee jtf , je^i je^, we have 
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[^ 



thftl k^ bj Um tbeoftai, a ooaunon integral is 
▲ more gMMral ornnmon int^giml is 

wbort FiBUkj arbitmy toMtioo. 

IVooeeding bj Um olber method of integraUoOp w% obUin an iiitflgiml» 
other than jPf and jti, of' 

the eubeiduurj ■jrnteia b 

an integnil of whioh in 

(x«* -I- X4') (jTi* -f Xj*) « conMUni. 

We'take x^, X), v aa the tndependent Tariableii, where 

• -(x,«+X4«)(Xi«^-Xi«). 

But ^ (») "0^ eo that the aecaiKl equation beoomeii 

and anj integral oonunon to the flnt two equationa ia a Ainction e# w% aiid «. 

We take x^ and v aa the iude|)endent variabka for the third eqaatioOb 
But {i(»)">0, ao that the thipd etjuation becomes 



ex. 



i^O. 



The integral ia thua a fiinction of 9; a common integral e# the 



aa before, 



f-»-(x,«+x,«)(x^+xA 



If an tnU^gral in required to attain an atwigned value ff{s^ when «!•■«» 
Xt«&, X|«c, it ia eaailjr aeen to be 



-'U-.-)l 



Ex, 8. Prove that the eyatem 
0-i|>i -I- 8X|j>a-f 3r«ps-|-/>A+X4;i«, 
0-X|j>| + li,/*i-l-ar,;^-hx»;i4+x^, 

0-(3X|« - 2x0 f>i •••(arix, - x,)/>»+aX|Xaf>i-|-(X4X»--Xt)|j|+x^«Pi-«'«!|ji^, 
ia complete : and find a ajrutem of three cximmon integrala. 
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Complete linear Ststems that are not homooeneoub. 

46. The complete linear Bysteins that have been considered 
I are homogeneous in the derivatives of s: and the dependent 

variable does not explicitly occnr. But it is possible to have 
complete linear qrstems which are not homogeneons in the 
derivatives and in which the dependent variable does occnr 
explicitly. This class of equations is a very special example 
of a system of simultaneous equations and can be treated by 
the general method devised for general systems: the eqnationa 
can, however, be more simply treated by being included under 
the class already considered. We take a new dependent variable % 
such that 

and we transform the equations by means of relations 

the transformed equations are homogeneous and t» does not occur 
explicitly. These are amenable to the method already explained : 
the conditions of coexistence are at once obtainable; and integrals 
will be given by equations 

u ■■ constant, 
provided u involves $. 

I NaU. The same warning must bo applied about linear non- 
IfthiogeiieoQS systems as was applied to a single non-homogeneous 
eduatkm ($ 86)l The method does not necessarily give all the 
integrals dT such a system, for it may tail to give those which 
V)long to the residuary class called $pecial. 

[ 48. The conditions of the coexistence and the completeness 
m the tjBlem can be easily obtained from the transformed system. 
Him lei a given linear system be expressed in the form 

m'f • 






M 



L. ij) 



F. % 
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aad oonaider the system 

the quaotitios a^n and Z being functions of m, Xi^ ..,1 m^. The 
oooditiona of completeness of the Utter system are 

lor all pairs of values t, j«"l, .... m, and for « « m -h 1» ...yM-l-i^ 
But for any value of r, wo have 

as a relation between the operators; thus the above condiuiMis 
become 

for all pairs of values t, j«l, ..., m, and for s«iiii-|-l» •••»fi4-«u 
These are the conditions, uecehsary and sufficient to secure tha 
coezistence and completeness of the system. 

We know that the system of etpiations £| (u) » 0, . . . , Bm (u) « 0^ 
being a complete linear syHtem of vi equations in m-l-a-l-l 
variables, possesses ii-f 1 functionally distinct integrals. Let a 
set of these be taken in the form ii,, ..., iIm4-i> some of which will 
certainly involve m ; then any integral of the transformed systess 
can be expreHSiHl in a form 

and its most gi^neral integral will be obtiimHl by taking / as a 
completely arbitrary function. It is also obvious that on integral 
of the original system will he provided by mi equation 
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j if ti 18 aii integral of the tninsfonned ftyntem which involves $ ; 

I hence a very general integral of the original system will be 

provided by the equation 

/(«!».••• tl|l4^l)-0. 

But for reasons similar to those adduced for a single equation in 
S 85, we are not in a position to declare (and it is not, in fact, true) 
that every integral of the original system of equations is included 
. IB the equation /• for an appropriate form otf, 

As the quantities ti|, ..., 1^4.,, necessary for the construoUon of 
the function/, are simultaneous integrals of the sjrstem Bi{u)^Ot 
••• , jB«i (m) ■■ 0, it is clear that either of the two methods (in g 48, 44) 
effBctive for the construction of «,, ..., ««^, can be adopted 

Kx. Lst H be required to find whether the equAtkNis 

have any oomiuon faitegrsl. 

Kipresring these equations 10 the form 

jr,xt 



X| f-t-Xt.r! i x,t-jf|X] 



md applying the conditioM of the text, we find them satisfied : henae the 
equatioos coexist^ and they form a complete system. 

To obtain the general commoii iotegnJ^ we construct the equations 



8ii" *!•+*«■ ixt *?+>^ S"^ 



whichaieaJiioobian^Srsiem. It poesesMS two fonoUonaUydisUnot Integrals: 
Ihsas are found, by the processes previously eipUlned, to be 

A general faitognJ, common to the two original equallom, Is given by 

where ^ Is an arbitrafy fonetkmal foroL 



CHAPTER IV. 

NoN-UNKAB Equations: Jaoqiu's Skoohd Mrhod^ 
WITH Mateb's Develdpmkntu. 

Fob Um matorUl of ilie iNnenetii oba|iteri reforMiM nuiy \» niaile !• 

Jaoobi't pcMthumoiM memuir. *«Nuva wetbtKluii. iut«gnuidi«'' CVWI^^ t LB 

(ISaSX Pl^ 1— IBl, (/flf! IF«rit#, t V, |>|i. I~ia9; to Mayt^B nieiiioir. ""UoUr 

unbeMshriinki Diflerentialgleidlullgel^'* JVolA. Jim., t ▼ (lB7S),|i|i. 44B— 

470; Aiid to InuivheuoUky'ii iueDU>ur. ^Biur rintdgiutiou pnmuer onli%* 

Orummrfi Arckit^ t L (166U), w 278-^474. Meutioo tthoukl ako bo luado of 
Ifiuiaiou'ii treatine **Th<Sorie de» iKiuatioiui aux dfifivi^ |i|urtialle« du premiir 
ordre" (1676)| Book ii; aiul of the oxpuMition given in cbApiem Ti and Til of 
Ooumat'a treatine^ already (|ft. 55) quoted. 

47. ^Ve now prucced to deal with single equations, and with 
aystciuH of consistent equations, of the first order and of general 
degree in the derivatives: clearly no generality is lost by assuming 
that the equations are irreilucible. It will be sutiieit'ntly obviuna 
from the discussion in the last chapter thdt the construction of an 
integral of the equation or of the system of equations is a procom 
of several stages, differing in this res|KK:t from the usual construe* 
tion of an integral of an ordinary ei^uation ; and the difficulty, in 
general, is the discovery of the effective inverse opi*rutions that 
lead from stage to stage. 

Now, what<;ver equation or equations may be assigntnl for the 
determination of the value or for the limitation of the form of a 
dependent variable, one pennaneni Relation subsists between a 
number of independent variables X|, ...,««, a dependent variable 
«, and the derivatives />i, ..., j>» of the latter: the relation is 

dz ^pxdxx -h ... -^-p^dx^. 

The quantities />i, ..., jin are themselves dependent variables and 
consequently are functions of X|, ..., ar»: but it frequently happeoa 
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that they aruie as functions of opi, ..., Xn, m, the lant variable not 
being explicitly known in terms of the independent Tariables. 
Also, there most be only a single ftinctional relation between s, «^, 
•••, dPn, so that the integral equivalent of the preceding diflTerential 
relation is effectively a single equation among the variables: 
consequently, the differential relation must be an exact equation. 
The conditions necessary and sufficient to secure this result are 
known^: in the present case, they are 



k-^*'-t:-"^-'- 



for the |ii(ti — 1) pain of yslues of m md /t from the set 1, .... t». 
Let 

d d ^ 9 

SO that J-- is the complete derivative with regard to m^, account 

being taken of the explicit occurrence of m^ as well as of its 
implicit occurrence through $: the necessary and sufficient con- 
ditions become 

and these conditions apply, whatever be the quantity $ and how- 
ever its derivatives fht •••! Pn niay be determined. When they are 
satisfied, the relation 

is exact : when an integral equivalent is obtained by the recognised 
processes of quadrature, that equivalent is an integral relation 
between t, 4^, •••, c«. 

Now there are n of these derivatives of »i when regarded for 

tlie purpose of quadrature, they will most generally be determined 

by n equations 

#\-0, Ft-O, ..., F.-O. 

where J^i, •.., A will be assumed to be a regular Amotions of 
a^f •••! «»» 'f P\f •••• p% which, so far as they involve |h» •••• p** 
are ftmctionaUy distinct; consequently the Jacobian 
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does not v»niah identically. In that caae» the ii equations can 

be resolved so as to give expretMions for pi ji^ as regular 

functions of «^» ...» d?«, »: when thcue expressions ai« substituted 
in the equations, the latter become identities. Taking two of 
thesQ equations, say i^, * and F^ « 0, thus turned into identities* 
we have, on differentiating with n.*gard to Xm, 

^ dim i^M »/>,. dx,. 



and therefore, on the eliniinatiou of f- , ; 

da^Sp^ dx^dpu, ^Zid(pt,,pm)dx^^ 

This holds for each value of m ; taking it then in succession far 
each value of m, and ailding all tho letl-hand sides together, wa 
have 






The last double summation can be modified : the terms for which 
^ «> m do not occur : taking a jMiir of values for p and m f^om the 
set 1, ..., n, and combining them, the Hummation may be written 






Moreover, it is convt*nii*nt to um* a Hymbol to denote the firsl 
summation : we write 

and the equation now bt^comeH 

This holds for all combinations of r and $ from the set 1, ..., n. 
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SlONinCANCE OF THE JaOOBIAH RELATIONH. 

48. Two inferences can be drown from this nggregc^te of 
relations. 

In the first place, the quantities pi, ..., /!«• ss determined by 
the equations #\«0, ..., F^^O, have thus far merely been re- 
garded as variable magnitudes : but, in addition, they are to be 
derivatives of t. The conditions, necessary and sufBcient to secure 
this last property, are 

dp^ dpm -. . 

hence we have 

[Fr. FJ-0, 

for all values of r and $. These equations, }a(fi ~ 1) in number, 
are thus a necessary consequence of the hypothesis that the quan- 
tities p are the derivatives of m. 

In the second place, if these }a (a ~ 1) equations are satisfied* 
then the quantities pi, ..., p», determined by the equations 
Fi^Of ..., i^n«0, are the n first derivatives of s with n^pud to 
n^, •••, c«. Assuming the equations to be satisfied, the foregoing 
aggregate of relations becomes 



^.md(p^,Pm)\djrn, dm J 



for all combinations of r and «. We thus have \n (n - 1) equa- 
tions, homogeneous and linear in the |a(a — 1) quantities 

dpj^ _ ^ 
dr. dx^\ 

Taking the equations in the form 

n-i «-t dPfi qp» \«^M doc J 
which is only a rearrangement, and writing 



We have 



^■1 cpn 



0. 



This equaiioo boMs for all values of r and of f: taking one value 
of i^ and the a values of r in tunii we have m e(\t)A9C\aii^'ii>B&^ «^ 



\ 
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linear and homogeneous in Hm, ti«, ..•, u^^. The deieraiinMil of 
the ooeffioients doea not vaniah, fiir it ia the Jaoobian of the ftino* 
tional*!, «.••#'» with regard iopi. ...,pni hence 

fiur all valuea of ^ and «, that is, 

mmi dpi, [dr^^ ih J '^ ' | 

Taking the n values of t in turn, we have n equationa which are V 

linear and homogeneous in the quantities 

dj^ d^ dp^ cf/>» . 

dx.^'dx^ rfx. c/i/ 

the determinant of their ctieliicients does not vanish, for again il 
ii the Jacobian of 1*,, ....\Fh with regard to ^, •••» jiw: hence 

dx^ (ix^ 
for. all values of m and m* Thi^se c«>nditions have been proved 
neoessaiy and sufficient to necuru that the quantities p are deriva- 
tives of $ ; and tht^y are a nccessiiiy cunsequence of the equationa 

which therefore are sufficient t4> t»ecure that the quantities p are 
derivatives of s and that, when their values given by j*i«>0, •••, 
j*« - are substituted in the equation 

ds^j^dx^-k- ...-^Pndx^, 
this equation is exact. 

If, in particular, j does not occur explicitly in any of the 
equations >^»0, then 

the equations become 

«Ti W« dpm ipm dxj " • 
and these are frequently represi'iUed by the foiui 

NoU, All these conditiouH will equally be required if the equa- 
tions determining pi, ...,p^ ticcur in the form 

/i " <ii , • . • , r M ■■ On , 
where u,, •.., cIh are constants. 
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49. Again, aappone that n -f 1 cquationii, iiiTolying |h» ••• > |ib» 
t s,9if ...» ««• are giTen. Let them be 

I' Oi-0, ...,0,^.1-0; 

(they can be regarded as determining n + 1 quantities s, p^, •.., j^i 
in terms of «i, ..., ar«. We proceed to shew that the conditions 

\ [Or, 0.1-0. 

^ for all combinations of r and s from the set 1, ••«, n -I- 1, must be 

satisfied, if quantities «, /^ , • • • , JV m^ m> related that 

ax« P^* dx^ ap«' 

also, that the conditions specified sufHco to secure these relations. 

When the values of f, /hi •••»/'• are substituted in the equa- 
tions 0^0, each of them becomes an identity ; and therefore we 
^-<^^ have, from any equation 0^ *■ after the substitution, 

d*m OS 8Cm ^.1 dp^ ATm 

er writing ' 

ftir all valnes of m, we have 

Shntlarly 

« a/3 aA 

If altiplying the former bj x-^ , the latter by 7-^ , and mibtraetitig 

«• have 
dOr dO, _ do, dOr fdOrdO, 90, dOA f d$ \ 









or, if wo writo 
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Summing the left-hand aideii of thia equation, taken for all ibe n 
valueii uf m in MUCceiMiion, we have 

or, again UHiiig [Or* O^] to denote the fintt aummatioli, we have 

The laHt miiumatiun con aUi be written ^ 

and therefore we have | 

If then tho quantitivit s, pi, .... p», detc-rmined wt fiuctioiis of 
«„...,«. by thv u-f 1 vquations 6*0, bu Huch that their Taloea 
•atufy tbu ivlatioiui 

?x« ^- or, 8x^' 
for all valut'H of m and ^, then wu mtutt havo 

and thiii holdn for all combinatiomi of r and t. 

ConverHely, if the notation hokU for all the values of r and j, 
then the valueu of g, p^, ..., p^, as given by the equations 0«0, 
are such that the ({UiuititieH p are equal to the derivatives of M 
and natiHfy the neci^iisary relations of the foregoing type. When 
[Of, Gf] « 0, the equation becomes 






>1 
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««m-0. 



for all values of r and «. Taking. the n + 1 values of « in saoces- 
sion, and keeping one and the same value of r, we have n-^l 
equations, homogeneous and linear in the n -f 1 magnitudes Vr» 
«ft» •••» «ni* The determinant of the coeffleients of these mUgni- 
tudes is 

which does not vanish, because the ii 4 1 equations « are 
presumed to determine «, /)|, ..., |Im as functions of the other 
variables; hence all the magnitudes rr, Vn. •••» ^m vanish, that is, 



1 3A(ii.pJ.O. 



90r/dt 



the former holding for all values of r, the latter fi>r all values of r 
and of m. Taking the latter for a single value of m and for all 
the values of r, we again have n -I- 1 equations, homogeneous and 
Khear in the a -f 1 magnitudes 

one of which is identically sero; the determinant of the co- 
effieienta again is the Jacobian of 0^ ...» On^t ^th regard to 
^9 Pit •••» Pnt And so does not vanish : hence the n -I- 1 magnitudes 
■re nro, that is. 

Next, taking all the values of m in turn, the other set of equations 

is satisfied without providing any new condition : accordingly, we 
have the relations 

as a n e c es s a ry consequence of the equations [Of, Og] « 0. 
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NqU. It will be noticed that, if the h eqttatiomi 

. 1\""0, ...» l*n"0, 

•atiiify all the oonditiona [#V» f^^ *■ necesiiary far oomciiiteiioe, the 
determination of a value of m which aatislies them all requires 
retiolution of the equations and a quadrature : while, if the h 4- 1 
equations 

Oi-0, .... 0«^i-0, 

wtiiify all the conditiona [0„ (?«] » necoMHary for ooeuBtence, the 
determination t>f a value of g which satiMBeH them all requires reso- 
lution of the e«|uati4mM only. The fonuer catie could be changed 
int4) the latter by the provimon of an additional appropriate equa- 
tion : this appropriatt^ equation is iictually provided as the result 
of the neciiwary quailnitun\ with the added advantage that it 
gives a n*lation between m and the variables j*,, ..., Xm* ^^"^ from 
the quantities ^>|, ..., J>4, 



"!•• 



. 60. Thene two theorems leaii U\ various issues, as n^gards the 
solution of a single tH|uati«>n and of a systi^ui of aunpatible equations. 
We shall deal with the latter lii-st. 

Acconlingly, we suppose* that sevt*ral tH|uations 

are given: after the fon^going explanations, we can suppose thai 
$ is le.ss than n. It may also be assumed that these equations are 
algebraically independent of one another and, at this stage, that 
they involve all the variables ooncemed: also, that it is not 
possible to eliminate i, ^, >».,pn fr^iu among them, so as to lead 
to a n^lation among the independent variables alone. In order 
that the given et)uatioas may ccK^xist, it is clear from the preceding 
analysis that the further equatioits 

muHt b(* HatiHKiHl, for all combinations of i and j from the set 
1, ..., «. 

One, or moit) than one, of thesit further expiations may be 
impiNttiible : the. original ecpiations cannot then coexist as deter- 
mining a function « of jr,, ..., Xm which saitisfies /\»0 #*« «0 

simultane«»usly. The case reipiin^s no further consideration. 

One, or nuirif than one, of the further equations may be satisfied 
i/Ji;iitically : iio condition is then*by imponetl upon the system. 
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Similariy, no condition is imposed upon the system when any one 
of the further equations is satisfied in virtue of the original 
equations. 

But it may happen that one of the fiirther equations is not 
satisfied, either identically or in virtue of the original equations, 
and yet it must be satisfied : it is a new equation, which must be 
associated with the original system. Each such further eqtiation, 
not satisfied either identically or in virtue of the original equations 
or in virtue of the newly associated equations, must be associated 
with the system : let the additional aggregate thus provided be 

each c»f which, as representing a relation [jP|, Fj\ «■ 0, is an equation 
of the first ordcr^ 

In order that these may coexist with the original system and 
with one another, each of them must be combined with every other 
and with every member of the original njrstem in the relation 
[jF|, />]»0. Any new equation thus arising is associated with . 
the increased system : and the process is repeated until the system 
is so amplified that the relation is satisfied either identically or in 
virtue of the equations in the amplified system. Such a system, on 
the analogy of the earlier and simpler case in Chapter ill, is called 
complete : if it be denoted by 

Ft^O /'m-O, 

the relation [Fu #jf] » is satisfied for every combination of i and j 
from the set 1, ..., lyi, either identically or in virtue of the members 
of the complete system. 

/ . If the originaf system should be such that m does not occur 
explicitly in any equation', the relation [Fu •'}]"" becomes 
(#i» #l)aiO; and then the complete system is 

/\-0, ...,/*« -0. 

being such that the relation {Fu /})»0 is satisfied for every oom- 
bination of t and j fronfi the set 1, ..., m, either identically or in 
virtue of the members of the complete system. Moi^ver, # does 
not ooenr explicitly in any member of the complete system : fsr H 
is not inirodooed by any of the relations {fu F|>«^Q. . 
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61. IivS ^% i^ WAS established thaC the eqiuiiioQ 

posaoflses an integral with one or other of the amugned initial 
conditions for one of the values «i>"a,, .^., ^ii>"a», except kr 
such values (if any) of the variables as satisfy /« and also 

If these equations can coexist, we must have 

for all values of ^, r, $, in connection with the a -I- 1 equations. 

The former condition is .^ 

but ^ » for all values of m, and thus the condition is 
dpm 

for all values of ^, so that we have h relations, homogeneoua 
and linear in the h quantities ^ • •••> ^« ' Suppose now thali 

if the equations ^ *" 0* •••^ ^ "" can coexist with /i*0, they ' 

determine /h, ..., p^, so that 



/3/ a^\ 

^ Pi, ...•Pii ^ 



Pi, ...•P« 

is not tero ; then the preceding n relations can only be patisfied by 

that IB, by 

for m "F 1, ..., a. These are n additional relations: they must be 
satisfied by the values of jh> •••• Pm, '• provided by the a<f 1 
A^iiationa 



I 



I 
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It is etmy to see that these relations most be satisfied whether 

'0» ••••^"O are independent of one another or not, qii4 

equations in fh, ..., Pn* For the value of $, and the tralnes of 
jik, ...,rb deduced from it, must make/«0 satisfied identioalljr 
when thejr are substituted : hence 

tkiitia, 

£*-^•. 

fcr all the values of m, which are the conditions in question. 
The other set of conditions is 

fcr all values of r and s. 

When all these conditions are satisfied, and when the a -I- 1 

aquations /-iO, ^""O, ..., g*^""®* determine pi. ...,1^11 ' m 

Amctions of «,, ..., r», the value of 1 is certainly an integral of the 
original equation /sbO. Clearly, it then is not capable of obeying 
assigned initial conditions: for it possesses no i^traiy element 
which is at our disposal. 

Such integrals are of the class usually called ringuiar : we shall 
rseur to them later. When they exist, they result finom the 
elimination of /i|, ••., p^ between 



•^-^•3^-^' •'^-*- 



Ar. 1. As aa eiample^ we may take 
*• acldHioQil equfttlons sre 

sslhalevidmtfyf mlWlhlvol?ealltbsquMltiUMp|i•..l|^H. Ths lelatimis 
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*"■(/?• 9) aUo mttiifiei tk^ §quatiaH (/i>ii)"*0; ojid d if a fi#i9 
inUgrat of thai equation 1/ Imng a variable quantity, ii tM/imeium' 
Mn ind^f^dmU of $. 

The result is derived, on the lines of the eariier explanation, 
from the relation 

((/l./r)*) + ((/r. e)A)^{{f.f)fr)''0. 

For (fi, $)mO identically, and (/i./r)-0 identically, so that 
((/../r)^-0 and ((•,/,)/r)-0: thus v-(/r. 0) satisBes the j 

equation (/,. u)aiO. 

The relation (/a,/r)«>0 mu»t always be satisfied; but if it is 
satisfied only in virtue of equations of the system, the inference as { 

to the significance of (/,. $) cannot be drawn. 

63. Next, let /. jf. A be any three indepi^ndent functions of 
2m -f 1 magnitudes x,. ...,jr^,M,pi, ...•/>m; then it is not difficult 
to verify that the equation 

is satisfied identically. 

A corrt*H|M>ndiug inference can be drawn from this identity: 
but it is not so completely useful as in the former case. Let u « ^ 
and tf »^, where ^ and ^ are functions of X|. .... jth. M,pi, •..,pm$ 
be two independent integrahi of 

[/. «]-o. 

which is a homogeneous linear equation in y : then 

are satisfied identically. Hence also 

therefore, taking ^»g and ^ « A in the above identity, and using 
t|hese relations,' we have 

or, writing 

wo have \ 
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Thus, in genernl, ti ■■ tr ■■ [^, ^] docs not satisfy the equation 

[/. "l-o; 

and thus, in general, a new integral of that equation is not obtained. 
If, however, /does not explicitly involve #, so that ^ is lero, then 

[/•l-O; 

hence « ■■ tr satisfies the equation. As before, [^, ^] may be sero 
identically, or it may be a pure constant: then ««« gives a 
trivial (and negligible) integral of the equation. But if [^, ^] is 
a variable quantity, then « » [^, ^] is an integral of the equation : 
and it is a new integral if distinct from ^ and from ^, that is, if 
it is not expressible in terms of ^ and of yft alone. Hence we 
have the theorem*:— 

If u^^ and ti*^ art integraU oftkeeqwUian 

[/.«l-o. 

then u»[^, yft] %8 a new inteffral of that equation, only iff doe$ 
not ejpplicitly involve $ and if [^, ^] ie a variable quantity not 
expreseible in terme of ^ and ^ atone. 

Another mode of stating the result is as follows: Let/i^O, •••, 
y^«iO &e a complete eystem of equations, eome at leaet of which 
involve $ explicitly, eo that the relation 

f/r./J-0. 

for all values of r and efrom Uie set 1, ..., m, if eatiefied; and let 
u^^hean integral of the homageneoue linear equation [f, u] ■■ 0. 
I%en if the relation [/i> /r] "* is satisfied identically and if the 
equation ft « does not involve s explicitly, the quantity u ■• [fr, ^] 
also satisfies the equation [/,, tfJ-O; and it is a new integral 
of that equation if being a variable quantity, it is functionally 
independent of^. 

The result is derived from the same identity as before. Taking 
/-/i. 9 -/r» * - ^, we have [/i, ft] - identically and [/i,/r] - 
also identically, so that 

[[/../rl»l-0, [[/,,^1/J-O: 



• Ths comol tlalraMDl ol IIm flMOMi uppem to haft bM givBO flnl 1^ 
llt|«. Mmik. Amu, %. it <IS70), ^ STO. 
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ako /' "*0« by th» hypoiheiftiii adopted : thus 

Aod mum [/,, %] iiatUfies the oquatioo [/^ m] «> 0. 

The lelatioQ [/i»/r]""0 inuat always be aatiafied: if it k 
iiatiiified only in virtue of the equationa of the aystem, the inferenoe 
aa to the sigmficanoe of [/n ^] cannot be drawn. 

64. Now the ultimate object of investigations^ connected with 
a single equation or with complete systeius of equations, is either 
the construction of the most general integral that is po oscoDo d 
or the formation of prucesiies effective tar such construction. 
Moreover, speaking generally, auch processes will be made simpler 
by every reduction in the number of inverse operations to be per- 
formed and by every increase in the number of direct operations. 

It is clear, from the two preceding sets of results, that a direct 
operation for the conHtniction of a new integral of (1\, v) «■ will 
more frequently be effective than a direct operation for the con- 
struction of a new integral of [J\, ii]«iO: indeed, the latter is 
effective only when the equation /i » is more limited than is 
generally penuitted to the sy8ti*m of equations in which it is 
included. 

We know that it is always possible, by means of a trans- 
formatiim 

M-ii(*, ar„ .... ;r,»)«0. 

to remove the dependent variable from explicit occurrence in an 
equation, or in a system of etjuations, involving only one dependent 
variable : the number of independent variables is, however, thereby 
increased by unity. When the integral u of the transformed 
system has been obtained in the mout general form, which com- 
prehends all its integrals, a general integral of the original system 
is at once deducetl from the equation u » ; but this general 
integral is not completely coinprehenHive, f«ir it need not include 
spt^cial integrals if any siu:h exint. But as has been seen in the 
caue of a single equation, that is non-homogeneous and of the first 
order, the procobHes lulopti^l for the untrunsformed equation do 
not lead to the special integraln, if oily. 

Thus there would appear to be no real loss of generality and no 
nyn] diminution in the number of integrahi obtainable, if we pass 



mayie'h roBM or 



A the fint insUnoe, lei it bo Buppoaed that the eqaatioiis osn 
eeolved ao as to expreaii m of the variables |h» •••» pm^ ^y ^ 
[^^^ Pt» •••« Pmi in terma of all the other quantities involved; 
i let the result of the ruaolutiun be denoted by 

by 

or f «■ 1, ..., m. We prove, bh follows, that the resolved systeni of 
aquations is complete, the original system being complete : that is 
to say, the relation 

is satisfied, for aU values of r and of « from the set 1, ..., an. 

When the values ^, ,.., ^ for ^, .... p^ respectively are 
substituted in all the equations of the original system, each of the 
latter becomes an identity. Therefore 

for all values of t » 1, ...i a : that is, 

dxi kmidpk SjCi • 
for all these values. Similariy, we have 

for the values j^m-i-l, ..., n ; that is, 

3ft kmi^Ih 3rt ' 



for these values, Also 



i<»^ A 



dpj' 



' 4^1 cpk dpf • 



for the values /•■■ 1, ..., tii, bi^cnuMe for each of these values only a 
single term on the right-hand side occurs : hence 

dpi'^kZiOpk djH 

'-« those resulU hold far all the 
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hrkmilml^ ...,m. Hence the aystom of equations 

is complete. 

It is essy to see that th« dompleteness of the systm of 
equations 

for f -il, .••, m, is of a special kind The relation 

(Pa-^». /»i-^)-0; 
k and I having any values fixmi the set 1, •••, m, is 

This ^relation is to be satisfied, and it dearly is not satisfied in 
virtue of the equations 

pt-^-iO, 

far tiBl» ..■• m, because it does not involve any of the quantities 
Pkf • •• • Pta» > hence the relations for the modified system are satisfied 
identically. 

When the relations, nccesnary and suflBcient to. secure the 
completeness of a system, are satisfied identically, the system is 
said to be in involution. The resolved system of complete equa- 
tions is a system in involution, because each of the relations 

(Pk-*A, Pir*«>"^ 
ui satisfied identically*. 

NoU. Even when a complete ityHtem of equations I'lvO, ...» 
f^ mm 0, is such that $ occuni explicitly, a corresponding result is 
obtainable. Suppose that the m equations can be resolved with 
regard to s and to m — 1 of the quantities p, say ^, •••■P^k-h in 
the form 

where ^, ^ti, ..., ^^-i do not involve s, pi, ...» Pm-il then the 
relations 

[j - ^ -x,(/>, - ^») - ... - x,»-i (/>«,-! -^.^»X /^--f J-0, 

* Hoin«iimM, for ooatepienM, th* uoretolf •d oompleU ^ytUmn it mUA to k% 
in Inrolmiaii. 
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ftre satisfied in virtne of the relations 

(or all values of t and j. When the quantities 

are expressed in liill, they contain none of the variables i,/i|, •••, 
jPm^; they cannot vanish, therefore, in virtue of the resolved 
equations: hence they must vanish identically. Similarly, the . 
quantity 

[#-f -«,(p,-f,)-...-r,.,(p»_,-f»_,), pc-fi] 
vanishes identically. 

The resolved system can be regarded as a system in involution. 

66. In order to obtain common integrals of the system, a 
satisfiictory method will be devised if, by its means, other n^^m 
equations are associated with the m equations in the system : and 
the remaining stage will be a quadrature with reference to the 
variables d^, ...,Xn, if the Jacobian of 

Pi'^^t •••» Pm^^mt tlm^t, ..., flu, 

(where tfM+i « constant, . . . , fi,i « constant, are the additional ft - m 
equations) with regard to pi, ..., /!« does not vanish identically, 
that is, if 

r/ W|H4-l» "*t ^n \ 

does not vanish identically. Accordingly, this method requires 
the determination of n-m equations tiat constant. 

Each such equation, as it is to coexist with the equations of 
the given system, must satisfy the conditions which are necessary 
and sufficient to secure the coexistence : that is, it must satisfy 
the relations 

(Pi-*i, ti)-0, ..., (/>,„-^, i*)-0. ; 

which, in effect, are m equations for the determination of tr. Now i 

these equations constitute a complete system of the type* con* 
sidered in the last chapter. We have 

identically ; also (p^.- ^t> IV - ^) *" identically for all values of r 
and«,sothat((jv-^f.lV-M«)-0: hence 
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Let 

where J| is a libear operator : the foregoing relation becomea 

for all values of r anid «. This aggregate of relations is 

and sufficient to secure that the systfin of equations Ai(u)mO^ 

ii^(y)»0, is complete. 

Written in fiiU, the equations are 

a system of m et)iuitioiis in the 2fa variables tf|, •••• 'm |Hi ••••I'b* 
When any intognil of the systi^m has been obtained involving any 
of the variables pi, ...li^M* the relatiiMis ih"*^ii ••••1^»"*4«* ^'^ 
be used (without affecting its value or its: significance) so as to 
remove these varinbleH. In the tranHforuied expression for u, we 
have 

3** A ^** A 

^-^ dFr^' 

that is, we may take the m equations in the form 

The original system of m eciuiitions was complete : the transformed 
system, with the condition that the inU^grals u do not involve 
Pit •••• Pm$ it* aI*^ complete. The numlx^r of variables involved is 
2n — Ml, being Xi, •••, x^, pm-t^u •••> Pm' ^ that, as the system for 
the quantity u is now a complete Jiuuibion system, it possessed * 
2nr-2#M integrals*, which are functioimlly independent of one 
' another. 

* It U May to Mt lh«i this ntaU cobim aUo Crom Ihs ssrUv form of l^t 
•qusUoos for ai i lh«i form involvM 3ii variablM, anil lo Uiars art Sa - » intognUa. 
Bttiiispi-^, ..., u^p^~ f^ %n §99Q toba m iaUsraU: andCharefora thaia sra 
olbar Sa-Sai Intagrala. 
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• 

Two limitatiom are, however, impoeed upon these integrftls, §o 
that not all of them can be retained for our purpoee. In the first 
place, the aggregate of n — m equations required must be such 
that 

does not yanish identically. In the second place, let Mhh-i *" Oim- i 
be an integral of the qrstem : it must involve one or more of the 
quantities pm^u •••»Pii> Aiid it must be resoluble with regard to 

one of them, because otherwise all the derivatives ?-- — f •••• sz* 

would vanish: let the resolved form be 

Pw+i — ♦iw+i ■■ 0, 

where '^hm-i involves Om^i* Any other of the Sn — 2m — 1 remain- 
ing integrals, say tr, undoubtedly satisfies 

but, for our purpose of proceeding to the determination of the n 
quantities p, it must also satisfy the relation 

(l^•^^|-*-•+l.«')-0; 

and this relation will not, in general, be satisfied for any one of the 
2ii — 2m — 1 integrals, selected at random. Accordingly, it is not 
necessary to obtain all the 2fi - 2m integrals of the system though, 
if they are known, they can be used in the construction of tr as an 
appropriate fimctional combination of the 2fi — 2m - 1 integrals 
other than iCm4i: it is sufficient at this stage to obtain a single 
integral of the transformed system. Denoting this single integral 
by UaM^ii we resolve the equation Vm^-i * o^^i with regard (say) to 
|i»ft, in the form PmM^^Wi <u)d then any other equation 
9 ■■ constant, that can coexist with the original system and with 
/Wi^f^ft* miist satisfy the necessary and sufficient conditions 

for r»l, •••,m-9-l. As before, tf maybe assumed not to contain 
jh» .*.» |N»: and for reasons similar to those adduced before, it may 
be assumed not to contain pm^u ^o that 
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Mid then the uyaitein of equations for « is 

for r » 1, ••., m 4- 1. The aystera of tM -f 1 equations ia oomplete : 

it involves the 2fi — m — 1 variables or,, ..., ««, p^^^ f^i and 

so it possessi>s 2a — 2m - 2 functionally independent .intq[rala 

67. At each stage, we have a complete Jacobian system for 
the determination of a quantity ti, such that an equation u^a can 
be associated with the system of e(|uatioiis for the variable $. The 
theory of these Jacobian systems, as explained in the preceding 
chapter, shews that they do possess a number of integrals; and 
therefore quantities u of the appropriate typo do exist, so that we 
require ouly thi'ir explicit oxpn*Hsions in order to formulate the 
suocessive equations u «■ ci. 

We thus may piiss froui stage t4> stage : at each step, an 
integral of a number of simultaneous equations, forming a 
complete Jacobian system, is requireii : and as, at any stage, the 
number of iH|uations has become greater while the number of 
variables has bec4>me less thim at the prece<iing stage, the con« 
struction of the integrals in succession is successively simpler. 

At each stage, what is retpiired is a single integral belonging 
to the complete Jac4)bian system then framed : this integrfd must 
involve one of the variables p still surviving in the system^. For 
this purpose, we may use either Mayer's method or the amplified 
Jacobian method devised for compU^te linear systems; but it is 
not necessary to work either method \a% the complete issue, because 
all that is wanted is a single integral of the simultaneous sj'stom, 
not the aggivgate of functionally indepi^ndent integrals of the 
system. 

Each new wpiatiiui of the type u ■■ c«>nstiuit, associated with 
the system in its amplifiiKl condition U^fore the derivation of the 
particular u, intrisluces an arbitrary constant. Thus, at the end of 
the series of operations which result in giving n equations, the 
number of arbitrary constiuits introduced is ii— in; when the 

* In CAM, at any tUge, an ap|iro|>riata integral of Ihii ijps may not oon- 
vauienUy b« obuinable, whiU an integrikl involving tha variablaa x and aoma of tha 
old variablea niay be forihcouiing, a Irantforniation Mmilar to that adoptad foe 
• «*Arr«tponding diffieulty, Ler«afU;r {%% 5S, 6U) diMiMaad, wiU b« ail«ctiva. 
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Still retaming the fint aasuinption, let the m equations Fi^O, 
..., Fm'^O be renoluble with respect to p^, ..., y^; and let the 
resolved set be 

Let X be a ftinction of all the variables such that 

(*V.Jr)-o. 

ibr r »1. ..., m; and let f denote the value of X which results 
from substituting ^, ..., ^m as the values of ji^, ..., ji^i in JT; then 

so that 

^i ^i ft-i ^Pk dxi ' 
for fivl, ..., fs. SiwiUrly 

fur j»m + If ..•. n; and this loHt relation is identically true for 
J • 1, •••, m, because neither f nor any one of the quantities 4i» •••! 
^ involves pi, ..., j>M ; that is, the relation is true for J« 1» •••» «• 
Also, when the valuta of y>|, ..., />m are substituted in theiequations 
/\»0, ..., j^mbbO, the^e become identities: hence 

for valuers of t « 1, ..., n ; and (as above) 

first for^* " m + 1. •••» n. from the identical equation, and obviously 
identically for j«l, ..., i/i, that is, fur vdues of j«l, ..,, n. 
Hence 

Now we have 
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and hj hypothesiB, 

(/•,,Z)-0, 

lor all Talnea of r; henoe 

holding for r«l, ...,ffi. But 

18 not zero, because of the a9sunied resolubility of the equations 
I'lvO, ..., Fm«*0 with respect to ji|» ...y/ibi: hence the preceding 
m relations can only be satisfied by 

which was to be proved. 

Next» suppose that (by some method or other) we possess 
n^m equations 

which coexist with Fi«0» ..., /U'O, and with one another; the 
II equations in the aggregate being functionally independent of one 
another. The original system of m equations is certainly resoluble 
with regard to pi^ ..., pm ; the amplified system of n equations is 
resoluble with regard to n of the variables, which can certainly be 
chosen so as to include p,, ...» /iw and may include others of the 
quantities p though perhaps not all of them. Suppose, then, that 
the variables chosen for resolution include pi,. ..., p^, where 
^>m, but not more than /* of the quantities p; the resolved 
equations will be equivalent to /a equations of the amplified 
system, say to 

In the remaining equations of the system, let the values of pn ...9 
I FW ^ substituted, and suppose that they become 

I- 

these equations-Hot being resoluble for any of the quantities p^u 
•..tPm» 8nd oonsequently not involving any of these quantities. 
IIMI9 eiactly as in the preceding case, we have 
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for A»l, ..v 1^ Mid k^ik-k-l^ •••• »: Uking aooomit of the CmI 
that Vk involves none of the varUdilea p^, ..., ji^, we may write thia 
•ot of equations in the tonn 

for all the values of A and k. 

The quantities v^u •••> Vs involve the variahles «», •••»«»: we 
prove, as follows, that they are functionally independent combina- 
tions otx^^u ••••'•• Otherwise, there would be some relation 

which would have to be satisfied identically when the values of 
v#i-ft.ii •••> Va in terms of the variables x^i ..., x. are substituted; 
and as it would involve one or more of the quantities v, it could be 
resolved with regard (8ay) to »» in the form 

This relation would also be an. identity when the values of Vi-i, 
..., v» in terms of X|, ..., x^ are subutituted. Now 



3»» 



3«^n 3^A 






substituting j)p(X|, ..., jr^, v^^,, ..., Vm.,) for v^, this gives 



but 






for Xi*/* + 1« •••• n — 1, and therefore 

for all the values of A. Thus the above expression for s^ would 
give 

and the quantities v^^i, ..., v« would not be ftinctionally inde- 
pendent of one another, contrary to the construction of the 



quantities u. Hence v^^i^ma^^x* •••> v» 
independent combinations of or^^i, ..., ««. 



■ Oa, are fiinctionaUy 
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The ec|Ufttion8 v^^^^ ■■ cVhii ••• » Vn ■■ cin cftn thcreforo be feeolTed . 
with regard to ^,^1 tt^; and consequently the ejetem 

*€an be resolved with regard to pi p^, w^^u •••I'li* Let a 

lesolved set be 

Pk'^i^ki^ ^^fP^-^if ••mJ^i)» 

for Ate 1, ..., ^, and k^fk+l n, the (unctions $ and ^ in- 

Tolving the arbitrarj constants. • 

69. Now take a new dependent variable Z^ defined by the 
eontact-transfbrmation^ 

Zm g — p^+i*^^., — ••• — Pn«ii, 

being a transformation of a type first used by Lagrangef ; then 

^'^Pidft + ... +p^cfa'^ — «^4-i rfp^+i — ••• — «»rf/^i. 
We write 

*i» •••» *ii» —/v+if •••» ■"/^•■■yit •••» jfiif yii-fit •••» jfiii 

respectively, and regard y^ •••» yn » new independent variables: 
then, denoting by gi, ..., 9« th^ derivatives of the new dependent 
variable with regard to the new independent variables, we have 

forkmml^ ...,/[&, and k^fit-^l, ..., n. Let 

Fri^f ... ,««,!>„ .. .»/>«)■■ Cr(yi> ...lyii. Ji» ...i Jii)» 

on effecting these changes : then as the equations 

'i.'^O* •••» '•"Of •*«i-fi"*^iii'W» •••• •'«"^» 
are resoluble with regard to pi, ..., p^, «^^„ ...i ««, the equations 

W are resoluble with regard to ^i, ..., ;«. Moreover, the equations . 

% • 

* OdM tMfeiill«l irmufifrmBHmk la PaH t of this work : IIm pbtsM eoataef- 
irwmfgmtiom It sow eoftomary, sad II wUI bt Ktrdn adoi^ wtwottw it fart ats 
•s It It it^alftdL 

t Ovfvvt etty ttt ti, 1 iv, f. S4. • * 



18S U8I OF ' [59. 

•aiUfy the roUiiont 

(IV.fi)-0. (IV.Mi)-O, (Ui.ui)m0. 
for r, ««1» ..., m»aQdi,j»M + l, ^v*^ Now /^ 

for A»l. ..., /A, and i;-/A-f 1, ..., n; and aimiUrly for reialioiia' 
between derivatives of ii and w. Thus 

/F F\ 5 /30,aO, dOrdOA 

4. V POr/ aO.\ /BOA 30.) 

-(Or.O.); 
and aimilarly 

Consequently 

(Or. 0.) - 0, (Or. Wi) - 0, (Wi, HI,) - ; y 

and the equations [; 

0,-0, ...,0.-0, t«^«+,»a^<.i, .... v.-a. |j 

are ruaoluble with regard to y,, •••• ja, expressing these quantities 'j 

in terms of y,, •.., y^, cfM^n •••! ««• Moreover, the earlier results g 

shew that the values of y,, ..., 9a thus given make | 

dZm q^dyi + ... +9»(fy» 

an exact equation: when the quadrature is effected, the result 
will be of the form 

where 6 is an arbitrary conbtanU To obtain the value of $^ we 
note that 
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forlrM/i«fl, •••9I1; and 

lienoe 

■■ V^(yi» •••» y«» ^w+i* •••» flii)+o 

for ik»/ft-f-l, •••• ft. Eliminating y^i» •••, yn among these 
«— /*4-l relations, and resolving the eliminant with regard to 
f , we have a relation 

for f occurs in the elimination only in the combination f — 6 ; this 
relation is the integral of the original sjrstem of equations, and 
it involves n - m 4- 1 constants. 

One such integral will arise for each resolved set of equations 
arising out of the resolution of the equations 

the aggregate of these integrals includes all the integrals that are 
thus obtainable. But other integrals may be deduced by other 
pro ce ss e s, which will form the subject of subsequent ezplanatioDS. 

Rx. Consider so equation 

Aa squatioo ««a is rsqitired, which may coexist with/»0 : 11 Is glvsn by 

aa equation that Is homogeoeoiM and linear in « ; and aa tnlegral Is vsqdfsd 
whidi involves either j» or f or hoih. The subsidiary equatioos srs 

dM I dp djf dq 

ar"-aip-v**"y+V***-f 

ens inlegrsl oC thsso cqustlon Is 

^jr>BOonstant ) 
and anotbsr nit^^fal is 

A-ir»oonstant 
TaUng the fonusr faitegralt we have to rssolvt the equalkiiir 



184 



BXTSNBIOV or TBI 



[60. 



whart « to A oontUul BanoluUou with retiwci to j» and f it iimpK fifing 

•uUUiuting in 

And effeoting tho quadratura, we find 

which to an integral invol?ing two arbitnurj oowUnic 

Taking tha oiber intagral of tbo vubaidiary aquaiionii w hafo to i«aolfO 
the oquationa 

where a to a oonaiant Itoeoluiiou with regard to p and f to p oMJ b to : it to 
ainiptor with regard to p and ^, and with respect to theee variabtoa gifaa U» 
retotioua 

which aattoiy the Mation (/*, c;)-0 identicaUy. Altar the inveatigatioiia 
above, we take q and j: aa the ntew independent variabtoa and / aa the new 
dependent variable, where 

ThuN 

dZ^pdx^lfdq 

•o that 



Now 



y^-y"(-^-»-««'). 



The reeuH to 



•o that we have to diminate q between the equatlooa 

another integral involving two arbitrarj oonatanta. 
Later, the retotion between difleront iut«rgrato will be 

60. Reaaons were adduced in § 64 for diBOUflaing equniioiia in 
a fonu which doea not explicitly contain the dependent variable; 
but it should be added that the preceiling method can be applied 
alao when the dependent variable doen occur explicitly. In tbafc 
caHe, the investigation follows the Haiue lines as before^ but the 
analysis is rather more complicati'd on account of the occurreDce of 
» : it will be sufficient to give merely an outline. 
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Let/i«0, •••i/m*0 be a complete Kystem of equations in the 
n independent variables, involving the dependent variable and its 
first derivatives : then the relation 

[A/J-o 

is satisfied for all values of r and «, either explicitly or in virtue of 
the equations of the sjrstem. Any other equation, coexisting with 
the equations of the qrstem in a form ti ■■ constant, must be such 
that 

[/i,n]-0, 
for all values t»l, ..., m. 

Suppose that the system of equations /i » 0, ..., /m"'0 is 
resolved with regard to m and m — 1 of the variables p, say pi, ... , 
Pm-^, in the form 

'-V^-0» Pi-V^i-0, ...,/i,|.,-f.,-,-0; 
the resolved system is in involution, for (§ 66, Note) the relations 

for all values of t and j from the set 1, ••*, m — 1, are satisfied 
identically. Let these values of f,|),, ..., pm^u in terms of «^, ••*, 
^fPmf ••MPto» be substituted in h and let the resulting value be 
denoted by w; then the equations 

are satisfied in virtue of [/i, ti] » 0, and conversely. 

Moreover, the system of equations determining tcr is a complete 
system. For if 
/ . / jfi-0, ...,<7.i-0 

^" is a complete system in involution, then the identical relation 
Dccomes 

bfr, y», »]} - U. l9r, •]] - % [y.. "l - ^ hfr. w\ 

I'^c**'** [gr, 9t] vanishes ideniically: henoe. denoting [ft, w] bj 
Bi{w), we have 

\ -0. 

I 

/ 
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in virtue of Br(w)mO. B^iw)^ 0, which ia the test of a eomplete 
■yetem. 

As the equations 

[« -^ - dPi (/Iff l) - ... ^Xm^(pm-i - -ftit-lX •'l-*^ 

are a coniplete systom^ they pusaeas a simultaneous set of integrals : 
lot one such integral involving some one of the variables p^^, ..., 
p^ be obtainable in the form 

then the equation 

where a is an arbitrary constant, coexists with 

Lut it be resolved so as to give (say) p^ in terms of the other 
variables it contains, and denote the result by' 

and let this value be inserted in the other equations so that they 
take the fonn 

Then for the next stage, we proceed from the m 4- 1 equations 

'-x-^. /^-x«=»o. •••.i>--x--o, 

as in this stage from the m equatioiui. 

When n -f 1 equations have been obtained, the first of them 
has a fonn- 

where t involves u — m -«- 1 coiiMtiuitH ; i » tf is an integral qf the 
original system. 






Jicom'tf Second MEtuoi), wuen $ does not occur. 

61. The preceding investigation has been carried out after an 
initial assumption that the m ecjuations in the given complete 
system are resoluble with regard to m of the variables pi, •••pPmi 
the selection otpi, ...,pm was merely typical This assumption ia 
not any real limitation : for if the m equations 
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•re not theoreticaUy resoluble with regard to any m of the Tariables 
Pi, '-tPn, 90 that all the determinants 

dF, dFt 

d^ ^ 



3^« 
dpi' 



9pm 



▼aniflh, then jh » ••• » Pn can be eliminated among the fit equations : 
as the m equations are functionally distinct, the eliminant cannot 
vanish identically and so would take a form 

9(^u ...» «ll)«0, 

a relation among the independent variables alone. Such a result 
is excluded : and so the m equations are resoluble with regard to 
some selection of m variables from the set /i,, ••••I'li. 

The forms of the resolved equations may, however, be com- 
plicated: and then it might be desirable to proceed fit>m the 
unresolved equations. Such a process was given by Jacobi, and 
it is sometimes called his second method; naturally, it is less 
simple than the method that has just been expounded, for it deals 
with equations of a less simple form than those to which Mayer's 
method is applied. Indeed, the preceding process is really a form 
of Jacobi's method : but it has been simplified and shortened by 
the improvements and the developments due to Lie and to Mayer. 

Thus fiu* in the range of these discussions, we have been 
considering m equations : and though there is no intrinsic element 
in the analysis which mdkes m greater than unity, all the super- 
ficial appearance suggests that m is not unity. .For variety, we 
shall now deal with the integration of a single equation: and 
it will be found that, in general, the process leads to the issue 
through the integration of systems. For this purpose, we shalt 
use Jaoobi's method : a sufiicient indication of its detailed working, 
whether for single equations or for detailed systems, will thus be 
provided. 

As already hinted, Jacobi*s method of integration (without the 
modifications and amplifications introduced by the investigations 
of Lie and Mayer) appears to be most useful when, from whatever 
eau8e» the equation or equations are not resolved with regard to 
one or more of the derivati vfs. We begin with a single irreduoiblo 
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equation, unnMolved with regard to any of the variaUat ji and iioi 
explicitly containing the dependent variable: it may be«taken in 
the fiinn 

/-/(«!. .... '•» Jh. .... i>»)-0. 

By the proceHH adopted, other a — 1 equations are required which, 
Hpeaking generally*, would suflSce for the exprewion of |>|, ....I'll 
in ti^niui ofjCif ..., jr,. 

If u ■■ constant be such an equation, then the relation 

(/. «)-o 

must be satisiii*d ; any integral of this equation, distinct from / 
(which uuinifestly is an integnd)and involving some of the variaUea 
Pit '"tPnt will sufiice for the purpese. The system of ordinary 
equations, subsidiary to the construction of this integral, is 

ir, dx^ dpi dpn , 

_. ...._^-^.....^. 

let/i" constant be one integral of the system, where /i involvea 
one at least of the quantities pi, . . • , /^n : then we may take 

Tho ri'latiuo 

(//.)-0 

is satisfied identically : and the two equations 

where a is an arbitrary constant, satisfy the conditions of oo» 
existence. 

88. We now proceed to obtain another equation, involving 
some of the variables/) and ctK^xisting with the two equations; if 
it be V « constant, then the relations 

(/. »)-0, (/,. ir)-0, 

muH be satisfieii. These effectively are two equations for the jj 

det4*rmination of v; any common integral of the appropriate form 
and functionally distinct from / and /, (both of which manifestly 
are integrals) will suffice. Now the equation (/, «)»0 is the 

• Tlisl U to Mj, omitlisg from ooaiideratkm ths sltsnstivs slras^y 
1SH6S.69. 
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nme as that tor the determination of «, so that the snbsidiarj 
oidinaiy equations are the same as before: let 

♦ -♦(^i» —. «•» Pi» ..•• /lb) -constant, 

be an integral, which involves some of the variables pi. •••, ji^ 
and is ftinctionally distinct from / and /, ; then the equation 

is satisfied identically. 

If ^ is such that (/i, ^) « 0, then we may take 

as a common integral of the two equations. 

If ^ is such that (/i,^) does not vanish, then (/„ ^) is either a 
constant, say e, or is a variable quantity, say ^. In the Utter 
case, 4i is an integral of the equation (/, if)»0, by Poisson's 
theorem (§ 52); and it is a new integral, if it is ftinctionally 
distinct fi^m / /i» ^' 

Similarly, if ^ is a new integral of (/,l»).^0, we may have 
(/i* ^) "■ 0, in which case we may take 

as a common inti^gral of the two equations; or if (/,, ^) is not 
lem, it is either a constant, say c^, or is a variable quantity, say ^. 
As before, Poisson's theorem shews that ^i is an integral of the 
equation (/, fO—0: it is a m*w integral, if it is fimctionnlly 
distinct from /, /i, ^, ^. 

Proceeding in this sequence, we have a number of fimctions 
^» 4i* ^* ••• 9 <^ provided (/,, ^|.) is a variable quantity, it is a 
new integral of the equation (/, if )>■ if it is ftinctionally distinct 
^^^^/»/if ^* ^» •••« ^^« ^^^ ^he number of ftinctionally distinct 
integrals of (/, n)»0 is not greater than 2a - 1 ; hence, if the 
series of fimctions either should not cease, by the occurrence of a 
aero-value for (/, ^), or should not give a constant non-sero value 
for (/ ^X then we must sooner of later obtain a fiinction ^ 
which is ezpfessible in, terms of those already found Let ^ 
be the first fonction in the sequence which either is aeroi or is a 
pmrs eoostant different from aero, or is expressibto ia ^«rsA fA >i(L^ 
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Then no new disUnct integrals will arise from continuing the 
conatruction of the fiinetiona (/i, ^). For in the firat altemative 
and in the second alternative, we have (/i. ^) ■■ 0: and K in the 
third alternative 

then 

(/..♦.)-(/i./)|4-(/../0|^+(/u«)^ + ...^ 

which is expressible in terms uf the functions anterior to ^; and 
so for each succeeding function. 

Accordingly, consider a functional combination of ^,^, ...^^f-i 
represented by 

then 

(y»-o. 

whatever be the forui of the functitm g. Also, as above, 

hence, if jf ain be determinetl so that the right-hand side vanishes^ 

we shall have (/i, v)a>0. In oixler' to determine g from the I 

relation ^ 

we consider the systeui of i — I ordiuiuy equations 

their integral equivalent ciMisists of t — 1 distinct integral equations 
of the form 

*r(^, ^, ^. .... ^<-,) - consUuit, (r-1, ....t-U 

whether ^i be xero, or a con^taut, or bi* the fon^going quantity #; 
and each of these functions hr is such that 

Hence, taking 
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we have 

(/tr)-0, (/., r)-0; 

and thus we have t — 1 distinct integrals ooDnmon to the two 
equations. 

If ^ is seroy the simplest of these integrals is 

even so, it is only one of t — 1 distinct integrals common to the 
two eqnatiomc 

Also i is greater than sero, because we have assumed that 
i/u^)» which is ^, does not vanish. Hence, if t is greater than 
onity, a common integral has been obtained ; in that case, indeed, 
we have obtain^ t — 1 common integrals of (/ «) » 0, (/i, u) » 0, 
distinct from / and f^. • Consequently, this stage is completed 
except only when (/„ ^), though not sero, either is a constant 
or is not functionally independent of //i, ^: that is, in the case 
whenf»l. 

In the case when t « 1 in connection with a quantity ^, we 
return to the equations subsidiary to (/, ti) ■■ : and we determine 
another integral of them in the form 

'f "iK*!. •••» ^nf Pi. ..•» p«) - constant, 

where ^ is functionally distinct from /,/„ ^. We proceed with ^r 
in the same way as with ^, by forming the functions 

in succession ; and, as before, we obtain an integral or a number of 
integrals common to the two equations 

(/ ii)-0, (/„ u)-0, 

save only in the case where ^i, though not sero, is either a 
constant or is not functionally independent of/,/,, ^. 

Even if the integral required is not provided because of the 
double lapse of the pfocess into this exceptional stage, an integral 
as required can be obtained by a combination of the two integrals 
^ and ^. Take any ftinction g{^, ^ /i) : owing to the origin of 
^ and ^, we have 

(/.flf)-Oi 
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and 

(/..^)-^(/.. ♦)+^(/.. "f)+|(/../.) 

We form the equations 

in these equatioDB, ^ either in a cun8taut or is a fiinotinnal oum- 
bination of/ /i, ^, nay 4>(/, /i, ^); and likewise for ^» which 
either ia a coiuitant or in a functional combination of /,/i, ^, lay 
^ (//i* ^X ^^^ ^^^r purpom^ / in zero : one integral of the two 
ordinary equations is fi^Ui, where a, is an arbitraiy constant; 
another integral is given by integrating . 

d4^ df 

*"(0,cii.>)">l'(0;a,,t)- 

Let an integral equivalent of this be 

^Uht ^1 ^)"* constant, 
or say 

^ (/i . ♦. ^) " constant : 
then if we take 

we have 

(/,.M)-0. 

In other words, u » u(/i, ^, ^) is an integral common to the two 
equations (/ u) « 0, (/i, u) « 0. 

The simplest instance occurs when ^mo, ^|«ic', where e and 
o' are constants : then 

In every case, an integral common to the two equationa 
(/, u)"iO, (/„ tt)»0 has been obtained It has required the 
assignment of certainly one integral of the equations subaidiaiy 
to (/, ii)«iO: even when the functions (/i, ^r) have to be formed, 
each of them gives an integral 4>f that subsidiary system, and so 
does each combination of the type Ai(^, ^i, ...X ^1(^1 ^i •••)> ••• l 
and only one of these combinations is assigned. The most un« 
iiivouruble association is that in which th^ ^-series ends with ^ 
and a ^-series ends with ^1 ; and then the two integrals ^ and ^ 
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of the subsidiary system of (/ v)»0 must be assigned for the 
construction of an integral common to (/, «) «■ 0, (/i. «) « 0. 

Now the subsidiary system consists of 2fi — 1 ordinary equa- 
tions; its integral equivident must consist of 2n — 1 independent 
equations. One of these is /at 0, and another consists of /i >■ Oi ; 
hence there are other 2n — 3 independent equations, which may be 
denoted by 

^arconstanty ^^ constant, ;^ » constant, ^^ constant, 

If (/i> ^)"0* ^^^^ U""^ is the quantity desired. If (/i, ^) 
is neither zero, nor a constant, nor a functional combination of 
//i» ^> then there is a ^series: and a single combination of the 
members of the series, (which must also, in the circumstances, be 
a combination of some of the quantities ^» ^» X» ^* ***)> ^iU P^^ * 
quantity u as required. The most unfavourable set of results 
possible is that in which the ^-series terminates with (/i, ^), the 
^-series terminates with (/i, ^), and so on, no one of these 
quantities yanishing : then each of the quantities 

J (/..*) JiA.^y 
{ ^* [Jy^ 

iU^) nfuxY 

is an integral common to (/, tt)aiO, (/i, tt)«0. As there are 
2fi-8 quantities ^, ^, Xf ^> •••> it follows that, even with the 
most un&vourable set of results, the two equations (/, «)«0 
and (/i,tc)""0 possess 2fi — 4 integrals in common, independent 
of/, of fu And of one another, and obtainable in. this manner. 
Let » «/ be one of these integrals : then the equation 

/i-Oft 

where Ot is an arbitrary constant, associates itself with 

/-O, /.-a,. 
We thus have succeeded in associating two new -equation fi^fh; 
and/wot, with/and with one another. 

tt. The next stage is the determination of a new equation 
n m constant^ coonstent with 
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the neoeMary and sufficieni conditions for oneiiiitanee are 

(/~)-o. (/i,ii)-o. (/..•»)-a 

Let wX be an integral, oouuuon to (/ «)»0, (/i, «)->0^ and 
functionally distinct from//i,/a, where 

X«X(a^K» ••u^ntPkt ••••f^): 
it may be taken as one of the 2ii — 6 common integral^ other 
than /, /i, /,. We proceed as before, and form a series of 
functions 

(/f»M^^i» (/ii ^ii" A.ti •••• 

Each of these quantities is a common integral of (/, ii)«0, 
(/„u)-0. For 

(/(/.. ^))-f(/t(^./»-f (^c/;/.)>-o. 

and (//)" 0, (/i,f^ « 0, both identically, so that 

ie(/.A))^0. (d(/.,/,))-0; 
and therefuix* 

Let tf >■ X ; these rebults give 

(/X.) -(/.(/. X))-0, 
(/i.M = (/.(/,.X))-0. 

because (/ X)-0, (/i, X)«iO, both idcmically satisfied; thus 
X| is an iuti.*gn&l coiumon to (/, n)'»0, (/|, u)»»0. Let tf^^Xi; 
then the two n-lations give 

(/..V,)-(/.(/.,X.)) = 0. 

as before : that is, X, is an integral coinni4in to (/ u)mO, (fu ic)">0. 
And so for all the functions X in succession. 

The number of inclfpi^ndoat intvgnils is limited : and thus the 
X-series will tenniiuito either in a zero, or in a pure constant, or 
in a function expn^Ksible in terms of the anterior functions. 
Proceeding as bef4>re, we obtain S4>me X-4unction, or some com* 
bination of X-functions, say A, such that 

(/,.A)-Q, 
save only in the case when (/„ X) is either a constant (not sero) 
or is not distinct from//i,/a» X. 
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In the latter circumstanoe, we take another integnd ^ 
ocminum to (/ «)»0, (fi, u)^0, and distinet from / /uA» X. 
Frooeeding in the same way, we obtain some fi-ftinetion or some 
combination of fi-ftmctions, say M, such that 

/" save only in the case when (/i, ^) either is a constant (not lero) 
or is not distinct fix>m//i,/„ ^ 

And should the latter happen, then if 

we have 

Thus in every case we obtain an integral common to the three 
equations 

(/«)-0. (/..u)-0. (/..ii)-0: 

and in the least favourable combination of cireumstances, there 
are 2fi — 6 such integrals, independent oi f% fu f%% and of one 
another. 

Let/t be one of those integrals ; then the equation 

whore a, is an arbitrary constant, associates itself with 
/-O. /,-«,, /i-o,. 

84. We proceed in this way fix>m stage to stage, obtaining 
equations /«»a4, ... in succession which are associated with all 
the equations that precede them. The last stage of all is the 
construction of an equation /^.i « a«^. Our earlier results shew 
that^ when the equations 

are resolved for |h, ..., p^ in terms of m^ ..., ib^» the values thus 
obtained are such as to make 

an exact differential ; after quadrature, an.integnd of the original 
equation/« is given by 

involving ft aibitnry constants. 
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If it it nol potttUe or not oonveiiieDi to nmAye the equatioiM 
/« 0, ...,/i^i « an-i with regiurd to p^, ..., j^^, we choose another 
•et of the variaUet involved and, resolving with regard to theee» 
adopt the prooeae explained in §§ 68, 69. 

. Jacx>bi'i» Second Method when m doeh occur. 

6S. In the preceding account of Jacobi's method of aolving an 
equation f^O, the dependent variable $ has been auppoaed not to 
occur explicitly. U it ahould occur explicitly, we have already 
seen that there in a mode of pnx^eeding by a change of dependent 
. variable, associated with a unit increase in the number of inde* 
pendent variables. This mode of proceeding may be cumbrous: 
and in any case, it is desirable (if possible) to have a direct method 
for constructing an integral. 

Accordingly, let 

bo an irreducible equation which involves $ explicitly : if 

u-iu(X|, ...,a:n,M,pi, •..,;^,)-i constant 

be an equation which can coexist with /» 0, it is necessary and 
sufficient that the relation 

[/.»]-o 

should be satisfied. This equation is homogeneous and linear in 
the derivatives of u; written in full, it is 

To obtain a value of u, we construct the sysU^lm of sabaidiaiy 
equations 

which (for reasi>ns that will appear hereafter) are called the 
^uations of tke ckaracteriHticM ; and we take an integral of these 
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eqaaiioiifl, choosiiig by preference one that is not free from $, p^y 
••*f Jib* if Any such exist Let such an integral be 

gi^t «^ii>'»|h» ...,F»)-»oonstant; 

then the equation 

«-^(«i «ii>'>Pi»-*>F») 

gives a value of « as required ; and the relation 

is satisfied identically, so far as concerns ^h constant, but not 
n eces s a rily identically, so fiur as concerns /■> 0: indeed, it may be 
satisfied only in virtue of /-tO. 

Sr, The cbsmetoisUcs of the equation 

jm-l-Yjfi-jy-O 
aiegiTenbx 

dx df dJ9 dq di 

An inlegnd, as required, is giren bj 

i^-jy^ooiisUnt; 
therdaticn 

b«»+«f»-*y» i^-jy]-0 
is Mtiaaed only in viitde of/»0. Another integral, as required, is given by 



the relation 

is setiefted identicanj. 



66. Accordingly, at this stage it is convenient, for the sake of 
very substantial simplification of the analjrsis, to resolve the two 
equations 

/-O, gma. 

for B and one of the variables p, chosen so as to give the sigiplest 
resblution : let the selected variable be |h, and let the result of the 
resolution be denoted by 

where ^ and ^, are ftmctions of ir^, •••, «^, p^, ••/, ji^. Then, after 
the explanations in { 66, Note, and $ 60, we tidce these two 
equattoQs in the farm 
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any equation i0«>o that can ooexuit with them muat aatiify the 
equation* 

The«e two equations to determine w are» by { 60, a complete 
•yBtem. 

As any integral of these two equations is to fiurnish an equation 
w » constant^ which shall coexist with 

it can be transformed so that, if s and /h do occur, they are replaced 
by ^ and ^ respectively: that is, without loss of generality, 
w may be assumed not to involve either m or p^ explicitly. Let 

be an integral of the equation 

then, as [«-*^-*X|(/i, — ^i), ^] dtK-s not contain j or/Hi ao that it 
cannot vanish in virtue of j — ^ •■ or jh — ^i « 0, and as it must 
vanish, it vanishes identically. Construct the function [/H * V^ii 4\ 
"" ^ <fAy* If ^ vanishes identically, this last condition is satisfied : 
also [ih * ^ii ^] "■ ; and therefore u; » ^ is a common integral of 
the two equations. In that ciuks the equation 

where Oi is an arbitnuy couHUuit, cau be associated with 

«-t-0. |i|-t,-0. 

Suppose, on the other hand, that ^ dm^ not vanish identically ; 
then, as 

[[rir]^]+[[ir.«{:)+[[f n»] 

identically, we have, on writing 

the relation 
that u. 



\ 
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Thus ^ 18 not an integral of 

and as [^, t] invblvea deiivativea of ^, it is clear that ^ oannok 
be a pure constant. 

In that case» let 

be another integral of the equation 

fiinctionally distinct from «p»^; and construct the ftmotioQ 
[|h — ^if Xl "Xi ^7' ^^ Xt viuiishcs identically, it followt that 
iv* X is an integnd of the two equations determining 10; and then 
the equation 

where C| is an arbitmy constant, can be associated with 

But if Xi does not vanish identicallj, then we have 

[Xi.O--Xit 
as befim ; and %% cannot be a constant. Also 

WtlMt 

MM taOfenHe 



fe-fl-s*-^-<-«-' 



u aa integnl of the eqoation 

Now both ^ and xt *** ▼arwble: hot ^ amy be • eoiNtaiit» 

«7 e. Then 

[jH-f».3d-Xi 

•ndtkiBniira 
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•o that, under the particular hypotheaiflt i9»x*^ ^ ^^ integral 
common to the two eqpttiona. But, in general, ip^ will be a variable 
quantity. 

Attuming ic^ now not to be a constant, oonatruct the ftmction 
[pi-^i, i9iX «Xt **y* ^ Xi vanishes identically, it follows that 
tiP at ic^ IB an integral common to the two equations for the deter- 
mination ofufi and then the equation 

wl^ere C| is an arbitraiy constant, can be associated with 

If Xt does not vanish identically, then 

ia an integnl of the equation | 

Itw^he constant and equal to a, then ^. 

is an integral common to the two equations. But, in general, n^ 
will be a variable quantity. ^ , 

Assuming that w^ is variable, we construct the ftinction 
[/H — V^it ^ ""Xi ^y* ^ before, if ^i vanishes identically, we 
have an integral ww^ common to the two equations. If Xi " fi^i 
where /9 is a constant, then iv ■> t£F« — /9^ is an integral common to 

the two equations. If ^ is not zero nor a constant, then 

is an integral of the equation 

Proceeding in this way, either we shall at some stage obtain an 
integral common to the two equations, or we shall obtain an 
integral of the equation 

which is expressible in terms of the preceding integrals; for the 
number of functionally distinct integrals of that equation is limited. 



/ 



[ 
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When the last alternative oocura, all snooeeding integrals are also 
80 eipressible ; for if 

then, as 

we haye 

shewing that Wm4.| is expressible in terms of the earlier' integrals : 
and so for all snooeeding integrals. . Now take some ftinctional 
combination of ^, x* ^i> -•'» ^m-n "^y 

then 

it g can be chosen so that the right-hand side vanishes, then 
[pi^iti,g]»»0, and we shall have an integral common to our two 
equations. Let any integral of the system of ordinary equations 

.1 HF, " W, ••• /(Wm-% X^4) 

be 

9i (♦, X» — » ^^-^-i) ■ constant ; 
then taking 

we have 

Moreover, there are m functionally distinct integrals of the system 
of ordinary equations.: hence there are m distinct integrals common 
to the two equations 

[*-t-«i(Pi-tiXii^l-0, [pt^iruw]mO; 

and these are constructed out of m -f 1 distinct integrals of the 
first equation^. 



Tht rimplMl MM MOon whea «| li sol feneiloBtqj iltliasi tnm llM 
I Ibsl prtMJs H, til. IMm ^ sad Xt so Ihsl ws Ibta lisfs 

If Iks iBliSial sf Iks SisslkNi 

W f (f^ x)*MMliat, ws tsks f (f, x) as a 60MM» telisnl sT Iks Ne t 
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Lot OM of tbeM integrab \m u{wi, ..., &^, |%, ....fmh th» 
the equation 

ooexisia with the equationa 

In every case, therefore, an equation has been eonatnioted whidi 
coeziate with the equations ahready obtained. 

C7. To proceed to the next stage, we resolve the equation 

with regard to one of the variables p which it contains: let the 
resolved form be 

where x$ involves a,, s^, ..., Xn, /H> •••• P»* Let this value of ji^ be 
inserted in ^ and ^„ and let the resulting expressions be % and 
;^i ; then we have the simultaneous equatiuus 

*-x-o. -ft-Xi-0» ft-Xi-0- J 

Now Xf Xi» X* ^^ ^^^ involve m : hence, writing 

and duiuiting by $ any quantity which does not involve j, we have 

[[ir.. tfjf ] + [[*. t )irJ + [[ t irjtfj — [w,, ^ 

[[iTi, d]irj-f [[d. ir.]ir.]-f [[ir„ ir.]d]-0; 
also we have 

[Cir,]-0, [f, wJ-O, [w.. wJ-O, 
identically. 

Let a and p be integrals common to the two equations 

[f.t'l-O, [wi. fJ-O, 

obtained as in the preceding sections, and limited so that they do 
not involve m and that they are functionally distinct from Wg and 
from one another ; and let 

If either ai or pi vanishes, then we have a common integral of the 
three equations 

[f. »]-0. [iTi. »]-0. (ir„f]-0. 
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If neither of them vaiUBhes, we make $ equal to 9 and then to p 
in eaooeemon in the above identities. The fint of the identities 
gives no condition ; the second gives 

«id the third gives 

Hence — is an integral common to the two equations 
[C. »l-0, [ir„f]-0. 

unless it is a constant; and if ^ is a constant, saj equal to a» 

then 

[C. ^-«^l-0, [wi, p-a^]«0» 

so that p" ae would be a common integral of the three equations 
determining t • 

Writing t « — , and 

[w,, t]-t„ 

then if r, vanishes, a common integral of the three equations 
18 f « r ; while if Ti does not vanish, we have 

and therefore 

shewing that -^ is an integral common to the two equations 

We proceed as in the former stage : sooner or later, an integral 
of the two equations [(, t] -> and [w|, t ] ■> is obtained which Ir 
expressible in terms of the earlier integrals, or an integral ir 
obtained which also satisfies [w«, s] m 0. In the former alternative 
we construct (as in the earlier stage) a combination of all these 
independent integrals of [C, s]a>0 and [w„ s]a>6 which shall also 
sati^ [w„ 9] -> 0. Let it be 

S«S(«^, •••» ^1 Pb9 •••# Pm)i 

then the equation 

f (^, •••» ^9 p%9 •••• ISs^^^i 
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ooezists with the eqiuUions 

t-0. »|-A ir.-0. 
Lei it be raMdved for cme of the variaUee p, ^y-JHt in ibe form 

where $9 involves a,» «i» ..., «»» 114, ..., pml when this valne 
is substituted in x* X»* Xt» '^^ i^^m become tf, tf|. tfti then our 
equations are 

So we proceed from stag^ to stage. In each stage the con- 
struction of the new equation requires, in the least fiivooraUe 
combination of circumstances, the atisigniuent of two integrals 
of the subsidiary system associated with the initial equation 

[/. «)-0. 

This subsidiary system contains 2ii differential equations: its 
integral equivalent must therefore contain 2ii integral equations, 
that is, it possesties 2a integrals. Hence there are sufficient 
integrals for the achievement of n stages ; at the end of the last, 
we shall have 

jafiinction of 0*1, ..., x^, Oi, ..., On,. 

(where Oi, ..., On are arbitrary constants) as the integral of the 
original equation. Or at the completion of the (n — l)th stage, we 
can resolve the n equations then coexisting, and express ji|, ...» jn^ 
in tonus of s, x^, ..., x^, (i„ ... , 0^.1 ; substitution in the relation 

and quadrature, lead t4) the integAl required. 

Ex. Let JET denol« i-ih^i - ... -p»j*»; and supposs that a set of 
squatiuoii 

/;-/;(/>„ .... />„ Z)-0, 0»-l, .... m\ 

where m < a, is propounded for Molutiou. 

Ws have 

for all valueH of ^ sod of t : coneeqiientlj 

for all valueH of r sod j^ so that the syetem is in involution. 
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TooUaiB other eqtMtloM oontiatent with the ajeteiii, we need elniiihineoae 
iiiteBwS 01 

[/*!, «]«0, J... [/U. «)-0L 

Tha eqaatioaa ralwidiMy to the aolatioii of [/| , «]*0 «« 

•""8/',/' »/•,-••- — Wt ^,- •» 

but ^-l-|i^-^«0,Mideottiiiitegnilortheeeeqi»iioiielt|^fenbj 

ihaoonetAiit 
Abo '^ 

for r->l| ..., m; eo that ««>pi b mi integrel oonaion to ell the equetkMie 
[/^f «]->0. We therefore eiMociete the eqtietion 

/h-«i 
with the giveo eet ; the new eTetem b 

/i-H ..., /V-<^ />i-«if 
end it b eeailj eeen to be in inTolaUon. 
BimiUrlj, we maj Meociate the equatione 

where a^^ ..., a^^m^t *i^ arhitrarj conetaDta, with the amplified qratem and 
with one another: and the whole aystem thue eitended, ria. 

b in invdatioa. If therefore the quantities pn ..., |i^ can be etiminated 
ftom the ajatem, the eliminant will give an integral of the original eet 

Now the ii4*l eqnationa thus obtained are ind e pendent of one anotheri 
and thej inrolTe the ii4»l quantities pn ...| p^t IT; when reeolved with 
regard to these quantities, thej giro 

thalH 

where the oonstants a^ ..., o^.m^i m« arbitrary, and the remaining eon* 
■^i^Bta Oa-w^tt •••! <>«9 eatbiy the si relationa 

lor the Taliiea ii*!, ..., in. The equation 

f aOi «! ^OffJl-f ... -l-a«iBW4- 4^ 
wHh the UmHatkmi upon the eonatanti^ piwrfclee an integral of the <- 
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Charpit^b Method: uitiqbals wuih tub ooNDiTiom nr 
Caucht'b Thbobkm abb not BATisnBa 

68. Naturally, the aiuplest caae of the pieoeding method 
arimMi when the number of independent variables ia.two. With 
the usual notation in this case, the equation may be written 

and the condition [/ u]aO, which must be satisfied by n if 
II a constant is to coexist with /""O, is 

To obtain an integral of this homogeneous linear equation which 
shall involve ^ or 9 or both, the system of ordinary equations 

dp dq dx dy ds 



dx^^dM §^« 



dM 



dp dii ^dp »aj, 



is formed : if 

N (x, jf, «, p, q) a constant 

be any integral, distinct from/aO, involving ^ or 9 or both, 1 
the equations 

/(*. y. *./>. 9)-0, u(«r. y. s,p, 9)-a, 
where a is an arbitrary constant, are resolved with respect^ to 
p and q. These values make the equation • 

d#-*pdr-y(fyaO 
exact. For from the equutioiui/a 0, u » a, we find 
Hf. u) 8(/ u) 8(/, u) d(/. u) (dq dp\ BU B). 

and because u(x, y, j, p, q) « constant is an integral of the s; 
of ordinary equations, the left-hand side of this equation vi 
so that 



(dqyp\d(J\u) 
\dx dy)d{p.q) ""^ 



• Or with rtspeci lo olher variabUt, wil^ a modiftcalkMi ia Iks vmI sf llM 
yioMM, timUar lo Ihst ia || M, 69. 
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and thereibre, as the* Jacobian'of/ and u with regard to p and q 
does not Tanish^, we have 



ay 

the necesRaiy and mifficicnt condition. Effecting the neocssaiy 
quadrature of the equation 

ds^pdx'^qdymO, 

we have an equation giving $ in terms of w, y, and two arbitrary 
constants. 

This mode of obtaining the integral of the original equation 
by means of a single integral of the subsidiary system was first 
devised by Charpitf . 

The method of Jaoobi, whether in its original form as developed 
by himself or in the amplified form as developed by Lie and 
Hayer, and (for the case of two independent variables) the method 
of Charpit, aim at the construction of an integral containing a 
number of arbitrary constants; and the results do not indicate 
any particular suggestion of Cauchy's existence-theorem. The 
association will be made later^ partly by a modified use of the 
equations of the characteristics; and it will be necessary to 
indicate the kinds of integrals which can be deduced fit>m those 
provided by the methods of Jacobi and of Charpit. 

69. 'All the examples, that follow, have been chosen, so as to 
give some initial indications of one investigation hitherto practi- 
cally omitted by mathematicians. When an equation 

is resolved with regard to p, or is given in a resolved form, so that 
it may be written 

Cauchy's existence-theorem can be applied cmly if the (unction 
g{m^ y, #, 9) is a regular function of its arguments within the 



c * II inmld ▼anlfh if • isfolftd a«it^ ji m»r f . 

t Is s Bemoirvipmentod 80 Jont, 17S4, to lbs Aesdtaic det Bcletowt, Piritt 
bt 4M mmh sflerwmrdi, sod lbs oMinoIr wm never prisM \ ict Lseroix, Trmitiim 
Mfe«f Hi^ftnHtl et 4m Mfesl fnt^ff*^ !• «d., 1S14, 1 it,>^. Lseroix Indieslee 
(fl., ip. MT) Ihsl ClMtf^l tried to exteaa hit metliod lo fsrU J^UffBrralid e^sstioM 
off Um iftl order tad defioe hisber Ibsa lbs irsli iafolvi^ bmio Ibsa Iwo 
I' 
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doinaiai of the initial values adopted : it oeaaea to a|^y if initial 
values are aeleoted in the domains of which the function g (•• y» #, q) 
is regular. 

In all these examples, it is possible to choose initial values 
which make p infinite or indeterminate: the known method of 
constructing an integral has been used so as to give indications of 
the kind of integral (if any) which exists in association with such 
initial conditions. 

What is required for the full discussion of an equation 

(and, d foHiori, of an equation in more than two independent 
variablesX is a classification of all the non-regular forms arising 
out of the resolution of the equation with regard to p or, what is 
the same thing, a classification of all the non-reguUr forms of 
jr(«, y, «, ff) in an equation * 

Each of these would need to be considered in turn, as was done^ 
for the non-regular forms of an equation 

the following set of examples give a few of the simplest types. 

Meanwhile, some indications of results can be given: the 
methods of Charpit and of Jacobi are entirely independent even of 
the results given by Oauchy's theorem. 

Ejt, 1. Cuiuitder the equstioo 

/>(a4r-f6y-*-cf)«l. 

It is clear that Cauohj'M geaeral theorem will not apply to this squatioo il^ 
when xaO. we n^quire t to noquire the value of a fiuiction of jf ipgular 

in the vicinity of y »0 aud vaninhing there : the initial value of ji is infinits I 

and the proof no lunger is valid. I 
But an integral can lie obtained by Charpit's method. 0ns of ths - I 

sttheidiary equations is r 

^P. . "H ■ \ 

so that 

* la OhapUn iii and iv ia Part u of this work. 



69.] CAtTCHT'8 THEORKM 169 

AB integral of which b 

wbflre « b AB u\Atnrj oonaUnt Aooordinglyt we oombliie thb equalioB 
with the originml aqiiaiioiiy and we reaolve them for p and f : rafaetitiitiiif 
theee found Tahiee in df-jicCr-fdy^O, we have 

*-iM^+{-*+"'+(-i+^))*' 
and therefore 

Writing 

ii-cur-l-ly-l-eti 

a aimple qoadrature leada to the equation 

« - J log («+aii)-3+a (jr+iy). 

The Taloe of t thne proTided b an integral which containe the two arbitrarjr 
eonetanta « and fi. 

In order to eee whether anj integral t eiistai which Taniehea when #«0 
and jf-0^ theee heing Taluea which malce p infinite initiallj, we note thai the 
foregoing eqnalkm b aatisfled hj t «0; ««0^ jf«0» provided 

/I—? log*. 
Aaraming thb yaloe of A "^ ^^ 

and therefore^ in the Ticinitj of the initial Taluea aaeigned, we hate 



(•*;•) 



^••.•-<'^-^\ 



thatb, 



ao thati unbea e«0 (and thb will he eiduded), we hate 

where il b a regular fdncUon of itn argument and doea- not taniah when 
f #bO and jf«Oi 

\ Kg.% In the aame way it maj he proved thai an Integral of the equation 

p((ur4l9f-l-etr*If 
where ei b a poaitite IntegeTf b giten hj 
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wImi« • aod /I Ara Arbilrary oonaUoUi Mid ^ / - 

4iid tbAi Ml iniflgnJ, which VMiuhw when ««0 4iid jf»0^ li gifm by 

1 I 

whM« It is A raguUr lUootion of iU Mgumenl Mid^doM noi ¥aniih with- 
jr.Mid If, 

Hr. a. It b CMj to tee that the int«gral of tha aquatioa 

(/»+«'«) («jf-«-*y ■•■«)•- ^ 

whare 4* U a oonaitaDt 4iid m w a punitive integeri ia of th« ■mm type as in tha 
pracading aiamfila: obtaiu tha iutegraL 

Ex, 4. CooHidar tha aqiuUiou 

whara nL^h^e^k are ooiuitaQta. 

Prooeading from aubaidiaiy aquationa aa in Ei. 1, wa And thai thif hava 
an intagral 

whara a in an arbitrary oooataiit 

Thara are two waya of continuing. Wa may aitlicr rsMlva tha origiiial 
aquation and tha naw aquation for p and y» and introduoa a saw dapaodfrpt 
variaUa (, whara 

C-*-«yt 

and than wa hava 

dC'^pdX'-jfilqi 

wa aubtttituta for p and y ; and, affecting tha uaoaaaary quadratiu% wa alial- 
nata q by the rektion 

H 

Or we may resolve the two equations for p and 9, aubatitute in dBw^pdM-k'^^^ 
and effect the quadrature. The result is 

-1 2 +^«^-A 

A*-CM+it(6-a«) ^i ^ 
where a and /9 are arbitrary oonstantsi « "OXif 6y -f a, and 

It ia possible (but the analysis is somewhat laborious) to dadooai from thia 
result when ir«0| the integral of the equation in Ei« 1. 



charpit's method 
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We oaD miike one more inference. If It were possible ihfti the equAtioo 
eoold possess an integrel such thst when x»0| the dependent Tiriable 
eoqnires the Tsloe of a function of y such thet t end f Tenish when jf«0^ 
then p would become Infinite for the initial TahisB #mO end jf«0: OiQoh7^l 
theorem no longer ^ipliesL Now we ere to have 

therefore for such inlegrel (if iinj) we have e-O beoaues inltiallj p fa Infinity 
and then 6-|-eg«a But f is to Tanish initially, so that 6«0t and thwi 
f mO alwajs ; or t fa merely a fonction of 4r, vanishing with x and giten 1^ 



,.^^.^(,+„). 



Eiduding thfa trivial case, it follows that the given equation has no failegnil 
of the kind indicated, p rof i ded c is difierent from seia. 



Bm. 5. Integrate the equation 

p{ux'^'hy'k'ei'¥kyq)^\\ 

and discuss the question whether it posse we s an integral whidi, 
aequiree the value of a regular Ainction of y that vanishes when jf^Oi 

[An integral fa given bj eliminating q between the two equatloM 

vhara ■ Mid fi an arMtnury oonaUnta, *nd ^i-e-f i^.] 
Ss. & ObUin ui integnl of the eqiuitioii 



•'% 



in the fonn 



where a and fi are arbitrary constants ; and discuss the integrate of the 
equation (if anj) which are such that yg and t vanish when jp«0. 

JEr. 7. As another eiample, consider the equation 

with a view to inquiring whether it poesesse s an integral whicli, when « vO^ 
can be a fonetkm of jr that vanishes, when jtmO; in an otder higher than 
. the finti so thai thsn f may vanfah when tf-Oi y«0. 

P. r. \\ 



i(i.«-l)»+<«r+/J-a. {^+J l«»g(j~)} . «— (|»'-lA 
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Foimiog Um •uUidiaijaqiulioiM in Clutf|iU'«iiMiUMd| w« And om iakfral 
qI Uiem in A Ibna 

whM« • is Ml Mrbiinu7 oonsUni. RanolTing ibit equalioA Aod Um origiBAl 
•quAtion wiih ragani to ji Mid f, Mibiiiiiuiiiig in 

Mid •flboUng Um quidmtura, w find 

*io(acjr-yi)-/*-.(«y^to)»-«y. 
whera /9 b mi MbiirMry ooiuitMit Thb eqiMtioD given mi iolagral intolviof 
Iwo Mrbitnu7 coiMtMiU. 

If the equeiiou In to provide mi iotegiml of Uie kind i adiceted, it is deer | 

thet /9--0. To dieouM the ooneequeut value of s when xm(^ we piooeed fttm 
the equation 

Thia equation oertainlj gtvee a value of i which vaniehea when jf«0; two 
roota are aero^ and the third ia 

which ia of the required type. 

Accordingly, the equation poaaeniea an infinitude of integrak (beoanee 
of the parameter a) which, when jr«0, give t and 9 aa lUuctiona of jf thai 
vauiah when jr «0 ; thcee integrala are |m>vided bj tlie equation 

(«y - ««)» - (ay - 3tt<y« -I- eac«jr)«. 

where a ia an Mhitrary couatant, that ia, by the equation 

6oV-3a<cViS - jr (36aMyj - ISaMy*) -|-36ttVx<-a 

It ia eaay to eee that, though, when x«0, the integral beconiea the aimple 
regular liinotion lor the vicinity of jf«0, the integral itaelf ia not a regular 
Ainction of jr and y in the apeoified doniaiua 

£x. ft. Prove that an integral of the equation 

where a ia a cuuatant, can bo obtained by elimiuatiug p and 9 beti 
equation itaelf and the equationa 



where e and fi are Mbitrary con«tanta. Diacuaa the integrala in thn vioinitj ' |i 

of «-0. 

JEr. 9. Conaider the equation 

p(ax'^b^'^a)'k'a'x^h'y-^tftwm0. 
Ohauging the dependent variable ao that j 



^1 



EXAMPLES 



les 



where iT Aod 6" are oonaUnte, we oen chooae nT and y to thai tbe new 
equAiioo baa the form 

Aooordinglj, we ooosider the equaticm in the form 

aa it ia homogeneous in the constants a, 6^ c^ ^9 we can imagine It moHipUed 
1^ each a constant factor aa to make o-f ^«1 unleaa a-f ^aia 

Firetlj, if a 4^- 1, prore that an integral ia gi?en bj the eliminaUon of 
p between the equations 

p(a4r-|-ly-t-et)-f^i«0 

l\.s-l 



p^^'*'*^/'-'('*J)' 



* 



where A and B are arbitrary conatantSL 

Seoondlj, if a -I- ^ - 0, |iro?e that an integral ia giten by the ettminalioii of 
fi between the eqViaUona 

wh«« J and A are arbitrary eonalanta^ 

Dlmm thaw intairali In the Tldnitj or#«ia 



• 






CHAPTER V. 

CLAfian or Intiorals po68I88bd by Equations or tbb nmn 
OBDBE: Oknbrausation or Ihtkoraui. 

Ths ouAtonary oUMiflcation of iniegrak ol a partial diieraalial equalkm 
of tba flnl Older inlo three kinde wae imt made by Lagrange : aee bia 
OSmfrm CampUte§^ t lU, |iu 57i, t. IT, pp. 6A| 7i. A liill expoaiiioii ie gives 
in InMcbesetakjr'M luetnoir, quoted oo p. 100 : it will be iMind in chapter I of 
the memoir. Other eipoeitiona are given by Gounat, Lefom mr timtigfa* 
tum..,frtmi$r ordrt^ by Mamiion, Tk<iorU du 0^uaiwHS...fr9mi^ onlrv, and 
by Jordan, Coun if JMo/y«f, t lii. 

That the theory i« not complete even for the aimplent oaee in pointed out 
by Qoumat, in the book just quoted, { 18. Some further eioeptiona are 
indicated in the proHeut chapter. 

70. Before proceeding to the exposition of further methods 
of integration, and pirtly in order to fisurilitate the diHCuanioD 
of characteriHticH in particular, it is convenient to develop the 
relations, to one another, of the different integrahi that have been 
obtained or have been proved to exiiit. 

We have seen that, in the cane of a homogeneoua linear 
equation of the firnt onlor, it in p(»HHible to construct an integral 
which, on appmpriate deti*nuiuati4>n of iUi arbitrary elements, 
comprehendn any integnil of the equation : also that, in the case of 
a linear non-homogeneous equation of the first order, it is possible 
to construct an integral which similarly comprehends any integral 
that is not of the type calliKi special. Consi*quently, no further 
discussion is necessary in those cases. 

But in the ciuie of equations that are not linear, it has been 
seen that there certainly are two kinds of integrals. On the one 
hand, there is Ci^uchy's existence-theorem according to which 
an arbitrary functional element occurs in the expression of the 



i 
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integnil proved to exist On the other hand, Jaoobi's method 
of integmtion, either in its original form or in any of its modified 
forms, has led to integrals which contain arbitrary constants in 
their expressioiL It is natural to enquire what is the relatioUt 
if any, between integrals of snch widely distinct types and, fiirther, 
whether integrals of other types exist 



Variation of PARAVETERa 

7L Accordingly, beginning with a single equation which 
(after the preceding explanations) may be taken as not linear, 
we shall suppose it given in the form 

and we may imagine that it has been integrated by the Jaoobian 
method, with a result that # is given as a function of the variables 
and of 11 arbitrary constants Oi, ..., On by means of an equation 

♦ (*! *i» •••» ^m <ht •••» «n)""0. 
The values of the derivatives are given by equations 






for m« 1, ..., fi; these values of pm* together with the value of § 
deduced from ^"^0, will, when substituted in the differential 
equation, make it satisfied identically. Moreover, the elimination 
of the fi arbitraiy constants between the n -f 1 equations 

leads to the differential equation, and to that differential equation 
alone, provided that not all the Jacobians 

\\ Oi, ..., a^ // 

vanish; and conversely, when there is only a single differential 
f equation, the Jacobians do not all vanish. 

In the process of returning from the n 4- 1 equations 

to the differential ^nation, the quantities Oi, ..., On «^ to be 
diminated: but no regard k paid, duiing ^^ q^tk^^sg^V^ ^^\k 
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oodsUqI values; and the reeulting differential equation will be 
the same, provided the n -I* 1 equations have the same form, when 
these quantities are made variable. We therefore make Oi, •.., On 
functions of 4P|, ..., c^, subject to this proviso. This change leaves 
the equation ^i^O unaltered in form: in order that ^^0 (for 
m« 1, ..., fi) may remain unaltered in form, it is necessary that 
the equation 

should bo satisfied, for each of the n values of m : and if these 
equations are satisfied, then ^ ■• (with the changed values of 
<(i* •••! tfii) will still give an integral of the differential equation. 

Multiplying the n equations by dxi, ..., djr» respectively and 
adding, we find 

where da^ ..., dun are the completed variations of the quantities 
Oil •••• o»> <^d converHely this e<]uation, when satisfied, yields 
the fi conditions. The coefficients of the differential elements are 
functions of m, Xi, ..., jt^, Ui, ..., a« in general: but m is given by 
^sO' in tenus of the other quantities; and, as O), ..., 0^ are 
(unknown) functions of oTi, ..., urn, so the latter may be regarded in 
the most general cose as functions of O), .,., On: that is, the 
coefficients may, in the most general case, be regarded as functions 
of a),...,an. Thus we have a Pfaffian equation: by the general 
theory of Pfiiffian equations^, the inU^gral equivalent consists of one 
equation or of several equations coimectiug the quantities Oi, ..., a«. 

In the argument, one exceptional case has been omitted: it 
may be that the Pfaffian equation is evanescent, on account of 
vanishing coefficients : we then have 

concurrently with ^«0. 

After noting this exceptional case, we return to the integral 
equivalent of the Pfaffian equation. Let it consist of/* equationa 

• 8m Pftrt I of IbU work, pauiwL 



I 
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and of these solely : then the only relations among the differential 
elements are 

rfyi-0. .... dg^mO, 

and the P&ffian equation mast be satisfied in Tirtne of these. 
Thus ^ qnantities X|, •••, V >nust exist such that 

and therefore 

for the a values of m. These n equations, together with 

make up n-f fi*^! equations, involving ch, ..., Oni Xn ..., \,i 
eliminating the quantities a and X, we have a single equation 
as the result, and it expresses $ in terms of 4?f^i^, ««• The value 
of M determined by this final equation is an integral of the original 
differential equation: the functional forms git •••tg^Bxe involved 
in its expression. 

TS. It might appear as if there were integrals of a character 
intermediate between those of the two kinds considered. Thus we 
might have Om^if •••» o^ as constants, so that the differential 
relation would then be 

If the integral equivalent of this relation consists of ^ equations in 
the form 

and of these only, then the same argument as before leads to 
equations 

for t « 1, ... » m. These m equations, together with 

arem+^-fl equations involving t,C|,...,^iai»*«M0m» Pi* '^m^: 
diminating these m quantities a,, •••, a^ and the ^ quantities p, 
we have a single equation between #, jtii ..., «w« THa "iiln!^ ^ % 
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cLAflsn or 



IW. 



f\ 



thus giveo is an integral of the original equation. The fenotional 
forma g^ ..., g^ are involved in its expression; aivl the arbitiaiy 
oonstants a,m^i, ..., On also ooour. The latter can be regarded as 
given by 11 - m relations 

involving the n-F-m constants : they are such that the equations 

ctt|-0 ctt»^«0 ;J 

are satisfied identically. Now it is known from the' theory of 
Pfiiffian equations that 

a -f fi - m > /*, 

so that the total number of equations among the quantities Oi, ..., 
On is greater than before : their range of value is therefore mora 
restricted than in the preceding case. Accordingly, we can regard 
the present luode of satiufying the differentiiU relation as a 
specialisation of the preceding mode or as a special instance of 
the preceding mode involving a greater number of relations some 
of which are of restricted forms. 

In this argument, as in the preceding argument in § 71, one 
exceptional caae is omitted : it may be that the reduced PfiiflSan 
equation is evanescent, on account of vanishing coefficients: we 
then have 

da, da^ ' 

concum*ntly with ^ -^ 0. 

• It thus appears that, while the completed process leads in 
every case to a single equation providing an integral, there are 
intrinsic differences according to the circumstances of the cases. 
It is clear that distinctions will ariHo according to the number of . 
relations postulated among the quantities Ug , . . . , an ; it is custouuuy 
to ntgord a cIoms of inti^grols as being defined acconling to the 
numbiT of rt*lations ho postulated. When /* relations of the 
indicated character occur, the corn*M]ioiuliiig cIohs of inti^grols is 
fi\H|uently called the /*th cIumm: and if 

< M < a, 

the integrals of all the clikises may be regonled as falling within ^-^ 
the category of what will prenently be called general integrals. // 
Thus there will be n - 1 clasHcs of general iate^prals. . . 






i 
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The extreme cases tnnst also be taken into oonsideratioa. It is 
possible that fi-^n: there are then n functional relations con- 
necting the 11 quantities Oi, ..., a«, independent of one another; 
all these qi^mtities are constants and, when the relations are 
quite arbitrary, the constants are arbitrary: the integral then 
provided is what will be called the complete integral. It is 
possible that ^ « : if thq equations can be satisfied, and an 
integral is provided, we have what will be called the singular 
integral 

Of the general integrals, the most comprehensive is that in 
which only a single functional form occurs, say 

ai«^(at, .f.,(i«), 

and ^ can be taken as the most general and arbitrary function of 
its arguments. The equations which determine the integral are 






fi>r m « 2t. .., «t ; and the integral itself is given by the elimination 
of Hi, ..., ain among these n -t- 1 equationa 

That it is the most extensive class of general integral can 
easily be seen by the following argument, whereby it is proved to 
include all the other classes. When ^ relations are postulated 
among the n quantities Of, ..., On in the form 

for r* 1, ...^m the integral is given by these equations, together 

with 

♦ -0, 



3^ 






for m«l, ..M^* I^t 

80 that the relation 9^-0 is certainly satisfied for the integral 
in qoestioo ; moreover, the equations 






lYO VABUnOV OF PABAMRBM [YS 

are oertainly satisfied for thie mtegraL Now let tf «iO be reaolved 
for tt| §0 aa to ezprew it in tenna of a,, ••., o^ in a form 

we have 

i^ + ^-^-o 

Hence, for the integral in que8tion» the equations 

are satisfied : and oonvereely, when these are satisfied, the original 
set of equations also is satisfied. Now in the case when there ia 
only a single relation 

yjt is the most general function possible : so that the relation 
is included as a special casi*, and consequently the equations 



ml 






are a special case of the equations 

that is, the general integral in question is a special case of the 
general integral, which arises when there is only a single rebUioii 
between the quantities ai, ..., a«. The latter general integral ia 
accordingly the most comprehensive. 

In passing, we may note that the general integral includes th^ 
exceptional case noted, in which Um+i, ..., Oh are arbitrary con- 
stants and the equations 

dill ' *dam 
are satisfied. We ciui represent it by relations 

for /*■■ m -f 1 , .... 11, and by reHtricting the functions ^j, to be con- 
stants; for then * 
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for t «• 1» •••» m, and the relation 






rimply becomes 

which (for t ■• 1, ..., m) are the equations for the exceptional case. 

Classes of Integrals. 

73. Three kinds of integrals may thus arise. One of them is 
given by an equation containing n arbitrary constants ; it is called 
the complete integral. Another of them is given by equations that 
involve a functional form or several functional forms, and in the 
most general type these forms are arbitrary; these integrals are 
called general integrals and often, when there in only a single 
functional form so that the widest range of variation is provided, 
the integral is called the general integral. And, lastly, the equations 

*""• as;"'' sf; "• 

may be possible and be consistent with one another ; if the result 

of eliminating ch a^ among them provides a single equation 

involving no arbitrary element, and if the equation determines an 
integral^, the integral thus furnished is called the singular integral. 
It must however be noticed that an integral, containing the 
appropriate number of arbitrary constants, is not necessarily the 
complete integral, any more than one which contains no arbitrary 
element is necessarily a singular integral. On the one hand, since 
an arbitrary function can be regarded as containing any number 
of arbitrary constants, a general integral may be simply specialised 
so as to contain the appropriate number of arbitrary constants: it 
will not thereby necessarily become a complete integral, for it may 

* Tht KBMOB for this UmiUUon wUl tpptar iiibsaqiieiiUy t mcuBirblto, H oiaj 

U laflMeBl to point out Ihsl, wbil« Um •qvattotit |-«0, •••• ^"^ ^^ miritlMil 

wlUi Um tdtleiiet nf an InlcgrAl, 11 bM boI bcm proved (uid. Indeed, cuinol bs 
pfOfed).UiBl Ibrir ilfnUleMMt it only eo-«it«itif« with tbnt ciittMiet. BfW 
la tbo 6Mt of oidlnniy tqwitioiit of tbo flrtt oider, tbo oomsponding ptoesm 
frHnootlj fifM flM to folatioBt tbnt do not piovido iiitegnUe of Um oqaalloM to 
%nsiiioa • sad hm tasN Boldt« to a wMtr oilmt, la partial o^jMiMnak 
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be only a speoiai case of the general iniegraL ' On the other hand, 
by aasigning particular values to the arbitrary oonatarite in a com- 
plete integral, the latter becometi free from all arbitrary elements : 
it will not thereby become a ainguUr integral (even if such an 
inti*gral is pottseHHed by the equation), for it is only a special case 
of the c«>uiplcte integral. It is therefore important to devise tes^ 
which shall shew to what category any given integral should, if 
pMUiible, be aHsigniKl : and this m^ci'mity ruisi^s a further question 
as to how coui[U'ehensive is the retained aggregate of integrals. 

Special Integrals. 

74. Suppose, then, that we have on integral of the differential 
equation 

/('!•...•'•. *.ih, ..../>«)-0 

given by the equation 

and let the values of m thus determined be denoted by {1 Also, 
let a complete integral be given in the form 

and let the value of m thus determined be denoted by Z. We 
have to consider whether it is possible to associate with ^-^O 
equations or relations which will change Z into {^; if this should 
be possible, then the character of the added equations or relations 
will indicate the character of the integral {^. 

In order to obtain the tests that may be both sufficient and 
necessary, assume that cfj, ..», «« ore changed into functions of 
'ii •••> •Ca, such that Z is still on integral of the differential 
equation and such that, if [XMsible, it bc*coiues the integral {*. As J 

the two integrals are now hypttthetically* the same functions of 
'i> •••• J^n* the derivatives of these functions with regard to the 
variabiles are n^spi^tively the same. For the integrid {I*, they are 
given by ^ 

for iiiaB 1, ..., M, when m is replaced by {f in these equations; and 
for the integral Z, they ore given by 
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to€ m»l, «.., My when s is replaced hj £ in thene eqnaticmt. 
Consequently, we mpiit have • 

Off 00 off oO 



•0. 



dff dfh ^ 






a 



fiir m •■ 1, ..••**» when s is replaced by the mippoeed common valiie 
ofCand^^. 

Now when this common value is substituted, the n equations 

dff de^dff d0 ^Q 

are a set of equations involving the quantities Oi, ..., <!«. If they 
determine values for these quantities, we can proceed to the 
identification of the integral ; but they do not necessarily deter- 
mine such values, and then we cannot proceed. 

Suppose that such values are determined. If they are con* 
stants, then ( is a more or less particular form of the complete 
integral : all the equations 









are satisfied. If values are found, so that some at least have 

the form of functions of mi ir^, there may be some functional 

relation or several functional relations among them : let these be 
denoted by 

ffiifli. ..., C»m)""0, •••tffmi^u ...f «ii)*0. 

Then the other n equations are satisfied by means of the 
equations 

for m M 1, ..., *^ with appropriafiely determinate values of Xi, ..., Xpi. 
All the conditions then are satidied ; and C tiien is a more or less 
particular form of the general integral If on the other hand 
the variable values found (say m in number) are such that no 
fimetioiial relation subsists among these m quantities, the n 
mnatning equations can only be satisfied by having 



t"- 
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for each of the m quantitieft 04 found to be variable ; the integiml (^ 
would then be. a degenerate form of the general integral of tb6 
differential equati(m. Lastly, if all the quantities a are variable 
and if there ii no functional relation among them, the n remaining 
equations can only be satisfied by having 

the integral ( would then be a siiiguUtf integral of the differential 
equation. 

It thus appears that, subject to the determination of the 
quantities ai. ..., (!« fit>ni the equations 

the integral ( is comprehended within the aggregate of the 
complete integral, the general integral, and the singuUr integral 
This aggregate is widely comprehensive : it cannot be declared to 
be completely comprehensive, because occasions arise in which the 
equations refuse to provide a consistent set of values of Oi, ...» a» 
needed to secure inclusion. The whole of this theory is formal : 
it docs not take account of the peculiarities of equations : and 
examples will be indicatcil to which it fails to apply. 

Such integmk, as do occur but are not included in any of the 
three classes, wilh^^called Mpeciul. 

Ex. 1. It is ea^y to Moe ihmt the equation 

hat su integral 

wLioh ie a complete integral. To obtain s general integral, the nuiet gODeral 
poMttible, we take only a single relation among the quantities ag, ...| i^ in tlie 
Ibnn 

wbere/is an arbitrary function of iUi arguuienta. The iMOoiatsd eqoatioQs 
are 

for «-ii, ..., n; tbeee give 4 

•-"(S ^)- 



9 

\ 
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where the oharacter of ^r ^ domioeted bj the erbitntx fenn of/ Innrtiiig 
these Ttluee of a, we here 

^x\Fx ^r 

where F\m en erintntfj ftmctioo. 

Thie ie the integral which would he obtained bj the p ro ce ae of | 80 ; 
aoeofdingi^t the moet oompreheneiTO integral giren bj that p ro ce ae ia the 
general integraL 

The eqnationai which would give the singular integral if it eiiated, are 

jTi-O, ..., 4r»-iO: 

elearij there ia no aingnlar integral of the eqnatiooi thonf^ t aO ia a 
particnlar case of the complete integral. 

K9. 1 The equation 
haabeendisoaaMd (f H E>- '); in pArticnkr, it was ahewn that the integral 

waa not derivable fronr the general integral there obtained. The eqnatioB 
doea not poeew a singular integral. 

la the integral t ■• -- comprehended in the complete integral f 

9 

JEk. a. At the end of I 08, it WAS shewn that the equation 
8|Mr2|-9jf+j*x*..0 
posseesss two complete integrals 

The general integral deduced from the first of these complete integrala la 
obtained bj associating with it the equations 

where ^ ia arbitrary: the general integral deduced from the aeoond of 
them ia obtained bj associating with it the equations 

where i^ ia arbitrary. Clearlj there ia no singular Integral 

To obtain the rsktions to one another of the two complete ittt^grabi we 
adopt the method in the teit When we equate the diifersnt rsspeotife 
dsri?aliTe% we hare the rsktiona 

»ir-l-y*(jft-|.lAp)-*| 
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Umm NklkMM AM ooiwklaai with OM anoUieri b viitut of 

Whau wv MiuAte the two iiii«gnit themielTtta, m And 

The valuee of a end h ere thue TerieUe queutiiiee i end U ie eeqf to eee Ikel 
thej ere connected by the reUtion 

In virtue of thie reUtion, end of the veluee of a end 1^ the other neoeeieiy 
rttUtione 

ere eetiii&ed. 

Henoe eech of the two complete iiitegrele ie e pertiader eeee of the fenefil 
integrel deduced from the other : the geuerelieiog reletion ie 

JKv. 4. The equation 
hee 

•4 

lor a complete integrel ; it hee no einguler integrel : end ite generel inttfiil 
ie given by 

fj+ay-l-*, 0--.J+^+/'(aX *-/(ay. 
iinother integrel ie given by 

To iuventigete ite raUtion to the complete integrel, we proceed ee haioie. 
Equating the derivetive«, we find 

giving 

with thie veluci the two quentitioM « ere the name. ^ 

The other equataone j 

aiai"^a6£i*^' Ki5+»^"^ 

are eatieied by 

'^■O^ ^--arbitrary oonetant 
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Tht fomMr of thattb for any ftmolkm ^iBiaIms as Ainotioaofjf oi^jr; Um 
Uttor, iustoad of Uing IdenticAUj MiUflocl (m U aboukl be) if Um intognl 
f a-jr-f-jf oould ihiis ariae^ ImmU to * rakiion belwwo x And jr. Aqj audi 
leUUon k eioltid ofl Heooo f »4r4-jf ia Moi a pAriictilAr caaa of ilia gaDaral 
intagraL 

It ia daar thAt ounatAQt valuaa of a and k canuot be oboaeo aach thai 
,tlia aquatioii ti»A laada to the aquation tsjr-i-jf : lianoa tba integral ia not 
a iMuticttlar caaa of the oompleta integral 

It foUova therefore tkiati while gmsi-^ ia an integral of the equation 

ll+(i-4r-jf)*);i+^-i, 

It doea not belong to anj of the three uaual obuufea of integrala: an init a no a 
ia thua proTided in which the general ,theoreu due to Lagrange doea not hold. 

If the difierential equation ia rationaliaed, no that it takea the form 

the complete integral ia 

and «aijp-|-jf ia eaailj aeeu to be a ainguUr iutograL The explanation of the 
difference ia left to the atudent aa an exerouie. 

£9. 7. GiTon the equation , / 

where J, H, C, /) are functioiia of s and jf onlj, inveatigate the conditiona 
nerenfary and aufficient to aecure that it poaacMeee a complete integral of 
the form 

where u and a are fUnctiona of x and jf, and a, 6 are oouatanta. 

Verily thati if the conditiona are aatiiifted, it alao poaaeeiiee an integral 

What ia the character of thia integral 1 

TsSTti yUR A COMFLETC INTKOEAU 

76. In the prucocliug invuHtigutiuu, it has been aaaumed Ihni 
a oouiplute integral of the differential equation ia known, ao thai 
it ia poatiible to proceed from that integral to the differential, 
equation, and to that equation alone : and it hi^ been pointed out 
that an integral, containing the proper number of arbitrary coo- 
atanta, ia not necessarily complete. The important limitation ia 
that elimination among the equations, denoted in § 71 by 

♦ = 0, ^-0, .... *.-0, 
ahouM lead to one, and to only one, equation. 
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For this parpooe, it is neccssaiy that not all the Jaoobiana 
ahould Taniah: if they do vanish, then the elimination of the 
ft quantities ci|» •••» On will lead to at least two equations. 

Again* if all the Jaoobians bat one, say 

r / ♦■ ^» »**» ^ n\ 

*^U J* 

are known to vanish, then either that Jacobian vanishes or else 

?*-0 ^-0, 

that is, either that Jacobian vanishes, or ^ involves none of the 
constants. The first of these two alternatives is the preceding 
case. As regards the second alternative, we at once have ' 

as an equation. The constants Oi a^ may or may not be 

eliminable between ^ « 0, ^-bO, ..., ^ -"O; so that there would 
be only one- equation if they cannot be eliminated, and there 
would be at least two equations if they can be eliminated. If 
there is only one equation, the integral is complete ; if there is 
more than one, the integral is not complete. 

If a Jacobian, say 

Vfli . On/ 

is known not to vanish, then the equations 

♦ -0, ^-0 ^-0 

can be resolved for Oi, ..., a,; their values, substituted in ^wO, 
if it involves any of them, lead to a single equation ; while, if 

^ -• does not involve any of the constants Oi On, it is itself 

one equation involving derivatives. We have only a single 
equation: the integral is complete. 

A>. 1. Consider an integral equation 

f-(«l-ai)«^.(j^-a,)t+(j^.a,)t, 
H Is ssdly seen to be a complete integral of the dlflteenHal equstkm 

tiM ettoBlnaUon beiof immedlats. 
An integral equation 
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pa. 



Itftdi to * sId^ aquAUoa 

mkI do oUnr •liminfttioa to potaibto ; the inl^grml to coniplflli^ 

An integral equAlion^ 

j-{(jr,-a,)«^-(jr,-a^*+«^-«, 

toftds to two aquAiiona 

Pi^'^Ff'-h ft- 1; 

it to Doi a ooni|)toto integral of either equAttou, nor of mi •quatioa 

^•+ft«+(pi-l)«-l. 

Ex, 1 The equation 

to a oomplete integral of the equation 

Another integral, oontainiug throe arbitrary oonntantai to 

To detennina ita aignifloanoe, we equate the valuea of j^, jig, jig 
the two valuea; and we have 

giving Tariabto valuea for a and b. Theee variaUe Taluea ara aultiaci. to iha 
two equationa 

and theae, aa two equationa connecting the aaaumed variabia magniHidaa, 
ahew that 

to not a ooupleta integral of the equation, but to a apeoial eaaa of Um ganaral 
integral derived from the ouniplete integral 

tmaxi-^hjct-^exg. 
In point of toot, the equation 

leada to two equationa 

thua verifying the oonduaion that it ia not a coupleto iolagral of Um origiiial 
equation. 

Ex. a. To illuatrate a difiereut a«|)eci of the ralaliona of iiitifnK 
oonaider the equation 

* Thto caampto to given bf Ooorsat, L«(Mf , p. 96L . 
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It Ihiui HIpMn thAl A iingle •qtuOkiD, of (hs^M biglMr Uimi Um iral| 
maj li*v« quiU dktlnoi oompleU integrals; and thai a oompltia integral 
waikj ba a partiouUr oaaa of a genaral Integral derifad Ihmi anoUier complete 
integral, and« U foriion^ maj be a paiticialar case of the. general integral 
derived from iteell (Bee also Ks. a» i 74.) 

JEr. 4. Discuss the character of the integral of 

dh-iy+Pi'+.-.+f.*-!. 
as given bj the equation 



Singular Inteoraiji 

78. *" We have ^een that, when n singular mtegral of the 
equation 

exiata, it can be obtained from the complete integral 

♦('• 'u •••» '•» <»ii •••• «li)""0, 
by eliminating ai, ..., a» between the equations 

But when it exists, it may also be obtained from the differential 
equation itself : the formal argument is as' follows. 

The values of /h* •••> Pu belonging to any integral given by 
^-0 are 

for rail, ..., ft; when these are substituted in the differential 
equation /»0, the latter bectmies a relation between #« «i» •••« 4^1 
and the quantities ai, ...» a. intnKluced by the derivatives of^ 
When the value of # given by ^ ■> is substituted in this relation, 
it becomes an identity : for it is thus that the original differential 
equation is satisfied in connection with ^ » 0. Hence some value 
of g given by the changed timu of /« is the same as a value of m 
given by ^ « ; for all such values, the two equations 

are equivalent to one another,/ being transformed by the intro- 
duction of the values of /h, •••» Pa* 
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can be retolved^ with regard to jHi ...» ji^. end thai ihe valuee 
^ Pi» •'•fPm thence deduced are aubetituted m/vO; the latter 
then becomes a rektiou between #, «^, ..., jth. If the rektion 
i providea an integi^ of the original equation, then * 

dM 

for r"«l» •••• M, the values of pi» ••••INi being the above values, 
£ and the values of ^, ..., ^ being deduced fiom the integnd 

1 relation. The latter are given by 

for r -■ 1, ... , H ; honce we must have 

Conversely, if this equation is satisfied, and if the initial assump- \ 

tion that the n + 1 equations determine #./>i» ••••|)b m functions of 
^,. ..,4^ is justified, we have ^ 

ds 

Cmt r « 1, ..., a, provided ^ is not zero. In that case, we have an 

integral of the differential equation: it is the singuUr integral 

But if the values of #, p,, ..., />« make ^ vanish, the inference 

cannot be made : separate investigation is then required and will 
come later. We thus have the following theorem : 

1/ tk$ equatioM 

l-•••••a^••r-4-.•••.^.*^^''• 

ar§ consigUnt with (me another, and if they determine #»|Hff •.-•Jib 
ae/uHCtione of Xj, ..., j*«, such that 4- doee not vaniA identieaUjf^ 



• * ThU luppotiUoB rtquifM Ihat lb« Hmmad of / doM nol vaniali dmolU. 
Moodjr wiUi Um «•«- 1 qiuiitiiiM/, /^ • • • ^ • 



I 
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ike value of t ihui given i$ an integral of the equoHont being the 
eingular integral. 

Of oourae, if the 2ii -I- 1 equations are not consistent with one 
another, no integral of the differential equation can be found 
by this avenue. 

And it must not be assumed that the locus, given by the 
elimination of |>,, .... p^ among the equations 

8/ ^ ^^^ 

9pn 

in the singular integral: if it exists, it will be included in the 
locus, but the locus may include other equations which do nol 
provide integrals. 

JSg. DiscUM in the prBoeding mspoer, so as to obtain singular int^gials 
(if anyX the sqoatioas 

(i) »-/h*i-t-..-+^rr«+«;^...fbJ 
(ii) («/h-«)(«/^-«)(«P»-«)-aV>iJ^/^J 
(iii) •-/(^f ...»i»Jf 
where^ in the last equation,/ is a poljnomial in its argumsnta. 



Exceptional Intborals. 
77. Now it may happen that the 2ii-f 1 equations 

are consistent with one another, but that (contrary to the hypo- 
thesis in the preceding theorem) they do not determine all the 
quantities f, pi^ ..., pn in terms ot r,, ..., «*« ; they may determine 
only a number of these quantities in terms of the remainder, say 

for r M 1, ..., m.! When these values are substituted in the above 
equations, each of them becomes an identity, KPm^-u •••• f^i being 
* regarded as functions of «|, ..•, ^n. In particSOar, /«0 is an 
identity ; and therefore 
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But the equAtioDs 

areaatisfitid identically, for rwl, ..., m, and/ftwl, ••.« a-*m»by 
the values in question ; also 

for «b1, ..., n: hence, unleiw d- vaouhM for the values in 
queation, we have 

for all the values of «. 

Thus the set of 2n -f 1 equations may be replaced by a set 

lV"i^r(««^i» •••»'•• *%lfm^u •••»/>«iX 
for r « 1, ..., m : and, ftx>ni their source, we have seen that 

that is, the quantities /i are the derivatives of $. Thus the set 
of m equations is a complete system: it possesses an integral 
containing a - m -f 1 arbitrary constants. 

Although such an integral has affinities with the complete 
integral, it can hardly be claimed as a specialised case of the 
complete integral: and although it has affinities with the 
singular integral, it can hardly be claimed as a generalised case of 
the singular integral. It may be regarded as belonging to the. 
as yet, unclassified aggregate of special integrals. 

Examples will be given later. 

Integrals of Equations of first order in two 

INDEPENDENT VARIABLEii. 

78. After the general diHcussion for equations in ft inde- 
pendent variables, it is unnecessary U> enter upon the similar 
discuHsiun for equations in two independent variables: but the 
results are mi important fi>r the latter set of equations, particularly 
in connection with the ge^imetry of ordinary space, that they are 
worthy of separate statement. 
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inlegrmL If the fife equations are inoonaistent with one another^ 
there is no singular integral. If the five equations are consistent 
with one another but are' equivalent to two equations only, which 
may be regarded as determining p and q in terms of x, j/i #, then 
the equation * 

ds^pdx^qdjf 

is exact after the values of p and q have been substituted: a 
quadrature leads to an equation, involving one arbitrary constant 
and providing an integral of the equation. Such an integral will 
be called special. 

£x. EiAin|»leii of the ordiiuMry iiitegrsU tliAt occur mo«t frequoDilj in 
ooimeoiion with the Miii|ileHt funun of oquatious are found freely in iexi- 
bookii. 

Am ad iUunirstion of the iDtegrsU here called, epecul, when thej arias 
through the proceia that, if otherwue favourable, allowa the deduction of the 
aiugular integral from the equation itaeli; cotmider the equation 

The five eqiuttioiia - 

/-^ |.. %^ i.,t-<. %*,t^ . 

are aatiiified bj lasO^ which ia a singular integral Thej alao are aatiafted bj 

jn _ ft 

and thej then do not determine i in terms of jt and y. When thaes valoss 
of /I and q are aubatituted in 

and the quadrature ia effected, we have 

where a ia an arbitrary couatant It ia eaaj to verify that thia value of i 
aatiafiea the differential equation, and therefore ia an integral 

In order to oonaider the relation of the integral thua deduced to other 
integrals of the equation, we uae Char|Mt'a method (§ 08) for the aolutioo of 
the equation. Writing 

f-Z^r+yy-i, N-jr^H-Jf*- 1, 
and equating to |</l each of the fraotioiia in Char|»it'a aubaidiaij equationa 
those become 

d» «» - 



$-;(''"-')• S-i(«-i*)' 



and wing the equalkm/HCl H< 

thftl i% OM blQgral of Cluurpit'a cqtiaUoM, hiTolTliif Um d et l f tU fi puiAft 
isgiffo by 

wfaera • k Ml Mrbitmrj ooiwUni When this to oomUMd wHh Um nrlflMl 
•quAUoQi tad the two eqnutioiMi are rmolfed for p end f^ no Ind 



tad Iheae ere lo be oabetltatad i b 

whkh tbeo b eoomee an eiact equation. We have 



thaito, 



after a qoadratorei no have 

-^-^-•|tan-U*+tan-«||, 

which may be regarded as the complete integral, eipreand la a fcrm thai to 
both tranmodental and irrational 

WriUng 

thto oomptote integral becomea 

^-ji^-^+et#+tan-i«f*-l)»}J ' 

The general integral to etpreestble in the ibrm 

p^-#'[#+tan-t{(f*.l)»}J 
The apodal integral, which waa obtained fai the form 

eaa be deduced ftom the oomplete Integral bj aaenmfaig a«a ^-' 
fmticiialtoing the reaoH: it can atoo be obtained IW^ '* 
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TIm aluguUr iotagnJ 8m0 oad Udorif^d from Um eonpleUittligittl^ 
In tbtt IbfiQ 

bj the m»Uwniry piooaMi: il omi alao bt dadiioed m a |MirtionUr om» of tht 
•peowl iDtogral, bj Um MMuimpiiou a-Oi 

79. A whole dam of equaiiooii puuHeaaiDg special integrals of 
the indicated type can be coustructed as follows*. Let 

be an equation which has a singular integral aooording to the 
formal Lagrangian theory : the values of s, p, q given by this 
integral must satisfy the equations 

Let the first two (or any two) of the last four consistent equations 
be resolved so as to express p and q in terms of the rest of the 
variables ; and let the result of substituting these ezpressioos tot 
/> and 9 in /{x, y, #. />. y ) be ^ (x, y, #) : then 

provides the singukr integral of the equation 

on the Lagrangian theory. 
The equations 



■0, 



are consistent with the preceding five equations. Moreover, at 
g(g, y, s) is the value of/(x, y, M,p,q) when the values otp and q 

given by ^ «■ and v^ » are substituted in /(«, y, «, p»,q)$ we 
have 



dx 



dx 



*'%■ 



and, simikrly, 

ay**a* ay+«a*' 

* TIm prooeM «m MigfMtod to m* bj a tmaaatk la a Isltar 
Objjitsl, dated IS Ifij, 1SU6. 
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both identically ; that is, these equations are satisfied idei 
hy Tallies of p and q given by 

when in addition to these two relations, we take 

where 9 (x, y, #) is the result of substituting the values of j 

"»/(«. y.'.p»?)- 

Now consider the equation 

F{k. y, #, />, g)-/(«» y. '• p, ?)-y(«. y» ')-o. 

If it p oss es s es a singuUr integral according to Lagrange's 
tiieory, this integral must be such as to satisfy, not merelj 
but also 

dF \. dF ^ dF^dF ^ dF.dF ^ 

The first two of the |^t four are 

dp "• dq "• 
when these are resolved for p and q in terms of m, y, t, th< 
of j> and q are such that 

/(*.y,*.p.?)-y(«,y.*), 

that ia, the three equations 

,..0 ?^-0 ?^-0 

'^-''' 37-"' aj""' 

an eqniTalent to two equations only, expressing p and 9 i 

Moreorer, it appears that when the specified values of 
are sabstitated in /{x, y, t, p, q), the latter becomes g{i 
henee^ after the preceding explanations and taking aooonn 
\vt§{m, y, »), the two equations 

identicaUy, that is, the equations , 
dF^ dF ^ dF^ dF ' 
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•re Mtufied identically. Hence the five e^uMions 

„ _ ai" . a** . dF^ hF . iF^ dF ^ 

'^'^' ^-"' di'^' a.'-Pdi'^' ^ + «&-<^ 

are equivalent to two equations only, ezprettdng p and q at 
functions of m, y^ b: the equation 

has a special integral. 

NoU. In what i>recedes, there is a tacit assumptioo that 
i^oO is irreducible; if, however, /*>-0 can be resolved into 
distinct equations, the argument is no longer valid. 

£x. 1. Ap|ily tbs |»rcoediiig prucoiHi to oountruct frum tlis cquatkm 

««(I+/i*-hy«)-X«|(*-l-/w)«+(y+v«)1. 
which hss 

liir a ninguUr intagral, soother equsiion which hss a special integiaL 
Kx» i. Caq the method he sppUed to the equatioQ 

for aiij vsloe of a t 

80. The preceding discussion has been concerned with the 
integrals that are derivable fr(»ui the amiplete integral of a partial 
differential equation \ a distinctive pn)pcrty of the complete 
integral is that the number of pAminuterH which it involves is the 
same as the number of independent variables. But integral 
equations, not distinguiHbtHl by this property, may be propounded 
for ct>nsideration : thus the number of parameters may exceed the 
nuuibf*r of indepi*nd<*ut variables ; and we have seen how an 
equation con arise as an iiiti*gral of a sist of simultaneous diffe- 
rential e«)uatii>nH, and then the number of {Sirameters involved is 
less than the number of independent variables. 

A very brief discussion is sufficient to deal with an equation 

^(*,x„ ..., J-^Uj, ...,(i«.)-iO, 

when m > n. It may, of course, be assumed that the m parameters 
are essential^, that is, are not reducible to a smaller number: the 
necessary and sufficient test is that the equation 

* la thf atniw adopted io Lie*i theory of gfoope. 
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18 not identically satisfied for any non-sero Tallies of C|, •••» «« as 
fanctions of a,, •••, Ow. Forming the equations 



-IL - ^ J. •. ^ — ft 



for r » 1, •••, fi, it nsnally is not possible to eliminate a number of 
constants greater than n among the n -f 1 equations 

^-0. ^-0,..., ^-0; 

so that usually, on proceeding to the eliminant equation* we should 
find that it contained m^n parameters. I( however, the appro- 
priate Jaoobian conditions 






are satisfied for each selection of n 4 1 parameters firom the set of 
fn, then the single equation resulting from elimination contains no 
parameters. The integral equation is then k special case of the 
general integral of the partial equation. 

Ar. The cqustioo 

iMdstO 

H is a spedal form of 



which is the general integrsL 

Classes of Integrals of a Complete System. 
n. Coming next to an equation 

♦ ('»^i» •••! ^m «1» •••» ^^w)"®! 

for which m< fi, we shall assume, as before in $ 80, that the 
parameters 0|, •••» Om sre essential. We shall also assume that 
the m constants can be eliminated between ^ -• and the n deriTed 
equations 

Ibr r- 1 «, to M to give n-m+ 1 eqaations intolving t, r^, 

•••• «W. Pt, '••> J>W. And we annme that ^ 4loea not ntnish in 
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Maoouiiim with ^ « 0. We then have the caae, whieh has already 
been oonaidered, of a number of siuiultaneouii differential equationa; 
theae equations form a complete set, because of their source ; and 
the Jaoobian method of integration has shewn how to construct an 
integnU ^ « containing m constants that are arbitrary. Having 
regard to the investigation in the case when m >■ n, which made 
the derivation of other integrals from ^mQ possible, we proceed 
to a similar quest and seek to derive other integrals from ^ >■ in 
the present case when m < n. . 

We proceed as before. The ti - m + 1 differential equations 
are the result of eliminating Oi, ..., a« among the equations 

*-0. ^,-0. -..^^-O. 

The course of the elimination takes no account of the quality of 
a,, ...« a«»: it will lead to the sam'e result if these quantities be 
changed in such a way that each of the ii 4- 1 equations is unaltered 
in form. Accordingly, subjec^t to this limitation, we make Oi, ••., 
a^ functions 4>f the independent variables x^ •••» ^nl ^^ the. 
limitation requires that the m relations 

i.i dui ix, 

for r ■> 1, ..., 11, shall be satisfied, conditions that clearly are suf- 
ficient as well as necessary to secure the invariability of form of 
the H -f 1 equations. Multiplying the n relations by dx,, ..., <ldr» 
respectively, and adding, we obtain a single relation 

in the differential elements : it is equivalent to the n relations and 
therefore, when satisfied, it suffices for the present purpose. 

This differential niliition can be satisfied in various ways. 

In the first place, all the quantities (/U|, ..., da^^ may vanish, so 
that all the quaiititii*s Ui, ..., a^ are constant. We then resume 
the original integral : on the analogy of the corresponding integral 
for a single e<|uatiou, we call it the complete miegral. 

In the second place, an integral equivalent of the differential 
relation may consist of /a equations 

jri(ai, ..., a«»)-0, ..., 9^(U|, ..., a.)«0, 
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and of these only. Obviously ^ cannot be greater than m. If /» 
be equal to m, then there are m equations involving m quantities 
a : each of these quantities is a constant, and so we fall back upon 
the preceding case. Hence we need consider only values of ^ that 
are less than m. As there are /a integral equations in the complete 
equivalent of the differential relation, the only relations among the 
diffisrential elements are 

and the differential relation 

iml Mi ^*^>.K 

must be satisAed in virtue of them. Consequently, ^ quantities 
X|, ...y V most exist such that 



and therefore 



2 ^daiM»\idgx^...'¥>^dg^\ 



for I M 1, ... , m. These m equations, together with 

^-0, 9i«0, ...,^p-iO, 

make up m-fM-fl equations: eliminating the m parameters 
Of , . . • , Oai and the ik multipliers V, , . . . , X^ among them, we obtain a 
single equation among i, Xt, . . . , r^. The value of g thus determined 
is an integral of the original differential equation : as before, we 
call it a general integral. 

In the expression of a general integral, the ftinctional forms 
9ii •••» g^ occur; and so there are various classes of general 
integrals, which arise according to the number of postulated 
relations. It is clear that 

and it is customary to describe a general integral, associated with 
|i forms, as of da$$ ^ 

The extreme case, when f^mm, has already been mentioned : 
the integral is then complete. The other extreme case, when 
^■>0, will be discussed immediately. 

As in the case of a single differential equation, it might be 
supposed that a class of integral, intermediate between the com* 
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plete integiml and ilie genend integnJi, would be obUined by 

a<^l ai CODSUnt, •••.OaiaiOOIiaUDi* 

and then postulating a number of relations 

^4(0,, ;..,a<)»0, .... jr«(ai, •..,a<)"0» 
where r < t, among the remaining parameters Oi, •••» oi. Effect- 
ively, these equations amount to m^-T'-i relations among the 
parameters Oi, ..., a^^, of which in - 1 are special in form : the cor- 
responding integral would be a specialised general integral of class 

114 -fT— I. 

Moreover, it can be provetl, as in the case of a single differential 
equation, that the most comprehensive general integral is of the 
first cliuis when the single relation is quite arbitnury: on this 
account,' it is sometimes called the general integral. 

There is one other mode of securing that the differential 
relation is satiHlied. It is possible that the equations 

cVi| 8um 

could hold ; the diffen*ntial ri*latiou then becomes evanescent, and 
so it Ci*aHi*s to have any necessary influence upon the organic 
variations under consideration. The equations 

may coexist and may be ccintfistent with one another : if the nttuilt 
of the elimination of a,, ..., a^ among them provides a single 
equation involving no arbitrary element, and if that single equation 
detenuines an integral^, the integral thus furnished is called the 
eingular integral. 

Ex, 1. The Himplotft ciumm arim) whcu thero are ouljr two indsucndept 
variablM. Thuii let 

^Bj>(i*jf^uxiBO; 

tli« value of i thua providoil iiati»llo» tbo two 04uatiuua 

* Tha reasuD fur IbU liuiilaUuu U »iiuilar to Ui« naaoa la Uie formar oaae 
(I 7S). KvMi when the prooi-M i% poMitle, Uta looue profitUil bj Uia aliminaol 
freqiMiillj i« ooiii|K>iita : toiiia of iu oompooeoU, t ? tiD aU tba eumpoDaoU, maj 
not ba integral* of the differential equation but may be looi of eingularitiee os the 
eompleta integral. 
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Tbeelimfaudionofa, beiweMi ^»0 and 

lettda to Ml eqiwiioii 

It b Msj to Teriiy tliat the-ralue of i given bj this ImI equation entlsAei the 
two ditferentiAl cqiiAtione: eooordinglj, it is a eingukr IntegnL 

Oeome t ricePy inteq)teted» the complete integrml is a fiMnllj of plMiei 
throogh the origin touching a cone which in the aingnler IntegnL 

&p. i. ObUin the eimpleiit diiferentUl cqnatlone Mtiefled faj the Tuliie 
of t given bj 

and prove that they pceaeee a singular integral r e pr ese n ted bgr 

£m. 1. Disoaas similarlj the equation 

f-ajr-fa^jr+o*, 
obtaining the two simplest diflerential equations whh)h H saiisllesi la the 



Prove that the equation 

p rov i des a singular Integral 

Shew also that the value of $ given by the original eqiMtlon sstisHee the 
two partial equations 

U the orlglaal equation the complete Integral of theae two equations f 
Eg, 4 Integrate the equatlcms 

and shew thai thy powess a singuhr Integral 

A;i. II has been seen (157) thai ihesimukaneoaieqaatioas 
ihitsgrali 
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Tbe VMpwtfra gaoend intagral* m evidmUj giTW by 









; 



A* 

And thara is no MUguUr lotegraL Tliera is a quaniioii m to tht feblkNi ol 
Um two oompleU iotagraU to one another. 

If thaj can \m bnmgbt into mioh relnUon that ona of tham oan be 
changed into the other, then (after the iweoeding diaouMion) we miut have ' 

all of whieh are Hatiafied bj the valuee 

In order that the two valuer of $ way be equal, we must (with theee valuea 
ofa and il) have 

The other equationa require that the relation 

be aatiafled : that thia may be the oaue, we muMt have 

that ia, b muat be a |>ure oonatant 

We thua aee that the oonditiona, ueceaaarj to aeoure that each of the 
complete integrala can be transformed into the other, are not aatiafled : the 
valuee of a and 6, which have been obtained, do not lead alter aubatitutico to 
the other integral The complete integraU are diatinot ftrom one another: it 
will be aeen, on reference to the coiiHtruotion of the integraUi that thej 
belong to different reeolutiooa of the original ayatem. 

But, on the other hand, by the nubhtitution of the valuea of a and A^ ^ 

both complete integrala lead to a new integral , 

i-2(jrHr^^«)*-|-6, 

which ia a fMirticular fonn of each of the general integrala. ' 

I 
82. The nggrogate of integmU, composed of the complete V 

integral, the general integnilH, and (when it exiata) the aingular 
integral, ia widely coniprehenHive : but for a complete set of 
diflerential equati«)n8, oh for a Hingle equation in the earlier dia- 
cuasion, the aggregate oaiinut be declared wholly comprehensive. 
The argument ia ainiilar to the argument in the caae of a ainglo 
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equation and therefore hardly needs to be repeated in the present 
connection* 

If any given integral is included in the above aggregate, the 
determination of its character is easily effected Let 

♦ ('» 'l» •••» ^1 «lr •••! Ow)"0 

be the complete integral of a given complete set of n — m 'f 1 
partial differential equations; and let 

be any other integral of that set If ^"0 is included. in the 
aggregate, it must be possible to assign values (constant or 
variable) so that the equations are satisfied, and so also that the 
values of g given by the two equations are the same. If the 
Utter condition be satinfied, the values of p^, ...., p^ must be the 
same. For ^ ■■ 0, they are given by 

^ for r ai 1, ..., n : and for ^ •■ 0, with values assigned to a^ •••» ^ 

such that the differential equatibns still are satisfied, the quantities 
j^, ..., Pn are given by 






0. 



for r»l, ..., a. If they are the same for the two integrals, 
we have 

for r « 1, ^.., n. Hence the quantities Oi, ..., a^ must be such as 
1 to satisfy these n equations and also the condition that the value 

y of # given by ^aiO is the same as the value of i given by ^ «0. 

( If these fi-f> 1 conditions give constant values for 0|, ..., a^t 

the integral fomished by ^ » is a particular case of the complete 
integral. 

^» If the fi 4- 1 conditions express Oi, .*., a^ m ftinetioos of the 

I variables, such that these functions are connected by a number of 

relations of the type 

the number of these relations being less than fii, the integral 
fcnished by ^-lO is a general integral 
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If tho ii-f 1 oonditioiia expra« Oi, •••» 0,1 in iems of the 
variables, the values being unconnected by any functional lelatioa 
or relations, the integral furnished by ^ « is a singular integral. 

But as m < n, we cannot affirm that the n 4- 1 equations must 
certainly determine the quantities Oi, ..., Oi^ without the intro- 
duction of relations aiuong the independent variables. In all 
instances, when Ui, ••., Um are not deteruiined in one or other 
of the foregoing fonus, the integral furiMshed by ^^0 is not 
included in the aggrugute of integrals OK^iciated with ^aiO; it 
belongs to the uncliuMified Hi*t of integrals previously called special. 
In such an event, the retaini^ aggregate of integrals assecikted 
with ^-•0 is not wholly compreheUHive. 

Us, 1. The two equAtioiM 

are s cooipleta not : fur 

iu virtus of /i-bO. ^ 

A oompleta iutcgral in funii<»hed bj 

a geusral intagrsl U funiiiihod bj 

whsrs|f is an arbitrary function; and tbsrs is no singular inUgraL 
It is sssj to verif J that the two equstions are iiatisfisd by 

no doflnits valusii can bo sMsigiied to a an4 &i sad no dsAniU ftma oaa bs 
assigned tory, no that thin iuiegiul can bo included in the foregoing sggrsgsla. 

Ex» i. Discuss the character of the integral of 

|»i-|»i-0, {l+(»-JP|-J-,-*,)*J/>,-l-|>i-f/>si-^ 
which is given bj 



li 



J 
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SiKQULAR Integral or a Oomplite System. 

83. When a complete set of mmultiineoas cquatioiui poesesses 
a singular iittegral,, the knowledge of the property of a single 
equation in similar circumstances makes it natural to enquire 
whether the singular integral can be derived from the complete 
set itself, without the intervention of the complete integral It 
is possible to do sd in cases when the equations possess (or when, 
without extension of their significance, they can be transformed so 
as to possess) a particular form, as will now be proved. Partly 
owing to the elaboration of the conditions even when the particular 
form is possessed, and partly owing to the fiict that a set of 
simultaneous equations in one dependent variable has nothing 
like uniqueness of form, an investigation into the general case will 
not be pursued. 

Suppose that, by appropriate combinations of the members of 
a complete set of n - m 4- 1 equations, it is possible to deduce one 
equation (or more than one equation) in an equivalent set which 
involves m, and not more than m, of the derivatives. As the 
complete set is assumed to possess a singular integral, we shall 
ftirther suppose that the equation in question is not resolved with 
regard to any of those derivatives^; and so we may take the 
equation in the form 

/('» ^» •••» ^» Pit •••» P«)"Ot 
the remaining n^m equations involving Pm-m* ••mI^ii or some of 
them in each equation, as well as possibly /i|, ••., p^^ Let the 
complete integral be denoted by 

^(g, r,, ..., «„, o,, ..., O«0: 
the values of the derivatives are given by 

for r-ily •••, fi; and the complete set of n — rn-fl equations 
results from the elimination of On •••• 0« among the n-f 1 



^-0. fi-0, ..., ^-0. 



equations 

• Ilwfflsp|itsfflhMillMsadjdtflialaNMlfsi«a«UioasrilMMIealfdl7ps 
«o«M tnhids Ibt cdsltM* sf a dngslsff iBtagnl, Wmms it wosM iHrf 



MS 



SIMQVLAB INnOEALS or 



[8& 



In partiottUr, the equatioD /« aelected finim the aet musl 
remilt from the elimmation : as it involves only pi, ...^fm ^Mii not 
p»^ii •••• Pm» it n^^t retMiIt from the elimination of Oi. •••» On 
among the m -I- 1 equations 

If wffd amume that all the quantities ^. ^, ...• ^« mpb imtional and 
integral, quantities X, X|, ... , X^i will exist such that 

/-X^ + X,^ + ...+X.^«. 
Now/ does n4>t involve any of the iiuiumeteni Oi, ...| a.: henoe. 
in ounnection with our iiitegml, we have 






+ X« 






for i — \, .,., m. Thu oingiilnr integral is given, in eonnectioii 
with 4-0, by 

and therefore the singular integral, in connection with ^•■Oi 
requires that the equations 



for i«l, ..., Ill, be^tiiified. These m equations are linear 
homogeneous in X| , . . . , X. , and the determinant of the coefficienla is 

3(». * m) 

a(tt„ .... ttg,)* 

which does not vanish (the elimination would not be possiMa if 
this quantity were to vaniuh) ; hence the singular integral reqoirea 
that 

Xi-0, ..., X«-0. 

Again,/ involves pi, ••., p^, which do not occur in ^ and occur 
only individually in ^, ...» ^m reH|KHrtively : hence, in connection 
with the integral ^ « 0, 

dp, *^dt' 
fi>r r«l, ..., m. CouHoquvntly, the Hingubur integral requirea 



<l' 



V 
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I 
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and the singular integral mtisfies 

/-O: 

hence it may be pomible to obtain the singular integral by the 
elimination of p,, ..., jy among these m 4- 1 eqiiationsi 

The equation that results firom the elimination is not necessarily 
an integral of /« : if it is, the relations 

must be satisfied, when the derived values of pit •••, p^ are 
substituted. And in order that it may be an integral of the 
remaining n * m equations of the system, esich of those equations 
must be satisfied when the values of p,, ...,p^,$ nre substituted. 

It therefore appears that when a eomplde $et q/* n — m -I- 1 
equation$ pos^esHs a iingular integral, and when an equation can 
he ejected or compounded from the eet involtring only m of the 
derivaiivee in a form 

/(f, «|, ..., «•„, Pit ..., |>m)«*0» 

the eingulat integral may be gittn 6y the elimination of p^^ •••»P« 
between the eqttaiione 

/-o» ^-0 ^-0; 



the conditioni indicated must be eatiefied in order that the etiminant 
may provide an integral ; and, when they are eatiejied, the riinUnant 
provee the eingular integral. 

Rg. 1. OoDsider the ^jslem 

in Ei. 1, 1 81. 

An equation of the required type is tonished by 

the asBoeiated equation Is 

SUmlnalif^li between theee equation^ we have 

4yf4J^iiiO| 
the vahie of t thiM given salisiles both eqoallonB of the qreleai, and therelore 
HIsaeinfiilsrinlepmL 
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Anoihtr tqiuiioo of Um rtquirad tj|w i« fUrainliad hj 

KUniinAting ^ batwMO thene eqiutioQii w« hava 

*«(jr«+4y«)-a 

The aquAiion jp»0 doM not provida aii lutegnL TIm equation j*-f 4)^«Q^ 
•• bafore, doaa |irovida ao iot^^nd which aLxxirdiogly ia tha aingiilar ini^iraL 

£jf. 1 ObUiu all tha iutegraU of tha a/atain 

and ahaw that tha aingokr iiitogral can ba deJuoad Arou tha diftcantial 
aquationa. 



< 



CHAJ>TER VI. 

Thb Method of Characteristics for Equations in two 
independent variables : geometrical relations of thb 
VARIOUS Integrals. 

For the maieriAl of this chapter and the next, which are limited to 
equations in two independent variables, reference should ho made in the first 
place to Cauchj*s discussion as given in the section of his Extrrun danalyu 
sT d€ pktf$iqH« math/matique (quoted in { 84), and to the exposition of 
Cauchy's method given by Mansion, in his treatise already quoted (p. 100). 

A considerable portion of the chapter is devoted to the geometrical 
interpretation of the analysis, particularly to the interpretation of results by 
the geometry of ordinary space. For this portion, reference should be made 
to Darboux*s memoir, M(m, des Sav. Arang,^ t xxxn (1080), dealing with the 
singular solutions of |)artial equations of the first order ; ample use has been 
made of the memoir. Reference may also be made to Monge's treatise, 
quoted in { 97 ; to Qoursat's treatise, (quoted on p. 55), fiarticularly 
chapter ix which is based upon Darboux's memoir; and especially to a 
memoir by Lie, Math. Ann,, t v (1872), pp. 145— S56. 

M. It has been seen that, in the method of Charpit as 
applied to any equation of ^e first order in two. independent 
variables, and in the method of Jacobi for any equation in n 
independent variables, the first step towards the solution of the 
equation consists in the construction of an integral of a simultaneous 
system of ordinary equations. 

As introduced by these methods, the system of ordinary 
equations is subsidiary to the integration of a homogeneous linear 
partial equation of the first order; th^re are, however, other ways 
in which they can ariso.^ Two of these will now be expounded ; in 
presentation, and in significance, they seem distinct horn one 
another^ but* they will be found to be ftindamentally the same. 
P^vUy for the Mke of simpliciiy, and piurily because of the associated 
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geometry, we Bhail begin with equaiiooB that involve only two 
independent variables; the diacuiittion of equations involving n 
independent variables can be uiade briefer, atVer the explanations 
in the simplest case. 

The method adopted^ by Cauchy t^r the iDonstruction of the 
equations was originally propounded f by Amp^ ; it is based upon 
a change of independent variables, ch4i8en so as to simplify relations. 
Let these be changed from x and y to je and u ; then y, #, p, { can 
be n^gardeil as functions of x and u, and, whatever be the differential 
equation, we have . 

. au 'ail* 

Am u mmI a aru iiMlupuiidfUt VHriubKtt, it folluwa that 

a /a»\ a (dt\ 
auW/ aiW' 

duKdx) djt\du)' 

substituting in the former relation and using the latter, we have 

3^ 3y 3y _ 3j 3y 
dtt dx du di4 dx * 

When the proper values of y, /, i>, y as functions of m and n are 
substituted in a differential equation 

it must become an identity ; hence, writing 

a»' ay' a** a^** dq '^. '.*.''.v. 

KspectWely, wu havu 

* Kjurtkti d*anal^$9 it ii pk^iique matMrnaiiqut, t. U, pp. 9B8— S7t. Thii it 
daUd 1841 1 bal tht nMtaoir, wbkh oonUincil a tnH tipotilioD of Gsoebj't Ibtoiy, 
WM poUlslMd ia 1S19. 

t In hit maoioir of 1814, to wbkh nhnuc— wiU U gifta wthMqaoa^j. 
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Inserting the above values of ^ and ^ in the second of these 
equations, it becomes 

As the variable ti is thus far at our disposal let it be chosen, if 
possible, so that 

then, as y cannot be a function of m alone so that ^ cannot be 
tero, and as ^ cannot be a permanent infinity, we have 

Inserting in the first of the two derived equations the above value 
of 2-, and the values of ^ and ^ given by the equations just 
obtained, we find 

Hence there are four equations involving derivatives of y, 'i p» 9 
with regard to x alone : they can be taken in the form 

These do not contain derivatives with regard to t» nor do they contain 
u itself; hence, if we take these equations in the form 

dx dy ds dp da 

and obtain their integraln, the arbitraiy elements that arise in 
those integrals will be fiinctions of 11 in the most general case. So 
fitf as these equations are concerned, the trUhrari «\«isftT^AtA9K)\sR^ 
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made arbitraiy fiinciiooi of ii: but other eqiuuions must be latiBfiedi 
vii. 

anil these uiay iuipuee liiuitatioim^. 

It will be noted that the above set of ordinary equations is the 
same as the net in Charpit'a uiuthod (§ 08). 

8S. To Hatrnfy the rt*quireiuentH, we proceed from the known 
thcMiry of ordiiuiry e<|UAtionii. If P in not an identical lero for our 
problem, that iH, if it cIui^h not vaninh for all values of five argu* 
mentH X, y, i, p, q, titni by a condition 

then valuiti x,, y«, i,, p^, 7, can be aHsigntHl to the arguments such 
that P dtiiti not viuuHh, providiHl * 

Further, suppiwe that 1\ Q,X, T, Z are regular functions of ;r, y, b, 
p, q in the vicinity of these valui^s. Then it is known, by Cauchy's 
thiMiri*nit on the integrals tif unliuary liquations, that a unique 
system of inU'gnUs exif^tn ; they give y, f , />, y as regular functions 
of x and these acquire values y,, /«, ^, y. when x«x,. 

If P \H an i<lentical zero in the sense explained, then we con- 
sider Q. If Q is not similarly an identical zero, we proceed as 
above making y the inde|K*ndent vau'iuble tor the ordinary system: 
and with the same hypotheses, we obtain a sia of integrals. 

If Q is an identical zi-ro in the sense explained, then we should 
pnK*c^Hl to ctinsider X -f pZ, making p the independent variable ; 
and if that wei-e t4i tail, we should C4»iisider Y -f qZ, making q the 
indepi*ndeut variable. We should obtain a set of integrals save 
only in the eiiM-, whin all the iHiuiititms 

i'-O, 0-0, A'+iiZ-O. r+jZ-o 

are satistiiHi tor values of x, y, 1, y>, q, which obi*y the relation 

• Tb* e<|UAtion 

CM ex ou ex cu 
impoMs DO sddlUooAl limitmlioo : il ia uiUfled in virloe of tho oiiostiooi wtaino^, 
being a mora doduotion frum tbem. 
t 8m vol. u oi thit work, eh; u. 
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This case is obviously exceptional : it provides what has already 
been recognised as the singular integral, and consequently it will 
be set aside firom the present investigation. It may or may nol 
occur: when it does occur, its relation to other integrals will be 
considered subsequently. 

If then, setting this case aside, we take jft, j^, p^^ g, as ftinetions 
of n satisfying the relation 

/(«••. yt. if, Ft, gt)-0, 
we have a set of integrals of the system of ordinary equations ; and 
these are fortber to satisfy the equations 

Let 

SO that JF is to be sero : thus 
dE »s 






9jp dxdu 
But the quantities already obtained satisfy theequatioii 



and therefinne 
Hence 
Now 
so that 



vx9u du ^dxdu dudx' 

dE 3|p . 9? ?y ?2 ?i 

5Jf " 8ii du dx'^ du dx * 

dy Q dq Y±qZ 



Our quantities are required to satisfy /{x, y, m, p, 9)«>0, and 
therefore 



/ 
hence 
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Now after the earlier ezpbmation^ we rnaj amuM thai P ia nol 
ideniicaUy ien>, thai it does not vaniah for the values jc^, y^. j^^ f^, 
ft of the variablee, and that Z and P are regular fiuictioDa of the 
variablea in the vicinity of thl^e values : henoe, if 



< 



-pdx, 



the quantity / is regular in the vicinity of the arguments, and it 
vanishes when o^^Xf If we denote by E^ the value of JP for the 
values 't^yt, ##• fb* ft of the variables* then 

Now J? is to vanish, and #*' does not vanish : henoe we must have 
that is, we must have 

86. This equation can be satiiified in two ways. First, suppose 
that y« is not independent of u : us a has not hitherto been made 
precise, we take 

yt-M. . 

Let ft "■ ^i^\ where ^ is an arbitrary function of a; the equation 
will be satisfied if * 

and the value of /), is then determined by 

With these values, the equation E^O\b satisfied' 

In the second place, suppose that yt is independent of tc : as it 
is a value of y when « ^x^, we take it to be an arbitraiy constant. 

The equation is then satisfied if ^* vanishes, that is» if j^ is 

similarly an arbitrary constant. Then y« can be any function of 
M ; and jj^ is given as a function of u satisfying the relation 

/('•. y.. *t»Pi. 9t)-0. 

With these values, the equation i?->0 is satisfied. 

Now the integrals of the system of ordinary equations are 

y-yl-r.^f. i../^, «•). 



[ 



I 
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In the former of the above canes, when it is eliminated between 
the first two equations, a relation is obtained involving «, y, b and 
an arbitraiy fiinction; if it gives an integral of the original 
equation, the integral so given is general. In the latter of the 
cases, when p^ and q^ are eliminated between the first two equa- 
tions and /(jc^, y«, #», pt, q^ «i 0, a relation is obtained involving 
«, y, f and two arbitrary constants : if it gives an integral of the 
original equation, the integral so given is compUU. 

It therefore remains to prove that the relations thus obtained 
actually satisfy the equation 

Now y and t , obtained above as functions of m and if, satisfy the 
equations 

3t . 8y 3* 3y 

hence, when u is eliminated so as to give a single relation between 
m, y, #, the quantities p and q are the derivatives of b with regard 
to m and y respectively. Further, the values of «; y, i, p, 9 are 
auch that the equation 

is satisfied identically, that is. 
Also, as J^flB 0, we have 

. and as 7- ai 0, we have seen that 
dm 



that is. 






or 



Henoe / is oooBtant: its Tdae when •>i^ is ssio! lisiiee its 
vdne is sero slwsys, that is, the qtiantities so obtsiaed sstis^ tht 
cqastkm 
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Wa ihui obtallKhe getmral integral and the eompUU iuitgral 
in the respective caaea. In the ooiine of the prqoC it was aeeii 
how the tingular integral could arise exceptionally : when it aroee, 
it was recognised: and the analysis proceeded with the alterna- 
tives. Moreover, it was assumed that JT, Y, Z, P, Q are regular 
functions; if this is not true, the results are not necessarily 
applicable to the equation and then integrals may arise which are 
$pecial iniegrali, though these are not the only special integrals 
that may arise ^. 

Daruoux's modification of Caucuy'8 method. 

87. The preceding exposition is substantially due to Cauchy : 
a mudification in the treatment of the ordinary equations has been 
introduced! by Darboux, which has the further advantage of 
permitting an easier discussion of singularities. The equations 
are taken in the form 

dx dy ds dp dq , 

and they are regarded as determining the five variables m, y, t,p» 9 - 
in terms of t, the arbitrary quantities that occur being made 
functions of a variable 11, as bt*fore. The establishment of the 
results is simpler than in the Cauchy treatment 

We assume that, when^ I » 0, the five variables acquire values 
'•» y»i '•! i^i V»» subject to the relation 

/(•^t. yt.^t. />•.»•) -0, 
and that, in the vicinity of these initial values, the functions 
-P. 0. i>P + «0, -r+/>^. Y-k-qZ are regular. Then, by the 
theory of systems t>f ordinary equations, a unique set of integrals 
exists, being regular functions of i and acquiring the assigned 
initial values when t^0\ let them be 

^ - X (e, X*. y„ 1.. /)„ q.\ 
P^P(t,x..y.,z.,p^,qX 

tf " V U. •^t. y.. *•. A. Vt)- 

. * 8m, for IntUnM, | 81. 

t **MAmoiis sur Uit toluliona •iogiiii^ret...pr8iiiMr ordrt,** Jf^«. 4» flmti. 40 
Frauet, t. uvu (ISSO), | 94. 

X Mo geiMrAUly k gained by Uking f , m an iniUal Tains lor Is tha oi^J 
diflumDM it Uiat I - 1^ aomat in place of I. 



87.] cauoht'8 mrhod sis 

MoreoTer, we have 

on mibstitation : thus 

/('» y» '» P»4)^^ quantity independent of I 
» its value when I « 

-/('•, y.» «# • A, q.) 
-0. 

80 that the above values are connected by this relation. 

If this is to be equivalent to the original differential equation, 
then p and q must be equal to the derivatives of m with regard to 
w and y: the requirement is met as follows. Let the quantities 
«t» 99$ ^f P$f 9f be functions of u, a new parametric variable, so 

Ithat «, y, #, p, 9 are now functions of < and u. So fitf as variations 
with regard to I are concerned, the system of equations gives 



Let 

then 

and 



P ds dw ay. 

Vm d^x »y dpdx dq 3y 

^ar ajay apa« aj^y 
"au ac'^'aw ai "ai ati"ai du 

on substituting fW>m the equations. But 

beoMue the valaei of m, y, », p, q MtisQr the eqaatton 
/(«.jr.*,Pij)-0; 



su 

hence 
BO that 



OAUOpx'S rOBM 

0. 



[«r. 



■E'Ett 
where JP, denotes the value of E when < •■ 0. Now JT ia a wgular 
function of f in the vicinity of («0, and therefore I Zdi is finite. 
Hence it is necessary and sufficient that the eqtwtion 

should be satisfied in order that E may vanish, that is, 

88. Thii equation inay bu Batisiied in three distinct wayt. 
' In the fint of these ways, both x^ and yt involve u ; in thai 
cose, let 

^•-/(m), y.-flF(w). ii-A(MX 

so that the relation 

becomes an equation which, with/(x«,y«, j«, ji^, f^) « O/detennines 
p^ and 9«. In the second of the ways, only one of the variablea 
4^ and y« involves ti, say y^* in that case, let Xt«a» 3f^">«» . 
*f"fl^(«*); then 

and the equation /(<r«, 'y^, i«, />,» 9«)«0 determines p^. In the 
third of the ways, neither of the variables jr« and y^ involves u: in 
that case, let x^ * a, y» « /9 : then !« doi*s not involve u, and we may 
write r« « 7, where a, /9, 7 are constants, and /(a, /9, 7, |)b, ^t) «■ 0. 

In all these ciuies, we have E^^O and therefore E^O, that is. 
and we had 

a«-^a« + «^- 

These relations shew that, when x is expressed in terms of « and y 
consistently with the relations obtained, its derivatives with regard 
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to m and y^trep and q. Moreover, we can prove, exactly as in { 86, 
that the equation 

/(«.»•*• A g)-o 

is satisfied : thus we have an integral of the original equation. 

Consider the three cases in turn : for all of them, we havie to 
make the respective substitutions in 

M^s(t,r.,y.,z.,p.,q.y. 

In the first case, we eliminate i and u between the three 
equaticms: there results a single relation between «, y, i. The 
assigned initial conditions are such that «•««, y"y«> ^^^t 
functions of a variable parameter h: or getting rid of u by 
elimination, we can say that, when some relation 

is satisfied, then i becomes some fimction of a and y. No limita- 
tion except regularity has been imposed upon the fiincticms : thus 
i becomes ah assigned arbitrary function of c and y, when these 
are connected by any assigned relation ^(^r, y)a*0. The integral 

IS y€fl€ltll. 

In the second case, for the initial conditions, we have c«c^«a, 
yMy^aiti, i«f,aiy(tt), that is, whsu ir«a, Mmg(jf), Hereycan 
be an arbitrary function. We have a special form of the first case, 
obtained by writing ^(c, y) • «?-- a. The integral is general. 

In the third case, we have to eliminate three quantities f, j)^, q% 
between the (equations 

«-c(e,a,/9,7,|».,9,X 

y-y(<.«iA%|»i.gfX 

i^M{i,%fi,y,p.,q.% 

The resulting equation involves'o, /9, y arising as values of #, y, m. 
One of these may be taken as an initial value: the other two may 
be arUtraiy. When they are quite arWtraiy, the integral is 
oofiipMi* 
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All regards the derivation of the reeult, it ia to be noted that 
the values of p^ and q^ are given by 



y^^^t 






if/ be a regular function of its arguments^ the two equaUons can 
be resolved for p^ and j*, provided the magnitude 

dp^ du dq^ dtt 

does not vanish. We may asHume this to be the case for the first 
two of the three altemativus, because we have excluded the 
hypothesis that P« and Q, are zero : it does not arise for the third 
alternative. 

Again, the equations for x and y may be resolved for I and ii in 
the vicinity of I « and ii «■ t<«, provided 

dxdjf d^dx 
dt'du'^'dtdu 

does not vanish there, that is, provided * 

^* du ^* du 

does not vanish: this is the above magnitude, assumed not to 
vanish. The values of t and u so obtained are substituted in the 
expression for m, which becomes the integral 

It might of course happen that P« «■ 0, Q, •■ 0, without X(| -k-p^iU 
and F,4*9e^ vanishing: the possibility is discussed later (Chap- 
ter VII, § 109) and will be seen to provide a singularity. 

89. The preceding analysis and argument are valid in estab- 
lishing this result, save in one set of circumstances controlling the 
hypotheses adopted. It has been assumed that P, Q, X'¥pXt 
Y-hqZ tSLTM regular functions of their arguments in the vicinity of 
the values x^, y„ '«>/>•* q^'t but if, fur all sets of values satisfying 
the necessiuy relation 

/(*•. y». ^•.i>«. 9«)-0. 

it should happen that 

p-0, Q-0, jr+|iZ-o, r+jZ-0, 



jl 



il 
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then the only regular integrals of the qrstem of ordinary equations 
are 

ip-«^, y-yt. *-^. p-A. j-9». 

and the results can no longer be established. 

The case, as before, is usually that of the tingular integral : it 
is put on one side, for it admits of other treatment as follows. The 
equations 

/-O. P-0, Q-0, X+pZ^O, Y-^qE^O 

coexist If it is possible to eliminate p and q between them, there 
will result an equation between r, y, m, which is the singular 
integral If it is not possible to eliminate p and 9, then,/being 
supposed irreducible, they will serve to determine p and q : the 
values of p and q are substituted in 

dt^pdxArqdy, 

and quadrature leads to an integral involving one arbitraiy con- 
stant : it may (§ 78) be regarded as a specialised or particular form 
of the complete integral. 

Further, if P, Q, X'¥pZ, Y-^qZ are not regular functions of 
their arguments, the inference as regards the ordinary equations 
cannot be made and so the result cannot be established. Special 
integrals can thus arise : but it is not the only source of such 
integrals. 

90. One other exceptional case requires special mention, vis. 
that in which 

pP + gQ-0, 

though neither P nor Q vanishes : it is a case which occurs when 
/ is homogeneous in p and q of any degree. An integral of the 
ordinaiy equations is then 

M «• quantity independent oti 

and if it should happen that we are dealing with conditions leading 
to a complete integral, it js clear that the equation f ■■ J« cannot 
be used for purposes of elimination. 

As in oovrespooding diflSculties (£ 68, 59X we use a Legendrian 
transfonnatioii, introducing a new variable / by the relation 



S18 QKNUUL UmOEAL [00. 

and aoBigning other awooiated variablea in the form 

The quantity f'f -f g'Q' which occurs in the modified cytlem ia 
obtained firom 

by making the above subfltitutions ; this does not vanish in general, 
and so the proot^ss can be applied to the modified equation: the 
integral of the original equation can be deduced as before. 

Soie 1. Both in Cauchy's method and in Darboux's modi- 
fication, an integral has been obtained which has been declared a 
general inti*gral. Its expri^ssion certainly contains an arbitrary 
fiinctiiin in the leiutt restricted case ; but this pniperty is not, of 
itHi*lf, Hufficient to si*cure the chanwter in the customary funa, 
A geiienil integral is given by the elimination of a between the 
equations 

that is, one of the equations is the derivative of the other with 
regard to the parameter which is to bo eliminated Of course, when 
the elimination am be actually achieved, this relation between the 
two ei|uations disappears ; usually, however, the expression of the 
general integral miuit bo left in this form. 

In particular instances, the result can be verified by bringing 
the last two equations into an equivalent form which exhibits the 
relation characteristic of the general integral. 

NiiU 2. The general integral that has thus been obtained is 
the integral specified in Cauchy's existence-theorem. 

Taking the simpler form, we have an integral such that y ""y* 
and xai^ai^(y,), when x«bj*„ where ^ can be any function 
subject to the conditions involved in the existence-theorem for 
onlinary differential equations: in other words, the integral is 
such that 4 acquires a value ^(y), when x« x,. The conditions 
have relation to the regularity of the coefficients in the ordinary 
equations and of the integrals of those equations; they are the 
same as those set out in Cauchy's existence-theorem, and so need 
not be repeated here. 
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Of ocmne, it must not be assumed that, if all the oonditiom 
reqnired in the proof of the theorem are not satisfied, the integral 
does not exist: in such a case, we merely are not in a {XMition to 
affirm ita existence. 

Ex, 1. An example is giren by CaucI^*: be diicussss the eqnatioQ 

The initial Tahies must be such that 

, The mbridiaiy ijslBni of ordinary equations is 

dx cgf dM_ c^ di 

and a imlqQS ijslem of regular integrals sslisiyiBf aD the eonditlons la 
given \ff 

the same branch of the irrational quantity being taken In f as Id y. We hate 

(t-i^)«-(y"-yb«)(*«-*b«); 
when we take, in aooordanoe with the preoeding theory, 

yo-«», «o-*(t«), »o-*'(aoX 
ws hate a general integrsl giren by the two equations: and when, also In 
aceordanos with the preoeding theory, we take 

whero • and /I are arbitrary oonstaota, the second equation becomes 

giving riss to a complete integral And ibero is no singular integral 

If the subsidiary equations ars treated b7 Darboux's method, they can be 
taken in the Ibrmf 

• £.tHln,p.t49. 

t Tks Bsw fariable I Is at oar aitpoMi, and any modlfleatioa IsBdIag lo rfaiplUtf 

■Mj ks sdoplsd; aeeofdiBfly, ^ Is ekosm laHead ef Jl, as lbs 

I vales ef te ftaetloBS fai lbs sal 



sso 



■XAMPUS 



[9a 



Intograb of tiMMk whioli gin J!i,f»,%,f%.9i m tU valuM of «^|r,%JM. 

Tli« Ant thvM •quatioDB gir« 

(•-ly)>-(y«-y-«)(4^-*^«): 
tot jMumptiomi 

ImuI to th« gauonU iutagnl m Wore, on tbt tUmiiifttion of •: IIm 
AMumpiioiui 

Inul to ill* oompleie iotagnl m cuntaiiieil iu tb« aiaooud of tbt two •qtulionk 
JEi*. S. DiMCUM •tmiUrly the equAtion 

obtAiniug ita cumpleta integral and Oh general integimL Ave thera ai^ 
Umitatioua upoo the initial conditioiia caiuied bj tlie fbrm of Um eqnatioa f 

(HanaoQ.) 
Ex. S. Integrate the equation 

where a in a oonMtant (Maamon.) 

£*. 4. An a alight Tariation in the detaiU of working in aoj particular 
question when a Cauchj integral is reqiiirod, we obtain the integnd of 

Xip-k-jftii^X^f, 

which in auch that « beoonietf ^ (y), when x—x^. 

The ordinary equationa are 

dx dji (U 

Jti" yi^pxs-k-^jlfi "" . 

both jf and i can be expreiidcd iu terma of x, on uaing the original equatioUi 
bj integral* 

«[ m conataut, f< - xjf » couataut. 
We take jfwu and f»^(M), when x^x^,: thua 
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KUmiDaliiig m* tlie reUtion is 

'-^-{♦(?,))'-?'. 

irliicb giTBS the intogral in qooBiion. 

In tliUi otae^ there is no limitation upon the form of the Amotion ^ 

Oeometkt op the Integrals. 

91. It 10 found convenient, particularly for equations involving 
two independent variables, to associate geometrical considerations 
with the analysis. A slight use of this association has already 
been made (§ 21), by way of interpreting an integral of an equation: 
we shall no^r proceed to greater detail, particularly in order to 
indicate the significance of the various equations, to illustrate the 
relaticms of different integrals to one another, and to discuss some 
at least of the singularities which have received no more than 
passing mention in the preceding sections. The differential 
equation, when there are two independent variables, is taken to be 

its complete integral is taken to be 

where a and h are arbitraiy constants ; and 6ther integrals can be 
deduced by methods already explained. 

The equation ^ •■ is the equation of a double fiimily of sur- 
fiM^es. All these surfaces are such that /""O is satisfied; con- 
sequently, they are. said to satisfy the differential equation* Also^ 
/« is given by the elimination of a and 6 between the equations 

*-<>■ .t*''f.-'>' %*ft-'>- 

Through any point of space m, y, m, there passes a simple 
infinitude of the surfiMses. The tangent planes at the jioint can be 
represented by the equation 

where if^ }f% ^ v^ current coordinates; and the normals to the 
•uHaoes are given by the equations 

i^-« y-y /-* 

P « ^^ 



sss 
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All iheae normals lie on the cone 

this cone of normab will be denoted by if. The reciprocal of the 
. cone of nonuab ia the envelope of all the tangent planes at the 
point to the aur&ces satisfying the differential equation : this cone, 
the envelope of the tangent planes, will be denoted by T. 

The equation of the cone T can be simply constructed as 
follows. The tangent plane is 

we require the euveloiie of this plane, subject to the condition 
f(x, y, «, p, q) » 0, and therefore we have 

0-(j:'-«)c/j> + (y'-y)d9, 

so that the equation of the cone T is given by the elimination of 
p and q between the equations 

dp dq 

/(•**. y. *. ;>. 9) - 

The result will obviously be of the form 

Moreover^ the equations of the generator of 7» which lies in iha 
tangent plane in question, are 

dp dq ^dp^^dq 

this generator is the line along which the tangent plane tooohea 
the cone T, and it obviously is perpemlicular to the corresponding 
normal on the reciprocal cone N. 
Again, take any plane 

in space : if this plane touches an integral siu-fiice 
♦ (*. y, *. a. fc)-o, 



\ 
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the point of contact is given by 

The coordinates of the point of contact satisfy the equation 

/(r,y.i,«,/8)-0, 

whatever a and 6 may be: and, of course, as thepoint lies in the 
plane, we have ^^ 

But the two equations 

jr-flM? + /8y + 7, /(«. y, '. «, /8) - 0, 

determine a plane curve : owing to its source, it is the locus of 
points of contact of integral surfaces with the assumed plane. 
This curve lying in the plane will be denoted by 0. 

Moreover, as this plane touches a surface at the point c, y, i, it 
touches the cone T which is associated with the point ; we may 
therefore regard the curve C as the locus of those points in the 
plane at which the plane touches the associated cones T. And, 
conversely, a cone T associated with a point is the envelope of 
those plimes whose curves C pass through the point. 

Consequently, the integral surfaces which satisfy the differential . 
equation can be regarded in two ways. On the one hand, all those 
which pass through a given point have their tangent planes 
enveloped by a cone T: on the other hand, all those which touch 
a given plane have their points of contact with the plane lying 
upon a curve C in the plane. Each of these is obviously deducible 
from the other by reciprocal polars. 

Ex. 1. Shaw that if the curve C is a degenerate ounre, oompoeed of a 
number of Mimight linesi and if the (Legendre) transformation 

f-iur+jy-j 

It applied to the partial difierential equation, the tnmsfonned difierential 
equation Is linear. 

(Qoursai) 

Kg.% Shew thal| If integndsnrliMes be given by an equation 

(•e-|.a<l+ey-l)»-(ai4-»»-Kf)(e^4-/i»-l-A 

%$ti being given constantSi and a, t^ e arUliaiy oooslants sul^ to thir 
oondHloa^ Um eorvis (7 aia eirdes. 

(tGkM3MkV\ 
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CiuRAORRunriGs: tbub FBOPumsa 

98. Now oonaider a general integral aa deduced firom a oob»* 
plete integral ; it ia given by the equationa 

where g(a) ia an arbitrary function: the Burfiioe, represented by 
the general integral, is obtained by eliminating a between the two 
equations. The equation ^ «• is one of the surfiuses induded in 

the complete integral; the equation ^""0 then determines a 

curve on the surface ^•O, being in fact the intersection of ^""O 
with the surface that imseH from a consecutive value of a; the 
curve thus given, for any value of a, is colled a characUruHe of the 
surliioe ^ n 0. The general integral, arising from the elimination 

of a butwi*i*n ^wO and -.- ""0, is thus the lucus of the character- 
istics of the surfaces ^ •■ 0, which arise for any one function g and 
for all values of a. 

On any surface represented by a complete integral, there is an 
infinitude of characteristics : they arise because jp(a) is an arbitrary 
function which can be ossigned in an infinitude of ways. Through 
any ordinary point on such a surfiu^e, there passes certainly one 
characteristic : for, at that point, there are two independent equa- 
tions to <letcrmine a and g(a). Moreover, through any ordinary 
point there passes only one characteristic in general : because the 

two equations, ^ » and -X « 0, in general give unique values for 

the ratios dx : du :dz. 

At any point t»n a characteristic of ^ « 0, the curve is touched 
by the Uuigent plane there : it is also touched there by the tangent 
plane at that ptiint to the consecutive surface, because it lies on 
that surfiice. Hence the timgent line to the characteristic is the 
intersection of the tiuigent planes to two coirsecutive sur&ces 
through the point, that is, it coincides with the generator of the 
cone T along which the cone touches the tangent plane to ^«0. 
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The general integral touches the surface ^^O along the 
characteristic On the surfiice ^^0, the tangent to the suriace 
is determined by the values of p and q which are given by 



^^^^-o. l-'^o^ 



At that point on the general integral, the value of a is given, in 

terms of x, y, m, by ;p""0: when this value of a is substituted 

in ^ •■ 0, the values of p and q determining the tangent plane 
to the general integral at the point are given by 

that is, they are the same as for the tangent plane to ^«0, 

d6 
because ^-"■O. As the tangent planes are the same at every 

point, the genera] integral touches the surface ^aO eveiywhere 
along the characteristic 

Further, if two integral surfiices touch at a point, they touch 
everywhere along the characteristic through the point: for each 
of them touches the general integral eveiywhere along the 
characteristic 

Again, general integrals arising firom the assumption of 
different forms of arbitrary, function represent different surfeocs, 
being the loci of the characteristics: it is natural to enquire 
whether two different surfaces representing general integrals have 
any characteristics in common. It is obvious that the equations 

*(«.y.t.a.fc)-0, fc-sr(a), ^ + ^^(a)-0. 

will represent the same curve on the two different suHaocs for 
each value of a, which satisfies the relations 

jr(a)-A(aX /(a)-*' (a); 

and thali if there are m such values of a, the two suHaccs will 
have m characteristics in common. 

Now pass to the limit when these m eharadUmftan wo^^ 
r. V. V 
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then the oominon value of a ui a root of nuiiltiple order m'¥ I of 
the equatioa . 

S^(a)-A(aX 
8o that we have 

Sr(a)-*(aX •(•)-A'(a). .... y'-«(o)-*'-(o)i 

Then along this common characteriatic the two surfiu^ea repre- 
senting the general integral have contact of order m. The 
derivatives of m, up to and including those of order m» belonging 
to the surface 

>(*.y,#.a.6)-0. 6-^(a). |J+^^(a)-0. 

involve derivatives of g{a) of order not higher than m; and 
similarly for the derivatives of r, given by 

derivatives of A (a) of order not higher than in occur. Owing to 
the relations between g (a) and A (a), the derivatives of 4 at a 
common point are the same for the two surfaces up to order m ; 
and therefore the two surfaces have contact of order m along the 
characteristic. 

It is an immediate corollary that, if two integral surfiM^es have 
contact of order m at any point, they have contact of that order 
along the whole characteristic through the point. 

Sx, 1. Theae jiropertieii are umsd by DAibuux to detertmue the integral 
surface or iiurfaoes which |mum tbn>ugh lu^y given curve K, 

We may aa»ume that A' doc4 oot lie ou tl|e singular integral, if anj: 
otherwiMe, a single surface is at once given ; and other surfaces will occur 
among those which ropresont couiplete integraU or general integrala. 

We may also assume that A' dues not lie on a complete integrnl : otherwise^ 
a single surface is at once given ; and, if A' lie a clianwieristic, an ii^^tude - 
of surfaces satisfies the required condition. 

Accordingly, take any |M>int /' t>n tlio curve A' and draw the tangent JHi 
to the curve at tlie |ioint /': through the line P(^ draw a plane to touch the 
ooiio T associated with the |Kiint. Then, li»r the |M>int« we have values of 
*• !f% '» P% Yi ^^^ ^^'^ Utter being given by the tangent pUne: by means 
of the integrals of the etpuitions of the chiifttctorititics, we construct the 
complete integral having these for initial values. This complete integral 
touches the curve A' at the point P, Through this point P draw the chanu>- 
teristio on the complete integral ; it touches the cun-e K at the point 



I 
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Now let P trftTel along the curve: for each eoooessive poeition, we have 
a charaoterietic ; the loctm of these characteristics is the integral surface 
required, and (heing such a locus) it is a general integral It can also he 
obtained as the envelope of the complete integrals touching K. 

If only a single tangent jplane can be drawn through PQ to the cone 7\ 
the general integral thus obtained constitutes the whole of the surface 
required. If several tangent planes can be drawn, the general int^gial 
consists of a corresponding number of sheets. 

Ex, S. Shew that, if the curve K lies on a suHSms representing a complete 
btegral though it is not a characteristic on that surface, no other integral 
■urfiioe can be drawn through K, 

(Darboui.) 

93. It is convenient to consider the developnble surface 
circumscribed to an integral surface along a characteristic: it is 
called the charatt€ri$tio developable. 

To obtain the simplest properties, consider less particularly 
any two surfiices S and 8': let a plane touch them in A and A' 
respectively ; then the developable surface circumscribed to 3 and 
8' is the envelope of such planes. A generator of the developable 
is the intersection of two consecutive planes: hence Jil' is a 
generator, because a plane, consecutive to the supposed plane, 
touches 3 in A and 8' in A\ 

Take a plane P and, in that plane, the curve which is the 
locus of its points of contact with integral surfaces. Suppose that 
the two preceding surfaces 8 and 8' touch the plane, and let their 
points of contact be Q and Q\ being points on C; then QQ' is a 
generator of the developable circumscribed to 8 and 8\ Now let 
8 and 8' be consecutive surfaces : the circumscribed developable 
becomes the characteristic developable circumscribed along the 
characteristic which is the ultimate intersection of 8 and 8': the 
points Q and Q' coincide, and the line QQ' becomes the tangent to 
Oi Hence the generator of the characteristic developable through 
a point on the characteristic is the tangent to at that point 

Moreover, the cone T, being the envelope of the tangent 
planes at the point to all the integral surfaces through the point, 
traches P at the point : the generator along which it touches P 
is, as seen above^ the tangent to the characteristic line. 

Tike the characteristic, being the intersection of two oon- 
•eontive mirfaoes, and draw the tangent planes along it: the 
wvelopa of these k the chaiaoteristio developable^ aacA ^i^.% 
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generator of ihw developable at apy point is the tangent there 
to the curve (7. Accordingly, at any point on the chaiaeterittio 
line, draw the tangent : construct the plane which touches the 
cone T along this tangent : in this plane, obtain the curve 0: the 
tangent to (7 at the point is the generator of the characteristic 
developable through the point, being the intenection of two oon« 
secutive tangent plants to the surface along the characteristia 

M. On the basis of thi'se geometrical properties we can 
obtain the differential e<|uatioiis of the characteristics : these will, 
of course, be a set of ordinary equations, becauHe each characteristic 
is a curve and therefore admits of only one independent variable. 

The tangent line to the characteristic at any point x, y, #, is 
the generator of the cone T lying in the tangent plane; the 
equations of this generator were obtained (§ 91) in the form 

dp dq ^dp ^ dq 

and therefore the direction of the tangent to the characteristic 
satisfies the equations 



dx dy dM , 

dp dq ^dp ^dq 



say. Next, the curve C in the plane 

#'-j-;,(j.'-x) + j(yVy) 

satisfies the equation * 

/iAy\^.p.q)'-0. 

where p and q define the plane : hence the tangent to at the 
point is given by 

is^plx-^qhy/ 



so that 






This direction is to be the same as the intersection of the tangent 
phine at the point with the tangent plane at a consecutive point 
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m the ohancteristio : at this oonseoatiTa poillt» the tangent 
plane is 

f'-(f+clf)-(p+rfp)K-(r+iir)}+(7 + il7)(^-(^-|;cly)). 

and therefore, along the intersection, we have 

Bat» along the characteristie, 

ds^pdx.-^qdy; 
and therefore 

^ (i*^-r)rfp4.(/.y)rf7-0. 

that 18, 

Henoe 






•ay. Also, the variations along the eharaoteristie must be suhjeet 
to the equation 

/(«.Jf»t,|i,9)«0, 
and therefore 

Substituting, we find 

du-^dv^O; 

consequently, the equations of the characteristic are 

dx dy dz dp - da 

$ § ''^•^'^ -(&+''&) -(4*'a*) 

But these are the equations which occur in Cauchy's method of 
integration, whether in its original form or in Darboux's presenta- 
tion: accordingly, it is usually described as the mMod of ekarao* 
t$fr%$hc9» 

The integration of these equiltions gives an intagratad form of 
the equations of the charactaristic, coupled with the assignment of 
initial values satisfying 

/(«.yt'»P.«)-0, dimpdm-^qdyi 
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Wa have, from fiNregoiDg equaiiona, 

and therefore, along any charaoteriBtic, 
thatia, 

But M ^ i> punuanently along the characteristios, we have 

a* * ay ' * di • 

(hatii. 

and therefore 

dx dy 

MP 

•ay, where da and dy are olemenu of a chaiaoteriatia Conae- 
quently, 

because the reUtion ^""^-l-p^^'-O ia satiafied in oonnec tj on 
with our equationa; and siuiilarly 



AUo 



i 



"l-li*^' "|-^''i'- 
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Henoe, gathering together the yariouiB remilts, we have 

(dm dy ds dp dq 

ji These equations are satisfied along the charseteristios; and tbejr 

11 have been derived fit>m the integral equations. 

^ Kg. AssaffliMlraionorthtellmiiiatiooprooesi|OOiidderthssqiis^ 

Now H ia Mqr to Twiiy.tlwt 

-* (^ +J')(»-«y)-|^(^-««r)(f-«»fX 
idmtkalljr: MkltlMnfora 

/-♦-*(;-.")*.-*g+jr)*.-j^f,*.. 

which sre Batisfled in Tirtaeof the eqaslioDs ^«0, ^«0: thsse, together 
wHh f -0^ leMl to/-.a 

96. In these discussions the surfiM», ilrhich is oonnocted with 
a complete integral, has been given by a single equation 

♦ (^•Jf,i»,a,6)-0. 

In the general theory of surfiMes, it often is convenient to have 
a parametric representation, whereby «, y, # are expressed in terms 
of two independent parameters : when this mode is adopted for the 
representation of the complcite integral, we should have equations 
ofthe^rpe 



Thus 



S84 
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[oe. 



Th^ Bingle equation of the complete suriaoe would be obtained by 
the elimination of u and t between these three equations; hence, 
taking 

*(«. y. *, a, *)-a(4»-A)+/9(y-*) +7(*-IX 
we have 



i 






9A 



'i>u 



da' 






+^a:;+'y 



'da^^'da 



du 



» • 



d^ a*. „ai- a/ 
~a6"*a6'^''a6'*"''a6" 

The oharaoteriatic is giwn by 

j*+U/'(«)-o. 6-/(«); 

hence 

Aooonlingly, the equationa of the characteriatic are 

d(h.k.l) d(k,k.t) , 
diu,v.a)^d{u.v.by ^ ' 

the form earlier conaiderud would be given by the eUminakion of 
u, «, b among these five equations. 

Aa regards p and q, we have 

da'*pdx + qdtf 
for all variations ; hence p and q are given by the equattona 
dl dh . dk 

a-«-^aii+«a-i 

dl dh dk 

di'^di'^'^di) 

The diffurential equation 



1 



i 
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reaalts fifom the eUmination of «, «, o, 6 between these two eqaktions 

and 

«-*. y-t, *•■<. 
Taking 

/(•. y. *. P. «)-^ («-*)+ ^(y- *)+<?(« -0 

and noting the explicit oocurrenoes of variables* as well as the 
disappearanoies of parameters and constants, we have 

^-^. T 

dx dy 

dp dn 



'■ %-o. 



D^ + ^^, 






A .a* n^ft /^^'^n^ <''*^ 3** ^M 



A ^a* »aft n^ . nf 3** 



da da 



a«* _a^ a*f \ 
"•"'anao^auao/ 



^ „ / a** ^ a»* a»/ \ 

^-z a»A ^ a»* 9>i\ 
•**^l'a^+'aj;a5~5;»;- 

Hie last feor equations determine the ratios AiBiOiDiB. The 
equations of the characteristic, being 

dm dy dp da 

CM CS etc 99 
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on tuUtituUng ^ ^t ^i g > /" » ^t t^ke the simpla form 

ilii d9 dp __ dg 

'/>"i*"-"(il+/)0)"-(i^9(7)' 

when the values of ;r, y, f are inserted. While theae are the 
general equations of the characteristic, it is clear that the direction 
of the cluuracteristio at any point on the shrface is given by 

du dv 
1) " E • 

where the quantity D:E in given by the preceding equations and 
where the magnitudes p and 9, which occur in that quantity, are 

8(u, If) d(u,v) d{u,v) 



EdOK op RbQR£88ION : INTEGRAL CURVIH. 

97. Returning now to a C4implute integral sur&ce 
^(jr,y, j,o, 6)-0, 
we have the characteristics givt*n by 

♦ -0. 6-,(«X #.g+3^V(a).a 

As has been seen, these equations represent the general integral 
sur&ce when a and b are eliminated, this surfieuse being the locus 
of the characteristics. When a and 6 are not eliminated, the 
equations represent the characteristics which lie on this general 
integral surface. 

Now take a characteristic on the general integral determined 
by a value a, and a neighbiiuring characteristic determined by 
a value a -I- fia, where ha is infiniti-siiiial : the equations of the 
former are 

♦-«. ^.0. 

and those of the latter can be taken 






I 
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keeping ha mifficiently small ; hence the nltimate inieraection of 
two consecutive characteristicB is given by 



.0 <'*-0 '''^-0 



The three equations determine the point of intersection, giving its 
/' coordinates as functions of a. When a is eliminated between the 
1' three equations, the two resulting equations give a curve, which is 

the locus of the ultimate intersections of the characteristics. This 

curve lies on the surface 

.♦-0. g.o. 

which represents the general integral ; on the analogy of develop- 
able surfiices, Monge called ^ it the edge of regreseian of the gencnd 
integral surface. ' 

This locus may be regarded as the envelope of the characteristics 
on the general integral : for it touches a characteristic at its point 
of ultimate intersection with its neighbour. To verify this state- 
ment, we note that the curve passes through the point : for it is 
the locus of such points. Further, to obtain its tangent at the 
point, we assume that, for it, a is determined as a function of 
r, y, f by means of the equation 

and that the value of a is substituted in the other two equations: 
the values of dmidyi d$, derived from them, are then given by 

where 
/ and so lor the others : that is, the values are given by 

which are the equations determining the tatios dxidyidsfor the 
characteristic at the point: henoe the two curves touch at the 
point Thus all the chahMsteristios on the general integral touch 
the edge of regressioiiL 

• ApfUetaimiMrAmi9mUyaimHH$,%nifBbi1MMUmkmM9MMhf 
liovrllbia ISSa 
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Ex. TIm •imiOatt tiAiniito 9i all t^tiam whoa Um ooniMe int^gml k a 
double iMnilj of |iUneii 

The geueral intoipral is ol Um form 

.-jr#(.)+y*(.)-hf(.)l 

being e divelo|ieble euHkoe, §or it it the envelope of e pUne wboee equelioQ 
oontAiUu one peraoieter. The cheracteriiitice ere the genereioie: the/ Me 
the iutenectioiie of ooiiaecutive pUnes, end eech ie the ounre of eooteci of e 
pleiie with the genorel integral The envelope of the genehOore ie the edge 
of regnMsion of the develo|Mtble eurface. 

96. We have aeen that the tangent to the characierietic at 
any point P is a generator of the cone T aHSOciated with P; henoe, 
aa the equation of this cone is 

P being the point x, y, /, the tangents to' the characteristic, and 
therefore the characteristic itself at the point, satisfy the equation 

Curves satisfying this equation are called integral curvet. 

It is clear that characteristics are included among these integral 
curves: it is equally clear that they are not the most general 
integral curves, because 1*«>0 is only a single equation involving 
two unknown quantities and one of these can be assumed arbi- 
trarily, the equation then determining the other. Properties 
sufficient to distinguish characteristics among integral curves have 
already (§§ 02, 03) been given. 

The edge of regri'hsion of the general integral is easily seen to 
be an integral cur\'e : for, at any p4)int cm it, the tangent is the 
same as that of the characteristic which touches it there. The i 

latter at the point satisfies /*» : hence, also, the equations of the * 

edge of regression satisfy /*» 0. ( 

Conversely, every integral curve can be obtained as an edge of 
regn^ion. Owing to the equation, the tangents to the integral 
curves through the point are the generators of the cone associated 
with the point. Taking any integral curve, its tangent is a 
generator of the cone, and the direction of the generator deter- 
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mines a characteristic through the point, which characteristic 
accordingly touches the integral curve at the point: moreover* 
it is the only characteristic which can be drawn through the point 
Now it has been proved (Ex. 1, § 92) that a general integral 
passing through a curve is generated as the locus of the character- 
istics drawn through the points of the curve : and the result is not 
affected by the angle of intersection between the curve and the 
characteristic. Hence in the present case, taking the aggregate of 
the characteristics tangent to the integral curve, we have a general 
integ^ surfiM»: on that surfiice, the integ^ curve is the envelope 
of the characteristics and therefore is an edge of regression. 

Hence we may take 

♦-•• S-'- ^-o- 

as the comprehensive integral curve satisfying the equation F^O. 

The contact relations of the various integral surfaces with one 
another will be discussed later: it is worth noting the contact 
relations of these integral curves with the surfiioe ^^0. 

At a poini along the integral curve determined bj the relations 



we have 



that is, 



♦-• C-»' ^-O' 





rf^-O. rfg.O. 


Again, because ci^ «0, we have 


that is, 

and therefore 




Consequently, along 


[ the integral eurre, we have 




^•0, d^mO, d^mO: 



l) 






hence, if the edge of regrenbion be such that 

rfo» "• 
itii direction at (he point is given by 

t 

Between theee three equations and the equations 

♦ "' da ^' da« ^' 

we eliminate a, 6, 6', 6^", and wo have two resulting equatioiui 
involving daidy ids. The two differential equations (which will 



J 
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shewing that the integral surfieu^ ^a-O is cut in three oonaecsutive | 

points by the integral curve. Thus the edge of regression of the ] 

general integral has contact of the second order with the complete | 
integral surfiioe from which it originates. 

The edge of regression of a general integral is given by the 
equations 

the quantity b is any function of a, and the equations involve 
6', b'\ the first and the second derivatives of ft. As t|iere thus 
ariscH a curve associated with any assumed function, there thus 
will arise an infinitude of such curves SHSociated with all forms 
of the function. 

Let thiMiO curves among this infinitude be selected which are 
such that 

that such curves do, in general, exist can be seen as foUowa For 
variations along any edge of regression, the ratios dxidy : ds 
satisfy the equations 

d^ + grfa-O. 
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be algebraical in form when ^ is algebraical) define cnnrea: so that 
curves of the specified type do exist in general. Further, along 
such a curve m, y^B.dx idy idz wn expressible in terms of a para- 
metric variable, say <: hence at the point, the foregoing equations, 
when resolved, will express both a and h in terms of i and so, on 
the elimination of i between the expressions, will give h in terms 
of «i. . 

To find the order of contact of this curve with the integral 
surfiM» finom whii^h it originates, we proceed as before. Akmg the 
curve, we have 

Also, since rf^ a-O, we have 
that is, 

and therefore 

And, since ^^^^f^^ ^^ 

that is, . 

SO that 

da 
And, since ci^» 0, we have 

rfCrf**)-©, 

that is, 

so that 

Hence along the curve in question, we have 

^.0, ^f-0, d^mO, d^-0, 

at the point: consequently, the curve in question meets the 
integral surfiioe in four consecutive points: thai is, the curve has 
contact of the third order with the surfiMse. 

r. V. \^ 
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Kx. 1. Tha eqiiatloo of a ■pherti that k abiioluUij mwi tfk iltdl, oonUina 
four arbatimiy independeiil oonfttanU: henoc^ whan it it mkU aubjaoi io two 
iudapandant oopditiom, tiM equatloo will oooUiu two arUtruy eoMlMita 
and maj be ragardad aa giTiug tha couplata intagral of aoma partial difia- 
rantial aquation. 

To obtain a gauaiml intagnil, wa aalact a fMnilj of thaaa a|ilieraa and 
ooiiatruot thair aiivalopai Tha charaotariatica, baing tha intaiaaotiona of 
ooiuiacutiva apharea, ana circlea: aach aphara touchaa tha anvalopa .aiiriaoa 
along a cirola. Tha adga of regreHMi«io ou tha anvalupa aiirfkoa, which ia tha 
gaiiaral ijit4*gral» ia itaelf tha aiivel«>|ie of tha charactariatio ciroka; and tha 
aarlior iuvantigation ahawod that, whora tha uphera uiaata thia adga of 
regrcMttiuii, it uieaU tha adga iu thraa couMOcutiva |M>iiita. 

But tharo ia oiia ganoral integral for which tha cuutact ia donar. By an 
ap|>ru|»rittto choica of a fUiioti«>iial reUtiuii batwoun tha two conntauta in tha 
coiupleto int€»gral| wa obtain tha onvoh»|)a of oiia iieloctod family of upharea : 
aach iiphcit^i whara it nioata tha adga of rugrohHiuii ou thia auvalofw aurfaca, . 
nioatM it iu four conaacutiva puiiiUi, and thcruforo ia ita cMCulating aphara. 
Tha charactariatica ara tha circlea which ara tha iiitamactionH of conMacutivw 
apheren : hanca, for thia general integral, they ara tha osculating circlea of tha 
edge of regreiMiiou. 

Ea\ 8. Aa a particular iiuttance of the laat eiAiuiilo, coiMtruct tha various 
aquuti«»na of tha oouiplcta integral, tha general integral, and tha aalectad 
general integral, when the edge of rcgremiiou ia a regular helix ; and obtain 
the partial differential aquation tuitittfied by the integrali. 

Ex, 3. In tha explauationa in tha general theory, all tha aurfacaa and 
curvaa cuuceriied are unreatricted in pro|iertiea ; it haa bean awhuniad that 
the Tariouii cciutacta ara |KNMiibla. 

Conaiilur, in |iartirular, a plane. Itii e(|imti«»n involvan three iiMle|iatident 
GuiMtanta when cuuiplutuly uiirentrictMl : if the pUua be aubjeot to oiia 
Ciiiidition, tw«i inde|WHd«iut iHiiiMtaiita will runiain iu tha aipiatiuu, which than 
can be regarded an giving tha c«iniplote integral of a |iartial differential 
aquation. To obtain a general integral, wo make one of tha oonatanta an 
arbitrary Auiction of the other and pruci*ed to obtain the envalofia of tha 
planea no aalectad. Aa their i^^uation invulven one arbitrary paraniatar, thia 
anvelo|ie ia a devel«>|>able aurface: the characteristica are tha ganaratora, 
being the interncctiona (if coniiecutive pLutca ; and each plana oaculataa tha 
edge uf regrcaai«»n of the aurfaoe.. 

But it ia nut ptMJiiblo to aoloct a general integral no aa to hava cluaar 
contact between the plane and ita edge ot regreaaiun : becauaa not mora than 
three o«>UHecutive |K>inta of a curve can lie in a plana, unlaaa at a aingular 
point, or unlena tha curve be a phuia curve. 

In thia caaa, tha aalectad general integral of g 08 doea not uccur. 

09. In (liHciiHaing the at*luctoil geucnil integrul, and ita edge 
'of n*gri'HHion with which u ciinipK^to inti^grul hiia triplo contact, 
the coiupluti* inti.*griil ia Hup|K»m'<l knc»wn ; and thu iM|Uiitioiui of the 
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edge of regrciwion in question are deduced from that of the 
complete integral. It is, however, poMible to deduce equations of 
the particular edge of regremion from the original differential 
equation. 

For the purpose it is sufficient to note that, at a point on the 
particular edge of regression, there is triple contact between the 
curve and the complete integ^ surface ; and therefore, when the 
equations 

/(r. y, t,p, 9)-0, ds^pdw-^qdy. 

are regarded as determining /> and q in terms of r, y, f, (fe, ily, dMp 
(supposed known, as belonging to the required eurveX they must 
provide a triple root Hence, on writing 

the equation 

/(r,y. J, «'-9y',9)"0 

must provide a triple root ; so that 

?/«2y-^-^ +y^^-0 
The elimination of 9, between the last two equations and 

/(^.y,*.^-9y»9)-o, 

leads to two equations which are the (ordinary differential) 
equations of the curve in question. 

It is clear that, if the equation is rational and integral in p and 
9, it must be of at least the third degree if the curve in question 
is to arise. 

Bx, 1. Prove that, if Boch a curve eiists, It touches the edges of r eg i ^ei" 
sioD of the cooes T and that its tangents are perpendicular to the planes of 

infletioQ Oi the cones 2f» 

(Darboui.) 

B», t. Dbcoas the various led, Indloated In the preceding seotlons, to be 
sasodated with the psrtial diflerential equatloni the complele Integral of 
whkh Is 

(1 -«•)*+(! +«^ At -l-tay+ft-O^ 

where m and h are arbitrary constants, and lis a pure constant 

(Gounst) 
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DiaoiiMi «lto Um lul^gmla of tho equAiioii whioh hM 

tor iU oompbto primitiTe. 

iCr. S. It hM been |>rovod ihet every integral ounre (| 86) mm be 
re|M«ee|4t4Ml ee en ed^ of regreMum of a gen«rel integiml : H bee eleo been 
|»roTed ihei en integral eurface touching an edge of rBgre«eion hee cooteei of 
the eecond order r henoe every integral curve, touching an integral euHeoi^ 
hae contact of the eecond onler with that aurfaoe. 

Verify thie propoeitiou directly from the equatioua. 

LiE'4 CLASSiriCATION ov Equationh. 

100. In the diecuHttion of the charucterietice, regard kae been 
paid chiefly to their a88ociati(»n with the Hurface repreHented by 
the general inti*gral: but they can be com^idered abo in their 
asBociation with the Burfaoe repreneuted by the complete integral. 
It itt in thie connection that Lie ha8 considered them^» in 
particular, clatitiifying partial differential equations according to 
the nature of the characteristics as curves upon the complete 
integral surface. Some of his results can be obtained very 
simply as follows. 

Among the various curves that can be drawn uptin a surface, 
three of the most important classes are asympt4>tic lines (being 
the lines touched by the principal tangents of the surface at 
successive points), lines of curvature, and geodesies; and, accord* 
ingly, Lie investigates those jxirtial diffen^ntial equations of the 
first order, the surface integrals of which have characteristics 
belonging to one of these thn*e classes iif curves upon the surface. 

(i) The directions of the lutymptotic lines upon a suriace at 
any point, being the din.^tions of the princiiNiI tangents at the 
point, are given by 

rdjL^ + itdxdy •k-tdy'^ 0, 

in the usual notation : as 

dp^rdx-^ ady, dq ^ udx + tdy, 

the latter equation is 

dpdx ^ dqdy • 0. . 

• i/alA. Ann. t. v (1S73), pp. ISd-flOO. ' ( 



i! 
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If these are the characteristics of the miThoe integral of an 
equation 

they must accord with the ordinary differential equations of the 
characteristics (§ 94). Hence 

and this condition is sufficient, as well as necessary, to secure the 
property. Accordingly, any function /, which satisfies this con- 
dition, will lead to a differential equation poss ess ing the property 
that the diaractenHici art aeympMie lines vpon the integral 
eur/ace. 

Ex. Verify that a oomplete integril of the Ibragoing equation, which 
mutt be Mtiafied by /, is 

where a, &, e, ^, A are arbitrary oonatants: obtain other Integrals of that 
equation : and discuss the mtrfnoe integrals of the equation fmO for the 
reepeotlTe forais of/. 

(ii) The directions of the lines of curvature at any point of a 
surfiM» are given by 

(dx-^pdi) cig - (dy -f qd$) dp. 

If these are the characteristics of the surfiMe integral of an 
equation 

they must accord with the ordinary differential equations of th«i 
eharacteristics; hence (§ 94) 

that is, 

1( *^(''4-4v^' 
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and this oondition u fufficient, aa well as neoefisaiy, to aeeiifa the 
property. Aocordingly, any functioo / which aatiafiea thb oon- 
dition, will lead to a differential equation poaaeasing the property 
that fA# ckaraoUriMticB are /iiiet of curvatw^ upon tk§ tHiegrat 
$ur/ae$. 

(iii) The determination of equations such that the integral 
aurfacea have geodeaica for tht'ir characteriatica ia, at fint sight, a 
problem leading to equatiuna of the at*cond order. Qeodeaica are 
given by the equations 

an^l theae can be replaced by the equationa 

ds dx . dy 
di-'A + 'Ji- 

where I ia any variable. When the |Mirtial differential eqiia- 
titm ia 

the characteriatica are given by 

di dp' dt dq' dt ^dp^^i^' 

dt dx ^vz' dt by ^ds' 

The fint of the two equations for the geodeaica ia satisfied 
identically ; when aubatitution ia effected in the other equation, 
it becomes a partial differential equation of the second order — a 
result to be expectetl, when the curvature pro|)erty of the geodesic 
ia used. 

But an equation of the firbt order can be obtained, by uaing the 
kmiwn pnipertiea of geodesic pirallela and their orthogonal geo- ' 
dt*sicM*. The element of ait^ upt^n the aurfiice ia given by 

d«>»(l+p")da:» + 2/xyc/^c/y + (l-f j>)dy*; 

* Dsrboui, TkiurU gfmiraU dts §urfaet$, t. u, pp. 494 •! seq. 
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•o that, M g^ U not lero. we have 

rfa "' 
and this give* • geodesic on the 8urfiu». But 
t •■ function {x, jf, a), 

'£-<>■ 

are the equations of the charactemtic : hence iks $m/ae$$t oUa%n§d 
bjf integrating ik$ equation 

wker$ ^ (x, y, i) w any /unction of x, y, m, have geodena/or tkeir 
characteriMticM^. 

£x,h 8li6wtha^ifthauoriuabto*miifAoetoiichtbaa|4Mi«ji*-|-y*-»-i*«>l, 
iUi eiiuatiou natUfieii the itartiid diffbreutUl •quatiou 

(jr«+y«+»*-l)(i^-l-jr*+^)-(«-/»-«y)*i 
integrate thie equation, dincuiwing the chancteruitioi and the edge ai 
regretMiion. (Mooge.) 

Ex. 2. If the chAMcterbtiai of a uon-liueer equation are atraight lineB» 
the equation ia of the form 

(Qouraai.) 
£jc, 8. Shew that the oharaoteriiiticii of the equation 

are curvee in |iarallel planea; and indicate how to form the equation ai 
aurfacoH whone oharacteriatice are plane curvea. 

* Thete reaulu are daa to Lie, who giYM other propertiee ia hie Meiiioir quoted 
on p. 241. The niethod of ettabliAhroent differs from Lie's, whieh it bated open 
properties of eomplaiet of Unet and curvet. 
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CHAPTER VII. 

Singular Integrals and their Geometrical Properties: 
Singularities of the Charagteristigs. 



Thb Authorities used in the constnictioii of this chapter have been quoted 
at the beginning of the preceding chapter. 

101. We now proceed to consider the relations of the Singular 
Integral (which will be assumed to exist) with the various integral 
surfaces and curves that have been discussed. That Singular 
Integral is given by the equation, which results from the elimi- 
nation* of a and 6 between the equations 

^(«.y,#,a.6)-0. g-0. ^-0. 

or by part of that resulting equation ; the value of $ must be such 
that the differential equation is satisfied. In that case, the 
resulting equation (or the part of the resulting equation) repre- 
sents the envelope Irhich then is possessed by the family of 
complete integral surfaces : as the values of p and q are the same 

* It {• to be borne in mind that the tingnlar integral li asimned to tiltt, 
to that it wiU arise at indicated In the teit. The retnll of the elimination in 
general it not to gi^e an integral of the equation ; tbeellmlnant eontaint the Incut 
of eonieal pointt (if any), the loeut ot double liaee (If anj), and other loei, whicb 
art not integralt of the differential equation. For a dlteuttion of tueb mattert, 
which are not our eonoem at tbit ttage, rtferenee maj be made to a memoir bj 
U. J. II. Hill, Phil. Tram, A (1899), pp. 141^S7S. 

Iloieofer, it It attomed thai the ellminatloB It poitible, to that the three 
equationt are independent of one another. Thit eoBdllkm, hetrefer* It not alwi^ 
ealitflcd; and II it ea^ lo eont li t t eteeptiont of the Ijpe 

whicii would make the three equalloae eq«l?aleiil lo two ooty. Again, tneh 
maHfrt an ad our preeenl eolMemt wt aeewBe that the eUmlaalloa la fottSS^x 
aad that ft leade la the ilngubr lalegiaL 
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At any point, common to the envelope and the complete integral 
surface, the latter auriaoe ia touched by the envelope at a common 
point. Let the envelope be denoted by E. 

The three equations are equivalent to the equation of E and 
to values (or to sets of values) of a and 6: by each such set of 
values of a and 6, there is given a point on E where it is touched 
by^-0. 

Take any point P on E, and let the values of a and 6 at P be 
denoted by a^ and 6,. A characteristic through P is given by 

♦ (j, y, M, (I., 6,)- d, h. ^f(a.\ 



t-ri.'.->%-o: 



but these equations are satisfied, whatever be the km\ j\a^\ 
because the equations 

are satisfied at the point ; hence an infinitude of characteristics 
passes through any point on the envelope. Moreover, all these 
characti^riHtics through P t4mch E there: for they pass through 
i^ as a point on the complete surfaice which touches E at the 
point 

Take any two curves PT^and PT on E passing through P\ 
let T and T' denote points comiecutive to P on those curves 
ivspectively ; also let (i« + </<!•, 6»4- dK be the values of a and 6 for 
r. and a. + ha., 6« 4 £6« be their values for T. Then along PT. 
the values at P of the ditfereutial elements dr, cly, ds are given by 

and the last two tenns in the first equation vanish. Now the 
complete integral touching E at T' cuts the complete integral 
touching E at P in the charucteriHtic wh(»se eipiations are 
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and the direction of the tangent to this characterittio is given hjr 
the two equations 



If then this characteristic touches PT at P, the last two equations 
giving the ratios dx:dy\d$ must be satisfied by the values of 
dx, rfy, dt belonging to PT: hence 



that is, 






Moreover, this relation is S3rmmetrical between the two sets of 
differential elements that are associated with T and T respectively. 
Hence we have Darboux's theorem* : 

If we take any direction PT' throtigh a paint P on E which 
repree^nU the eingular integral, and if PT be the direcHon of the 
diaracteristic which is the intersection of the complete integrate 
touching E at consecutive points P and T\ then PT' is the direction 
of the characteristic which is the intersection of the complete integrals 
touching E at consecutive points P and T. 

Characteristics, in directions such as PT and Pr at P, may be 
called conjugate: obviously, any characteristic has a conjugate* 

When a characteristic coincides with its conjugate, so that it 
may be called sdf-conjugaie, its direction at the point on the 
envelope is given by 

Hence, in general, there are two sets of curves upon the envelope 
such that, at every point upon each of them, the tangent 
ehaneteristic is self-coi\jugate ; such curves may be called asgm- 
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whcra 

Aud the reUiion beiwaen a *Dd h is 

Sjc. S, DiMiUM Um integnU of the equAiiou 

Aiul indioftU tha ohanMstor ol the intognU 

«-.|(jr-a)*. (DwtMNU.) 

Ex.4. If an •qiuiUun of the fint order pninmiai ■inguUr blegrali end 
CAU be eiyieaiied io a form 

where m, », |» ere iutagem, the eingukr integrele eetiiiy the equatioiie 

ii-iO, r-iO^ i^-iO. (Derboiii.) 

108. The relation between the eurfaoea repreaenied by the 
general integral and the lingular integral respectively can be 
indicated aimply. In the equations of the singular integral, 
which are 

♦ (ir.y.#,a.t)-0, ^-0. |*-0, 

the quantities a, b are functions of jr, y, m: if, therefore, we take 

6 -/(«). 
whei-e / is any function, we are selecting a curve through a point 
on the singular integi^l. At every poftit on this curve, the 
equations 

t 

are satisfied: as these are the equations of the general integral, 
the curve lies upon the surface represented by that integral At 
any point on this curve common to the two surfaces, the values of 
p and q are the same, being given by 



t*'f.-o- f,*^^-o- 



together with the other equations : hence the two surfiu^ea tondi ' 
ailing a curve. 

It may happen that the equation 



-^«, r ■ 1 .-ir^- te.^« f illip* M »i m m m -^^^f-^.- M ^^ ■ *..r 
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determines not a single carve alone but a number of cnnres on the 
singular integral : in that case, each of the cnnres is common to 
the singular integral and the appropriate general integral deter* 
mined in connection with the above equation, and the two surfisuxs 
touch one another at every point on each of the curves. Hence 
the general integral and the singular integral touch one another 
along a curve or curves : or, what is the same property, through 
any curve on the surfisu;e, represented by the singular integral, 
there passes the surfiure, represented by the general integral which 
is the envelope of the complete integrals that touch the singular 
integral along the curve. 



Order of Ck>NTACT of the Sinouuji Integral wrra the 
General Intboral and the Ck>MPLETE Intbqrau 

104. We have seen that the singular integral, when it ^exists, 
is the envelope of the complete integrals, each of which touches it 
at one or more points : it also touches the general integrals along 
a curve or curves. We have to consider the order of the contact, 
a matter already (§§ 92, 98) discussed for characteristics and com- 
plete integrals. 

The assumed singular integral is given by the single equation 
which results from the elimination of a and 6 between 

^(4r,y,#,a,6)-0, ^-0, ^-0; 

let this single equation be supposed resolved with regard to #, so 
that it has the form 

We introduce a new dependent variable C defined by the equation 
the complete integral now is 

Derivatives of the firet order (and of all orders) with regard Ifl 
o and 6 ara the same as before: hence, when the elimiA^ 
o and 6 is performed between the equatioDS 

*-«■ ^-o- »-«• 
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and the eliminant is resolved with regard to (, the resolved 
equation of the singuhur integral is 

Now it may be that, in both forms, there are several brandies of 
the singular integral leading to resolved equations; in that. case, 
one of them is certainly {^a» in the second form ; and though this 
will not simultaneously rejuvsent all branches of the singular 
integral, it will suffice for the discussion of the order of contact 
at the point. Accordingly, without loss of generality fur the 
immediate purpose, we may take the singular integral in the form 

The values of p and q, in gcneml, are given by 

OX '^ ct oy ^ oz 

for our present purposi*, j « 0, so that |) a* 0, f « : and therefore 

ThuH wo have, at all puinta yf thu singular integral taken in the 
funii ««bO, the five vquatiuns 

A-0 ^-0 ^.0 ^*-0 ^-0 

But we do not have v~ » 0, in addition : for the point would then 

be a sin^larity, ct>uical or otherwise, on the complete integral : 
and circumstances would be exceedingly special if such a singularity 
of the complete integrals were to lie on the envelope of those 
integrals; 

Take, first, a general integral in the form 

♦ (^,y.^,«,6) = 0, 6 -/(a), 

it touches the singular integral i a* at one point and along a curve 
through the point. Consider variations in the vicinity of any such 
point. On the singular integral jr «0, they will be repnnsented by 
dx and dy ; the variations da and c/fi) as determined for the singular 
inti^gitU by dx and dy, are not at once required for the present 



». 



104] 



WITH OTHER IMTBORAlJB 



S67 



[ 



purpofle. On the general integral, they will be represented by 
d$, da^ and by the name values of djc and dy im for the nngnlar 
integral : and the order of contact of the two aorftces at the point 
will be measored by the order of ds, expreeeed in terms of the 
small quantities dx and dy. Thus, for the general integral, we 
have 

+t{|**^+...}.e, 

where the unexpressed terms are the aggregate of terms bilinear 
in dx, dy, d$, da. But at the point of contact of the singular 
integral and the general integral, we have 

^-0 ^-0 ^-0 

s?-®' 3^"®' ai"®' 

so that <if is at least of the second order of small quantities; henoe 
d$ is given, accurately to the second order of small quantities 
indusive, by the equation 



8* 



dM + 



*P'^^«l|'^-y+^M. 



But» because ^ ■■ for the general integral, we have 
accurately to the first order of small quantities : thus 



dc8y 



V 



-^!40^*4«)*F- 



accurately to the second order inclusive. 

When the contact between the sur&ces is of the first order, 
>i(f is of the second order in the small quantities dm and A^. ' TVa 
t.v. VI 
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right-hand aide of the above esprenion lor ds doea noi vaniah for 
all valuea of ds and djf, except under special conditiona; and 
iherefiMne tk$ contact between tke general iniegntl and the eimgular 
integral at any foint ie ueually of the Jiret order. There are 
apparently two directions, given by 

* dx' 
where t wtisfies the quadratic 

along which ds ie of the third order ; but these two directions will 
later* bo proved to bo th6 same, a property that can be verified by 
means of the analysis that follows. 

106. Whin^he contact between the surfaces is of the second ' 
order, ci« is of the third order in the small quantities da and dg ; 
and therefore the right-hand side of the expression obtained tsx 
ds, being generally accurate up to the second order, must vanish 
up to that order for all values of dx and dg. That this may be the 
case, we must have 

da« dj^ \dadx "^ ^ 363*/ ' 

da« dxdg XZadx ^ "^ 363*/ V3tt3y ^ dbdgJ ' 

c/tt« 3/ \3u3y ^ 363y/ ' 



«o that, if we 


take 


a^"'*axi)y' 


we niuat have 




axay"'*ay'' 


and also 








a-* 

dadi 


+^aiax-'*aaay + *'*§5§ 



We can prove that the lost equation is satisfied in virtue of the 
other two, as foUowa 

• Bm% 126. 
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Consider the vsriations along the singular integral in the 
immediate vicinity of the point of contact ; the quantities dm and 
dy determine variations da and dh along the singular integral, and 

conversely : and because g^ "" and ^^ 0, these are subject to 
the relations 

Multiplying the second equation by /a and subtracting fifom the 
first, we have 

In order to take all directions through the point, we must keep 
dm and dy independent of one another; and therefore d^ and db 
are independent of one another, so that 

da9x '^ dady ' 
Hence the equation 

is satisfied for all values of 6' : and this holds in virtue of the 
equations 

3*^ 3*^ 9*^ 0*^ 

Consequently, f^ofis general integral has contact of the eeeond order 
with the eingniar integral, all general integrale have eontaet of that 
order with M« singular integral. 
Km. I. Prove tbat^ If the equation 

is satisSsd at ai^ point on the singular Integrali then the equation 

isalsosilisftsd: andooDTerssly. (Daiboui.) 

KM.r nsoufsthepteosdlnsiiffaposltioninthelstlwtaa^^ 

^w VI— 'i 
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106. Now consider the order of oootact between the oomplete 
integral and the singular integral at a point In the Tioinity of 
the point* variations along the complete integral are given by 
dr« djf, d$ alone; for a and 6 are constants along the complete 
integral. As its equation is 

^(-"^.y, *•«,*) -0, 

those variations are given by 






But ^^ "" and -^ » at the point in question : hence, accurately 
to the second order inclusive, 

The expression on the right-hand side does not in general vanish 
for all values of dx and dy, except under very special conditions : 
hence the contact between the complete integral and fA# eingular 
integral is ueually of the JirH order. There are however two 
directions given by 

dx ^' 
where t satisfies the qumlmtic 

a?^^'ar8y^*^a/ "• 

along which di is of the third order; the point is usually a double 
point on the curve of iuteruection of the two surfaces, and these 
directions are the tangents to this curve at the point. 

Special interest attaches to the cose when these two directions 
coincide: the two surfaces are then said to oeculate. In that 
case, we have 

^ ^f d"^ ^. 

dj^^^dxoy' ^y"^ay«' 

and conversely, if these conditiotui hold, the two surfaces osculate. 
Taking account of the earlier result relating to general integrals^ 
we have the theorem: if the complete integrate do not oeculaie ike 
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iingular iniegriU^ then no integral has contact of the eeeond order 
with the eingular integral : but if the complete integrale do 09eulaie 
the eingular integral, then all the general integrate have eoniact of 
the eeeond order with the eingular integral. 

Ex. IVi>?e thaii if the oomplet* integral oeoitktee the eingnlAr Intognd, 
•n the ohMttctorietloe paaeing through the point of oonteet hhre the eeme 
tangent 

Illustrate this ptopertj bj referenoe to the epherM that oecukte a 
iurfiuA. (DarbouL) 



SlNOULARITIES ON THE ChARAGTERISTIGS. 

107. In the preceding discussion of the sur&ces and cunres 
associated with the integrals of the differential equation 

we have been concerned mainly with regions that are devoid of 
singularities for those surfaces and curves ; the effect of poosible 
singularities must now be considered. Also, it will be convenient 
to consider at the same time the exceptional cases of the preceding 
investigations that were noted (§§ 86, 89) but not discussed. We 
shall proceed, as before, from the characteristics. 

It may be assumed that the equation /■■ has been trans- 
formed so as to be free from irrationalities ; and we shall discount 
the loss of generality in assuming, as will be done, that / is a 
regular function of its arguments. Take the tangent plane to any 
integral surface as the plane # «0, and the point of contact for 
origin: then at* that point p«0, 9«0; in the vicinity of the 
point,/ is a regular function of d?, y, #, p, q, which vanishes at the 
point The equations of the characteristic are 

dx djf d$ . dp dq ^ 

we propose to discuss the form of the characteristic in the vicinity 
of the origin, according to the varieties of form of /■■ 0. 

If P vanishes but not Q, the axes of « and y can be changed to 
idother set each that neither the ilew P nor the new Q shall 
vanidi al the point: similarly» if either X-fpi? or F-f fiTihonld 
i \m% not both, a ehange can be made eoshL iVdiX tmi^vt ^ 
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the qiuntilm in the new poaition ahall vaniah. Aleo^ takiiig 
Aooount of earlier ezoeptiona, we thua have the ibltowiDg caaea: 
L All the denominatori are differeut from lero at the point : 

IL The quantitiea P and Q vaniah at the point» but not the 
others-: 

III. The quantities X -k-pE and Y-k-qZ vanish at the point» 

but not the othem : 

IV. All the denominatom vanitih at the point, but £ ii not^ 

«ero: / ' 

V. All the quantitiea X. F. Z, P. Q vanish. 

Of these, the firot is included in order to moke the set complete: 
it is the asauniption that was inade in the earlier investigations 
and, as there, it will be found to constitute the origin an ordinaiy 
point. The aiKU>nd has been left over from § 88, and the fifth 
from § 78; and the fourth has given a singular integral, if such an 
integral exists. Let 

/» CUP -I- 6y -I- ci-l-^/i-f A9 -f .... 

106. Com I. AsX-^pZ, Y-^qZ. P, Q do not vanish at the 
origin, a, b, g, h are not zero. Hence, assuming that t vanishes at 
the origin, we have, in the immediate vicinity, 

dx dy ^ -dp ^ -djf ^^ 



jF-f... A-f... a-t*... 6+... 

ds^pdx-^qdy, 
and therefore 

m^gi-^ .... y-At-i-..., 

c{x--(a^-f 6A)tcft + ..., 
so that 

*--i(«^ + *A)r + .... 

Hence, in the vicinity of the origin, the characteriatio is given by 

the origin is an ordinary point on the charaoteriatiO» whiek 
touchea the plane ir«0 there. This, as ahready indicated, ia the 
former result 



109.] THE CHARACTERlSnCB 288 

109. CSoM //. As P and Q Tanish at the origin, we have 

a-0, A-0. 
Let 

where ^(c, y, t, p, 9) contains tenns of the second degree in 
c, y, f alone, and all other terms in all the quantities of higher 
degree in the aggregate. Two of the equations of the charaoter- 
istie BOW are 

— rfp -( 



«4. -&4- -•*• 
SO that 

in the Ticinity of the origin ; and the other equations are 
^-a'ar-fft'y-fc'f + ap-f/Sj-f ..., 

^«a"«r + 6"y-f(/'f+/9p4-7g-f .••, 
is dx ^ dy 

(A) First, suppose that neither of the quantities aa + fib and 
/9a -f 76 vanishes ; this is the most general case as it invoWes no 
restricting relation between constants. Then we have 

^-(ao* + J/8a6-|.76«)r-f..., 

so that 

#-i(«i« + 2/9a6 4-76«)«"-f ...; 

and therefore, in the immediate vicinity of the origin, the charac- 
teristic is given by • 

yiB/itf-l-..., f«/»V + ..., 

where m And m' a^ determinate constants. The origin is a cusp 
on the characteristic; the tangent, at the cusp lies in the plane 
f«0, along the line yv /MP. 

It thus appears that, when/«0, P-0, Q-O, while X-^pE 
and F-f 9^ are not sero^ and when they allow the elimination of 
p and q between the three equations (which is the mmi ^b^mraSl 
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ease, as not involving rBkttaoa among the equationsX the mvAce 
given by the eliminant ii a locua of cusps of the chaiacteristics. 
Henoe, tii gmisral, ihs 9ur/ao$ obiain§d by MmmUing p tmd q 
hetw§&H ike equaUoM 

/-O. P-0, QUO. 

%$ a loeuM ofeuspi of the charuderiHia; through §verjf poiM o/ih§ 
iur/ace there paeeee a characterietio having a cutp ai that point 

If it should happen that aa' -f 2^a6 -f tA* vantshea' though 
ma+^ and /9a -f- 76 do not vanitth, the only difierenbe is that» in 
tho vicinity of the origin, 

the origin is still a singularity on the curve in general, of an order 
higher than a cusp. 

J£r. Prove thai the Uogeut pUne of the cbiuracieruitio developabls is 
given bj 

keeping the moet inipurUni temw, and that tberefore the point is an ordinary 
point for the develo|Nible. (Darbous.) 

(B) Neit, suppose that one (but not both) of the two 
quantities oa 4-/96, /9a + 76 vanishes: let 

ffa^yb^O. 

Proceeding as before, we have 

*--i(flia-l-/86)«>-|-.... 

y-XI« + .,., 

#-l(aa + /86)ttl»+...; 
and therefore, in the vicinity of the origin, we have 

The origin is a cusp on the characteristic; the tangent to the euap 
is the axis of y. 

If X»0, or if aa>0, or if both X and a vanish, the origin ia still 
a singularity on the curve of an order higher than a cusp: the 
curve still touches the plane of m at the origin. 

(C) Lastly, suppose that 

aa-l-/96-0, /9a+76-0: 
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then, in the most general case, that is subject to these conditions, 
we find 

so that, in the vicinity of the origin, 

The origin is a singularity on the characteristic : and the tangent 
to the chamcteristic lies in the plane otsmO along the line y^iuB. 

Similariy, for other special relations among the constants, we 
obtain a corresponding result : in every case, the equation obtained 
by eliminating/! and f between /«0, P«0, Q^O, when X+p£ 
and T-^qZ do not vanish, is a locus of singularities on the charao* 
teristics. 

llOl Com III. Ab X -^pE and 7 + qZ vanish at the origin, 
we have 

a->0, 6-0; 

but P and Q do not vanish there, so that g and h are different 
finom sero. Hence 

/- e» + jip + *f + (o'« + 6'y + <ft)p + (o"* + Vy + «"#) 9 

where ^ coDtaiiw temui of the third and higher orden. The 
eqiMtiemara 

- § - *> + (6" + c) J + Ac + Qf + ..., 
pm^^(Ag + Bh)fi+..., 



• " • Zii ^ * ▼ • • • • 
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ftnd 10 

Consequently the duuracteriatic, in the Vicinity of the origin, ii 
given by • 

the point is an inflexion on the characteriatio, and the infleiionali 
tangent to the chanicteriiitic lies in the plane of i along the line 

Ex, PlOTti bj meaiui of reciprocal poUni applied to Case II or otbarwiM^ 
thai the eur&o^ obtained bj eliminatipg p aod q between' the equationa 

/-o, jT+pZ-o, r+^z-o, 

U a locue tuoh that, at every point on it, the charaderiatio defolopable of 
the equation /«0 haa a aiugular plane. Sketch the oharacteriatio developable 
in the vicinity of the point (Darboiuu) 

111. Cam lY. Here we have 

/-O, P-0. Q-0, X+iiZ-0, r+jZ-0. 

while E is not zero. TheHO are five equationa, which involve five 
quontitiea or, y, m, p, q : hence if J\ already auppoaed regular, be a 
polynomial function of its argumentM, there would in general be 
only a limited number of iseta of valuea of the five variablea, and 
therefore only a limited number of such pointa. 

Taking the origin to be auch a point, we aaaume (aa before) 
that X, y, #, p, q all vauiah there : hence 

a-0, 6-0, ^-p, A-0. 

and the equationa of the characteriatic, in the immediate vicinity 
of the origin, are 

^^ - o'ar-|. 6'y + c# + ^ip-k-fiq + ..., 
-J^^Ax-i^By -l-(c + a')p + d''g-f .... 
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As the only regular integrate of these equations, which vanish 
when |a>0, are 

c-0, y-0, f-0, pmO, g-0, 

it is simpler to make c the independent variable of the character- 
istic and omit i completely. It is clear ihat # is of a higher order 
of small quantities than « or y in the vicinity of the origin ; hence, 
retaining only the most important terms within this vicinity, the 
equations may be taken in the form 

cte "^ a'c+ 6'y -I- op + fiq * 
dp ^ Aa: ^ By -¥{€ -^ oTip ^ cTq 
3«" a'w-^b'y-^ap-i-ffq ' 

a'x + b'y-^ap^ftq ' 
Tben^ there are integrals of these equations of the form 

y-r(p + i|), 

/i-«(<r4-w), 

?-*(t + «), 
where p, #, r are constants, and iy, ir, « are ftmctions of w that 
vanish with m. As regards the constants, they are given by the 
equations 

^ it ♦ JBp -f (c -I- gQ # -f g'^T 



Wilting 
we have 



^" g' + 6> + «# + /8T • 



Henoe # ia a root of the equation 

or . hr^-e. is . y 

A , B , o + a'^0, g" 

B , . V , ft^ + o-tf 



0; 
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whdD $ is knoim, any three of the earlier aquations detennine 
p, •, r. 

For the quantities 9, v, m, we have 

so that 

-Jl(*"-6>-tf)«l + 0-«p)ir + (v-/8p)«|. 
to the order of quantities, retained ; and aimilarly 

and the quantities i|, ir, ic are to vanish with x. The charaoten of 
these functions depend upon the roots of the critical cubic 

in /*: and these can be expressed in tonus of the roots of the 
preceding quartio. 

Let Bu ^t> ^»> ^4 be the roots of that quartic : of these, suppose 
that $1 is the root of the quartio chosen, and that the corresponding 
values of p, a, r have been obtained. Multiply the columns of tha 
quartic determinant by 1, p, a, r and subtract the sum of the last 
three from the first : the determinant is* 

<r($,-0), B . e + a'-$, ' a" 
T(tf,-tf). C . b' . b" + o-e 

Multiply the fintt row by p, v, t in turn and subtract the products 
from tho Huctiud ruw, thu third row, aiid the fourth row in 
rettpectivu succoHsiun: the dotonuinant is 

01-0, V . « . fi 

. b'-b'f-e, fi-ap . i^fip 

, B-b'9 , e + a'-tur~t, a'-fiv 



0-h'r 



b'-ar 



V+o^fir^$ 
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and it is equal to the determinant in the qnartio equation. Hence 
the roots of 

(7-6V , 6'-«T , r+c-/8r-* 

M^ ftt ^»>.^«« But the cubic in /* is 

hence the roots are 

that is, the roots of the cubic in /* are 

ft — ^if vt""ft» ft""ft» 
where ft is the root of the quartic selected for the case under 
consideration. 

We shall denote these roots by /Ah ^ti Ih* 

112. Of the various sub-cases, it will be sufficient to mention 
some of the more important. 

(i) Let the three roots of the critical cubic be unequal to one 
another, no one of them being a positive integer; then the pre- 
ceding equations possess integrals, expressing iy, w, « as unique 
regular functions of d? which vanish with c. For this characteristic^ 
we have 

y-(p +<?)«?» 

the point in question is an ordinary point on the curve, which has 
its tangent Ijring in the plane t ■> iJong the line yp». 

Further integrals may be possessed by the equations, on the 
preceding assumption as to the roots : but the integrals are not 
regular Amotions of «. ^ 

. If the real parts of ;i„ ^, /i, are positive and are such that no 
one of the quantities 

(»H - 1)mi + wh^+m,;m- mt, 
•h^ -f (wh- l)^ + m,^+m4, 
fn,^ + iMtA + (m, - 1) ;h -f ffH, 
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vanithes for poaitive integer values nii. m,, w^, m^ tadi Ihak 
f»it -Miit-l-«')t-l-M«>S, the equations poaaeas a triple infinitude of 
non-regular integrals that vanish with w: these intq;rals are 
reguUr functions of «, 4^s a^, j^«. There is thus a triple infinitude 
of curves through the point : it is easily seen to be a singularity 
on each of them. 

If the real parts of ^ and /«, be positive, if that of /i, be 
negative, and if no one of the quantities 

(wi - I) ^ -hiNt/A, + III,, iHiMi -l-(int - l)ih + «H 

vanishes for positive integer values iiii, m^, in«, such that 

ii»i -»- lilt + m^ > 2, 

the equations poiweas a double infinitude of non-regular integrals 
'that vanish with x: these integrals are regular functions atm, j^, 
o^i. There is then a double infiiiitudu of curves through the 
origin : it is easily seen to be a singularity on each of them. 

If the real part of /A| be positive, and if the real parts of /a, and |ig 
be negative, the equations possess a single infinitude of non-regular 
integrals that vanish with x ; these intt^grals are regular functions 
of X and j^». There is then a single infinitude of curves through 
the origin ; the point is easily seen to be a singularity on each of 
them. 

If the real (Mirts of /A|, /i,, /a, be each negative, the regular 
integrals first indicated are the only integrals of the equation 
which vanish with x. As alreiuly proved, the origin is then an 
ordinary point upon the sole characteristic, which passes through 
it touching the plane « ■> at the point. 

(ii) Let the three roots of the critical cubic be unequal to one 
another, and let one (but only one) of them, say /A|, be a positive 
integer. 

Unless a particular condition among the coeflScients in the 
equations be satisfied, the equations possess no regular integrals 
that vanish with x. When that condition is not satisfied, they 
possess a simple infinitude of non-regular integrals that vanish 
•with X, being regular functions of x and x log jr, if the real parts of 
fS and /it are negative : they possess a double infinitude of non* 
regular integrals that vanish with x, being regular functions of 
X, jrlogdT, and x^*, if the real pitrt of /a, is positive and the real part 
of /At is negative ; they possess a triple infinitude of non-regular 
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integrals that vanish with i*, being regular functions of ct, x logo?, 
jr^, A^, if the real parts of /i, and /i, are positive. Evciy curve 
passing through the point has the origin for a singularity. 

When the particular condition among the coefficients in the 
equation is satisfied, the equations possess a simple infinitude of 
regular integrals that vanish with x: each of these gives a 
characteristic touching (he plane #a>0 along the same tangent 
jf a ^ in that plane, and the point of contact is an ordinary point 
for each curve in the infinitude. Further, when the condition is 
satisfied, the equations possess either a double infinitude or a single 
infinitude of non-regular integrals according as the real parts of ^4 
and fit, or of only one of them, are positive, these integrals being 
regular functions of >, of* and Af*, or of » and either of* or 
4^, according to the respective cases ; for each of these curves, the 
origin is a singularity. But if the real parts of /a, and /^ ai« 
negative, the equations are devoid of non-regular integrals. 

And so for other cases : the results depend upon the characters 
of the integrals of the equations for i;, w, ic : and these characters 
are known by the critical conditions^ as regards the roots /Ai, fr,, 
^. Regular integrals make the origin an ordinary point on the 
corresponding characteristics: non-regular integrals make the 
origin a singularity on the corresponding characteristics. 

118. At the beginning of the discussion, it was pointed out 
that the five equations 

/-o, p-0, 0-0, jr+/iZ-o, r-f^z-o 

will, in general, give a finite number of determinations of sets of 
values of the variables involved : so that, in general, there will be 
a finite number of points in space at which the characteristics 
must be considered for the present purpose. The preceding 
discussion is typical of the discussion to be effected at each such 
point for any particular equation of the assumed character. 

But the five equations may be of such a form, or they may be 
80 related, that they do not determine a set of values or a limited 

* TlMSt art Ml oat for •qvatiooa of the .form In qnMtion in n Tarfablet, la 
1 1S7, chaplor ui, ml. m, of tbii IrMtiie. Tb^ wvre prortd In fnll detail for all 
Iha eaaaa, thai arise In a |i!jeteai of two eqnalloiie, in my memoir, On th§ inUgfU 
€/ fftftat ^ diftrm^mi ffnaHoM/poblldied in Um Btokee 1S99 Oommemoratlon 
(fsL tfiii» 1900) of Um l^noaelloBa of Um Oambridse PhlkMnpliical 
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number of woU of valueii for the flvo variabfet IhvoIvmL In thai 
event, there are three poiiBibk alternatives, alwayi on the adopted 
hypotheeia that the equation /»0 in irreducible: 

(a) they may determine four of the variables in terms of the 
remaining one, say, y, s, p, y, in terms of m ; there then 
is a curve-locus in space, and values of p and q are 
associated with each point on the curve : 

(6) they may determine thre<3 of the variables in terms of 
the remaining two, say s, p, q in terms of jr, jf ; there 
then in a surface-locus in space, and values of p and q 
art* aHsociiitod with each point on the surface: 

(o) they uiuy di'tiTiiiinu two of the variables in terms of the 
rt*niaining thret*, siiy p, q in tiTiiis of a?, y, t ; values of 
p and q are then UHHoeiatiHl with each point of space. ' 

The third of thcHu alternatives has already been discussed 
(§§78, 79): subbtitutiun o( p and q in 

dtwrnpilx-^qdif, 

followed by a c|uiulrature, leadH Ui a surface integral of the eqoa- 
tion« A characteristic through any puint on such a surfiu^o lies in 
the surface. The second of these alternatives leads to a singular 
integral of the ec|uation, unless Z"0; we shall come to the 
consideration of the chanict4.*ristics through a point on the surfiM^ 
after the diHCUHHi4>n of the firut alternative, which can be discussed 
briefly after the earlier lumlysis. 

114 Suppose*, then, that the five equations 

/-o, p-0, g-0, jr+;>z-o, v^qZmo 

deteniiine a curve-locus 

y - 11 (jcX # - r (x), 
together with values of ;i and q as functioiui of 4? in the form 

i'-ii'W. «-«(-f). 
Take any point on this locus, say x^^x^; transfer the origin to 
that point, and let 

»(•«••)-*•. If (*•)-«•• 

Then the form of/ must be such that the five equations give 
y«0, «-0, ji«ir«, 9-ir«, 
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when #«0. As may easily be verified, we have 

/• c (# — nrt — y/Tg) -f higher powers of c, y, t 

•f (g - «^) S (ar, y, #. /I - Wt, g -- «tX 
where A and S are regular functions of their arguments : these 
functions must vanish when w^O, y»0, t **0, /i«w«, 9«««: 
and there must be limitations on the form of/ sufficient to make 
the five equations equivalent to four only, though the precise form 
of the limitation is not necessaiy for the present purpose. What 
is required is the nature of this point as a point on the charao- 
teristia 

The point is the origin : as usual, we take the tangent plane 
to the integral surface to be #«0, so thatp^O, 9»0 at the point 
on the characteristic. Let 

Xg-/l(0, 0. 0, -ir., -i^)-ir.ft.' -ic^S;, 
Mf- S(0, 0. 0, -w., -ic^)-ir.R."-i^S.^ 

where R.\ A", S.\ 8.'' are the values of |?, ^, |?, ^, when 

c, y, f , p, q all are made sero : then, in the vicinity of the origin 
along the characteristic, we have 

dx dy 

as two of the equations. Also, let Rip Rf, S^, 8^ denote the values 

^ "Si* ' Sir ' S« • 5~ ' ^^^^ *' y* '' P' ' *" vanish : then two other 
equations of the characteristic are 

in the immediate vicinity of the origin. Hence in that vicinity, 
4P-Xtl + ..., y-Mf<+..., 

are the most important terms in the equations of the charao- 
teristia It is dear that, unless X^ and ^ both vanish, the origin 
IS an ordinaiy point on the characterisUo, and that its tangent Ilea 
in the plane #»0 along the line X^y - mc^i"^. 
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The inibreaoo oannot bo made if Xt>"0 and /i««(l. The 
furihur comdcleration, in tbi« uvont, will not be undertaken ; in the 
ooinplieat4)d analysta that would be miouiiiiary, partioularly aa 
rugank the-fornm of the intcgruki of the differential equationii 
the details would be nubtttautially aiuiilar to those which have 
been given for the case when the five equations determine seta of 
values for the five variables 

116. Coining to thu remaining alternative, in which the five 
equations detcnuine i, p, y, as functions of x and jf, and assuming 
(as has been assumed throughout) that Z does not vanish for such 
relations, we know (§ 78) that the equations define a singular 
integral ; and our quest is the examiimtion of the pharacteristics 
at and near any point on this integnd surface. . 

Let the singuliur integral be given by «» tf (jr, y): then, when 

a new variable f is defined by the relation g-${x, y)«C ^^^ 

singular integral, will Xw given by C-«t>, as in § 104. Hence we 

may take i\\v plane « • on the hiiigillar iiitegml. Mon*over, Z d4H»s 

not vaiiiHh on iu*4'ount of j •• and it dm'N not vaiiinh identicidly t 

C4>nmu|U4«iitly, we may lake i\\v diiroreiitial equation in a n^solvcnl 

form 

/-/-^(.r.y.yi. v)-0. 

Take any point on the singular integnd 

x«0. 

and make it the origin ; morei»ver, as i is steadily lero along the 
singular integral, the asmiciated values of /i and y are 

i>-0, y-0. 

The singular integral, thus defined by 

*-0, ;>-0, j-0, 

is to satisfy the equations 

/-». !*-• ^♦-<'. It-"-.' ^-.-^ 



that is, ^, 



d^ d^ d^ d^ 
cp * (i</ * dx' ?y 



must vanish when p>"0, qmO; and 



therefore ^ is of the form 

^ -;j^(a + ax + a'y -f il/H- A'q + ...) 
-h 2/>7 O -I- /ur + 6'y -»-...) 
-I- ^(y + cj? -I- c'y + Cp-k-O'q -¥...). 
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We require the equations of the characteristics in the immediate 
▼idnity of the point oO, y«*0, MmO on the singular integral: in 
diflTerential form, they are 

d m dy dp dq 

2«p + 2i9y 4r... " 2/9p-f 27? + .-. "p-f ...""?-••... • 
integrals of which for the imrhediate vicinity of the inigin are 

Sf-208«-f7)?-»-..M 

m being an arbitrary constant. Also, as 

dt^pdx-^-qdy, 

» 2 (««* 4- 2/9« 4- y) fd? 4- ...» 
we have 

#-(««« + 2/9ie-f7)9«-f ..•. 

Hence the equations of the characteristic in the immediate 
vicinity of the origin are 

(«« + ^)y-(/9«-f7)« \ 

4(a7-/8*)f-rt«-2/94:y + ay>)' 

where ic is an arbitrary quantity : and the solution is satisfactory 
unless ee7 — /9* vanishes. Now the curve touches t «0 at the 
origin, and the tangent to the curve lies in this plane along the 
line 

/9« + 7^. 



euc + /tf 



ff^ + 7 



-7-~ also is arbitrary unless 
euc + p '' 



when K is arbitrary, the quantity 

«7— /S* vanishes: and therefore a characteristic can be drawn 
touching every line in the plane. We thus have the former 
result :— 

When an eqwiUm ka$ a nngular inieffral, then thr<mgk any 
paint an ii there pa$$e$ an infinitude a/ characteriitiee unl$$$ 

dp^ df \dpdqj 

muiiihei at ike paint; each eharacteriitie tauehee the iingular 
integral there and hoe the paint far an ordinary painty and no 
two tkearaeteridiee have the fame tangent* Viwtnwt^ qX\ ^ik^M% 
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duiracUriiiiei li$ <m a $ur/ao$ which touch$$ th$ iingular uitt/frol 
and has M# paini of coniad /or an ordinarjf poimL For, in Older 
to obtain thU integral surface from the equations of the chancter- 
iatics, all that needs (§ 84) to be done is to make the initial valoea 
satisfy the equations 

/«0, ds^pdx-k^qdjf. 

In the present case, both of these equations are satisfied at the 
point by taking 

Hence, in thu immediate vicinity of the point of intersection of the 
surface with the singular iutogral, we have 

x = 2(ouc-f/9)j-f,.., 
y-209#r + 7)« + .... 

on the sur&ce ; and therefore 

iHT + y-O. ««/i^4-...; 

the point of intersection is an ordinary point on the surfiioe, and 
the two surfaces touch there. 

If however ay-/9'»0, without a, /9, y separately vanishing, 
we may take 

fi^a$. 7-a^. 

We still have an infinitude of characteristics through the point, 
given by the equations 

p^icn-^.... 

«»2(ic + ^)ai9-f ..., 

y2tf(ir-l-tf)o«+..., 

they touch the plane # -^ at the origin, and the tangents are 
given by 

y - tf X, 

that is, the infinitude of characteriMtics have a common tangent at ^ 
the origin : amHl^ 

the origin is an ordinary pi»int for each of the oharaoteristios. 

This infinitude of characteristics still lies on a surfiioe (whioh 
of oourBO gives an integral of the differential equationX To 
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oVtain its equation from the equations of the eharaoterisiios, we 
make the initial valnee satisfy the equations 

/-O, dsmpdx-hqdy. 

In the present case, both of these equations are satisfied at the 
point bj taking 

With these initial values, we have, for the characteristics, 



3} 



n 



- |(il' + 210 /«• + (4ir + 20) c + 80') 9 + ... 



and therefore 

Hence, at the point of intersection of the singular integral and 
the surface that is. the locus. of the characteristics, we have 

along the surface : and therefore the point is a singularity on the 
surface that is the locus of the characteristics. The two surfaces 
touch at the point which, on the assumptions implicitly made that 
neither X nor §a nor cX + fi vanishes, is a cusp on the locus con- 
taining the characteristics through the point. 

Even if 0, ^, 7 be zero, the same kind of result holds: for it is 
sttflBcient in that event to make « « : we merely have different 
values of X and fft. Hence we have the result : 

When (HI ^quaiimi has a mngular integral, and when the relaiion 

i$ mUsfiei ai amy paint of it, an infinitude of d^araeterietiee paeeee 
Affrngk the point having a tammoH tea^etU (fccA otto tmdkMV$rr\\m 
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in) tk$ lingular inUgroi. All ike ekaractmridice li$ om a mufom 
mAtcA UAkchu ik$ iitigular iniegral ai the point and ha$ <k« poini/ar 
a eingulariijf. 

Ex. 1. IVovt Uut| whan an equAiioo /(•«ijf» «i|^f)«>0 
vioguUr intogiml in ili« fMrm 



•uoh thai / doM not vaniiih at all poinU on the aurfkoa rapwaantad bj thai 

integiul« Uia ganarai intagral whiuh touolMa tha aingular inlagral along a 
ouna can ba raproaauied in iha furni 

whera Cm* ragular ftinotiou of x and jf, and iba ooinplela intagral oan ba 
rapreaoiited in tha form 

wbera a and 9 ara ragular fuiictioua of jr'aud y. . (Darboiu.) 

Ex, S. 8haw that iba cbaractari«ticii of tha aquation 

(^-*)«-^(x«^.J•-l) 

ara plana ourvaai and tliat tha loctu of thoir ouapa ia 

j^-hi'-l. (Oooraal) 

Ex, X Diacuaa tha varioua iutegrab of tha equation 

0>(4r•^.J•-l)^.y^y)«.V«(l-l^)(4P^+y•-|.f•.l>. 

(Oottfaal.) 

118. Oiue V, Hei*u wo havo 

/-o, p-o, 0-0. jf-o. F-0, r-a 

These are aix equations involviug five variables : benoe they cao 
coexist only if connected by certain relations. If so connected, 
they may be equivalent to five e<iuaiions, or to four, or to tbree, or 
to two : on the assumption that /« is irreducible, they cannot all 
be satisfied in virtue of one equation alone. We shall assume that 
/is a polynomial function of its arguments. 

When the six e4|uations ai*e equivalent to five, the equations 
determine a limited nuuiber of sets of values for the five variaUea. 
Taking any one of thoHe, we have to consider the form of the 
characteristic at the point. As before, we take the point for origin* 
and the tangent plane of the complete integral is made the plane 
a Bf : so that we have 

*-0, y-0, j=-0. p-0, 9-0 

at the point. It is clear that there can be no terms of the first 
order in /: so that the constant c, of § 110, is zero. In other 
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respects the analysis of §§ 111, 112 applies in the present sub-case : 
and the nature of the point on the characteristic is the same as for 
the corresponding alternatives in that discussion. 

When the six equations are equivalent to four, determining 
y, #, p, g as functions of x, the discussion of § 1 1 1 will suffice for the 
present sub-case. When they are equivalent to two only, their 
significance is similar to that of the corresponding equations 
already (§ 109) discussed. 

It remains therefore to discuss them when they are equivalent 
to three equations only, expressing #, p, f as functions of m and y : 
we have seen that it was not posxible* definitely to declare that 
the relation between r, y, j is a singular integral, because of the 
vanishing of Z, The method of § 104 is not applicable : for the 
equation /*0 cannot be resolved with regard to m because Z«0: 
indeed, it cannot be resolved with regard to any of the variables 
so as to give a regular equation because X, F, Z, P, Q all vanish. 
Suppose that 

/-O, P-0, Q-0. 

are three independent equations giving f , p, g as (unctions of m and 
y: and that these values make JT, K, Z all vanish. When the 
values are substituted, they make /» 0, P -i 0, Q «■ satisfied 
identically: hencef 

8«r dp dm iq ds 5i dx ' 

dP 
If then 7- does not vanish when the values of #, p, g are sub- 

atituted in it, it will be sufficient that the equations 
dPdPdp dPdqhP ^ 

dP,dPdpdJPdq»JP^^^ 

8y'*"5?ay agay at^ ' 

shall be satisfied in order to secure that the relation between 
#9 y, t is an integral of the partial eqluation. The equation Q ■■ 6 

* Bsoipl, of flouBS, hy direet tiilNitiioiioB In lbs partial difftrtallsl iqiialloB. 
t Thi staaUoB fmO gives no fnrthcr inforiMllmi wImo IbM ItmM, 
4 P,Q,i;r,rsUvaaidifOTihtvsl«MiBq«MUoa. 
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can be trekted similiurly. and will give a iiimilar reault if ? doea 
not vaniah for the values in quention. 

But the obvioua testa, which really are the equivalent of aub- 
stituting in the differential equation, are that values of p, q, $ 
should satisfy 



p-!ii')- 



^-iii')- 



if thi'se n^latioiis are satisfied, the rulutiiin between sr, y, f ia an 
integral. i 

The subject, in the cose when Z»0, admits of considerable 
ex{Ninsion: but it will not be pursued further in this place. 
Darboux has given some discusHion * of a limited class of equations ; 
thure seems plenty of opening for further investigation. 

Ex, 1. Coniiidar ths squsiion 

which alrMdy (J 78) hss been diacuMed. The equations 

/-O, JT-O, r-0, Z-0, P-0, «-0 
are Hatiiifieil in virtue of the two reUtiona 

Slid the«e lead to ad iutegnU 

which it not a eingubur integral aa it oertainlj is not the anvelops of the 
complete integrala of the equation. But, though it aatis6e|i 

Z-0^ 

It ia an integral of the original eqiution. 

Ex, a. Consider the equation ^ i 

The eqiutionii 

/-O, -V-0, r-0^ Jf-O, P-0^ QmO 

are aatiafied by a reUtion 

a-0 

(with pmO^ 5f mO), which ia an uitegral : and the ooin|ilele integral k 

{(x-tt)«+(y-6)«)»-a7i*. 

What is ths reUtion between the two integrala I 

• la I 8« of his 1 



/ 



1 



: 
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Ex. 3l Consider the equation 

The dx equations 

/-o^ jr-0, r-0, z-0, p-o, ««o 

sie satisfied b J 

iMit f >-0 is elearij not an integral of the partial differential equation. 
The same holds of any equation 

where the constant m is greater than unity, a and h are constants which do 
not Tanish, and / is a regular function of its arguments containing no terms 
of order lower than two in p+a and q-k-h combined. All the sis equations 
are satisfied bgr 

but f«0 Is not an integral of the equation. 

Ex. 4. Discuss the relation of the locus t «0 to the complete Integral and 
to the general integral of 

Ex. ft. Shew that all the integrals of 
which touch the Integral t ^O along the ails of jr, are glren bgr 

where il and n are arbitrary. (Darbons.) 

Air. 6. Obtain the complete Integral and the general Integral of the 
equation In the preceding example. Is t«0 a singular Integral! 

•Air. 7. Integrate the equations: 

dlsottssh^ for each of them, the relations between the Integral t«iOand the 
ether Integrals. 



CHAPTER VIII. 

Tbe Method op CuARACTKEUiTics in amy numreb 
OP Independent Variableh, 

The preMnt ohapler gif m an aooouDt of C»iich/t msUiod of obMttderiilioi 
M appUad to a Muglo equation in « iude|Mnidont variablM: and iha aoooont 
ia mada brief, beoauae the |irooea« and tbe remilti are a generaliaatioD of tb* 
IwooeMi and Qie reaulta for two independent variablee, aa eipounded at eon- 
aiderable lengtb in tbe two prooeding chaptera. Moreover, aa tbe geomaUx* 
of ordinary space baa been auplj uiied for illiiiitnition of tbe aimpler caae, it 
ia not deemed neceMary to enter at any lengtb into illuatrationa of tbe wore 
general caae derived fitim the by porgoouetry of n-^i dimenaiona. 

Reference may be made to tbe worku of Cauchy and of Darbouz, quoted at 
the beginning of chapter vi. Many of the rc^ulta towaida tlie end of tbia 
chapter are believed to bo new: and tbe Hubjoct admita of oonniderable 
development 

117. Tho niethiHl of charoctcrihtica ciui be employed when 
there are n independent variables a^ ..., x^. Adopting Cauchy'a 
use uf Auipere'a practice, we change the independent variables iso 
that they become x,, u^, ..., u.: the new •variables are functions 
of dr,, ..., j*M (and, it may be, of ^i also) which are independent of 
one another, and they will be chosi*n so as to simplify relations. 
Conversely, ^ti •••» J^m '• /^u •••• /^n <^^^ ^ regarded as functions of 
«i. Ill, ••., Uiif cmd, whatever the ditferential equation may be, we 
have 

a«r ,^.^'air,' <-* ^. 

DiAerentiating tho former with regard to Ui and the latter with 
regard to jt,, and subtracting, we find 

dui f^f \dxi du{ dui 8x|/ * 
holding for i^i, ..., n. 



; 
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Wlien proper values of r^, ..., m^, $, |h» •••> Pmt in termi of 
Ci, lit, ..., «», are substituted in the differential eqnationi which 
may be taken in the form 

/(«!, •.., r^, $9 Pit •••• j^i)""0, 
it becomes an identity : hence, if 



y.z ^/-jr 5^-P 



aori "•• a/i, 

for I and j«l, ..., n, we have 

Cw| t«t W*| 1.1 M| 

vt'pi t«t -^^pt Inl vVpi 

the latter holding for /a >■ 2, ..., f». Substituting in the latter for 
Sir ^^ ^ ' and rearranging the terms, we find . 

• i((x.*.^*P.^),^J.i{(/..-/..g)|t}.,. 

Thus for, the new variables u«, ..., Un are at our disposal: let 
them, if' possible, be chosen so that 

P.-P.^-O. . 

for r»2, •••, a, these n — 1 equations being formally independent 
of .one another. On the choice thus made, the foregoing equation 
becomes 

and it holds for ;ft«>2 ft There is thus a set of n-l 

equations, homogeneous and linear in a — 1 quantities; the 
determinant of their coeflBcients, being 

does DOk Tadah, and therefore the qaabtiUee themeelvee vanish, 
that is, 
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for r « S, . . M ^ Subatituting the values of X|, • . • » JT^ Ihns given, 
and alflo the value of r— , in the equation 



k-'- 



OXx gm% Wl iml 

and reducing, we have 

J. + ^ih + P.f^-O. 
Consequently, the equations 

for r « 2, .... n, and t « 1, ..., n, are satisfied: it will be 
that they involve no derivutivus with regard to ii,, ..., «»• 

Now this aggrugiito of 2n — 1 equations can be taken in the 
form 

dr, dft rfx, dpi dpm 

P^P." • •■i\"-(Jf. + Zi;;)"-"-(.r^ + Z|0' 

which are a set of ordiniuy equations ; so far as they are concerned, 
the arbitrary quantities that arise in the integration can be made 
functions of the variables u,, ..., u., which do not 'occur ezplioitly 
in the set. If we cqiuite each member of the above aggregate to 

ds 



the equation 






will be satisfied by the integrals of the set; no limitation will 
thereby be imposed upon the arbitrary functions of u,, ...» u^ that 
occur in the integrals. But the equations 

dt * djtr 

dUf, r-f 3m^ 
have also to be satisfitHl ; these will obviously impose limitations 
upon the arbitrary functions of a,, ..., ti^. 

118. Accordingly, we take the equations in the form 
djDi dxt dx^ ds 

dpi dp^ 



-(X.-k-Zp,) 



-(jr.+Z/i^) 



-*. 



11 
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introduciog a new variable I so as to wcure the general symmetry 
in Darboux's presentation of Cauchy's method: t is the inde* 
pendent variable for the system of ordinary equations. Let 

'■■Vt *i""fi» •••» *i» " f»» Pi " ^i» •'••» Pn " ^iii 

be a set of initial values aMsuroed by the variables in the aggregate 
of ordinary equations, subject at this stage to the sole condition 

/(fi» •••• C»» f» ^i» •••» ^»)"^» 
We shall suppose that not all the quantities P|, ..., Pn, Xi + J!^, 
..., Z^ + Zp^ vanish for these initial values and that each of these 
quantities is a regular function of its arguments in the vicinity 
of the initial values. From the theory of ordinary equations, it 
is known that the equations possess a unique set of integrals 
which are regular functions of t and are such that, when f«0, 
they acquire the assigned initial values respectively: let these 
integrab be 



• • 


-«« 


«. f.. 


•••» 


f.. 


f. 


»i, 


.... TuX 


» 


— » 


(«. ft. 


•••» 


f-. 


c. 


ITl, 


.... »»). 


p» 


-i^ 


(t. f., 


... , 
.... 


u 


r. 


»1, 


.... »•), 



Pii""Pii(^f Cl» •••» f»» C» ^l» •••» ^nh 

When in the expressions thus obtained we make the quantities 

(i» •••> («> (• ^i» •••> ^n functions of ii« , ir., at present arbitrary 

subject solely to the condition 

/ (fli •••» fnf f» Wi* •••» ^n)*" V, 

it is neoessary that they should satisfy the relation 

(which the difierential equations in the ordinary system shew to 
be satisfied), and the relations 






for |i«S, •••, n, if the above integrals thus modified are to 
provide integrals of the original partial equation. L^t 
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then, M 



ftothal 
we have 









^\ 



duj 



■,.i\a«^ w "aii^ di) 



The quantitieii muBt Batisfy the equation 
when their valuen are Hulwtituted : hence 

and therefore 

so that 

where A^ in the value of £^, when l»0. Now Z ia a regular 
function of I in the vicinity of l«0, bo that i Zdi ta finite. 
ConBi*4uently, in order to Biitisfy the relation 

it ia neceiibary and BufBcient that the rehition 

A^-0 
Bhould be satiBfied, that is, 

and this uiUBt hold for fft» 2, ..., n. We thus have a — 1 further 
conditions iroposiHl upon the quantities fi, ..., («, {^ Wu •••!«•• 
regarded as functions of ti«i ..., tin. 
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Further, .when these conditions are satisfied, and when the 

<)uantitie0 are substituted in/(ffu •••• «ii» '> Pi Pii)*0, the 

equation is satisfied identically. For we hare 

-0, 

bom the differential equations that led to the construction of the 
variables as functions off, «,, ..., u^. ' Also, as £pi«0, we have 





9« ^1 . . 9c« 




5S;-'^g^+-+^a5-/ 


and M BOW 








«nd M alwajra 





we now have 

that is, 

and therefore 

Thus 

and therefore 

/(«!• ••••Cm'.lh. ....Pii)- constant 

■■/(fit •••» fii» f» 1^i» •••» ^n) 

-0. 

Consequently, the expressions obtained for ir,, ..•, i^Kf,|hf •••! Pb 
satisfy the equajtion 

identically when their values are substituted, provided only that 
iherelatioDfl 
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are Mtisfied Moi«over, they are aucb that 

dt £ dx, 

d« S, dXr 

and therefore.if f,|h»...,/)^can be expnsaaed in tennsof jp^» •••»*% 
alone/on the elimination of (, n,, ..., u,», the ii quantitiee p are the 
derivatives of s with regard to the n variables «. that is, the relation 
between «• «i, •••, Cn provides an integral of the original partial 
equation. It therefore is sufficient that the initial quantities 
fii •••• (»» C> Wi, ..., irn should satisfy the ii-l rebtions 

together with the condition 

/ (Ci» •••» fn» f» ^i» •••» w,i)"0; 
and then the integral will be given by the elimination of the 
parametric (quantities among the n-f 1 equations 



*ii™*»(^i Ci* •••» f»»» C» **!» •••» ^nh 

119. The conditions as regards the initial values may be 
satisfied in various ways. 

In the first of these ways, all the quantities ( and f involve 
Mt» •••• Mill the M — I relatiuns, together with 

become a equations for the detennination of ir|, ..., «*«. These 
n equations can be resolved for these magnitudes, unless 

111, •••» **• 
3m,' '"' 3m, 



aft 

3m • 






should vanish^ where 



¥1 V tfl» •••» *"» C» ^l» •••! W|») 

"'"^ Wr ' 
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80 that Ilr 18 the initial Talue of Pr. We ehall a88Qme that thie 
quAitity doe8 not yanish, recognising that an eioeptional case 
oocnra when IXi/ ..., fin all vanish. 

As the quantities C> .fi> •••» {« involve the n — 1 variables 
u«, ..., ««, then on the elimination of u«, ..., ii», we have two 
relations which may be represented in the form 

in other words, the initial conditions are such that, when a relation 

is satisfied, f is to acquire a value g (^, ... , ««). All the require- 
ments are now satisfied, without any further restrictions : so that 
g can be taken quite arbitrarily, as also can ^. 

The integral thus obtained is the general integral. 

In the second of the ways, some (but not all) of the quantities 
(i {i» •••» tm involve the n— 1 variables u«, ..., ««. Suppose that 
^i^u •••• (« do not involve any of the variables: then we deariy 
have 

fi+i ■■ ^i» •••» (n ■■ «•» 
where the quantities 0^.1, ..., a« are constants. The relations are 

^f - 2 , ^f ' 

for ;ft»2, ..., n; these shew that some functional relation eiists in 
a form 

■* 
and they determine the values of W|, ..., wi: and then wi^i, ..., ir« 

can be taken as arbitrary functions of ii«, ...i «», subject to the 
equation 

/(fi» •••» {<>^-»-n •••» «•» f» ^i» •••• w«)»0. 

All the requirements now are satisfied, without further re- 
strictions; so that the function g caa be taken quite arbitrarily. 
The initial conditions are such that, when 

t is to acquire a value g (C|, ...9 le^). 

The integral is of the general type : cleariy it is a specialised 
of the general integnd. 
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Id the third of the ways, all, the quAatities {^, d, ..., f« may 
be independent of the variablee : they then are constanta. Among 
the n -|> S equations 

^i ■■^i(»t Ci» •••» %•!» C ^i» •••» ^wX 



, ^"^(^ fi» •••» Ciif C» **!» •••• •'•X 

we eliminate the n-i- 1 quantities t,Wi, ..., v»« The eliminant is 
an integral. 

As there are a sf 1 constants, which are values of the Tariablesi 
one of them may be looked upon as an initial value, and the rest 
of them may be regarded as arbitrary. The integral so obtained 
is a eampUU integral. 

It is dear that the integral, provided by the second of the 
ways, is intermediate in character between the complete integral 
and the general integral. If in its expression, t « n — 1, it effectively 
is the general integral; if, on the other hand, t bO, it effectively is 
the complete integral. 

As regards the possibility of giving (or even expecting) an 
explicit form, by the elimination of ^, «,,..., Un among the a -I- 1 
equations 



*« " *»(•» Ci> •••» v«» »» ^i» •••» ^»)» 

we may resolve the first n of the equations with regard to I, u«, •••, 
till, and substitute the values so obtained in the last : the resulting 
form will be the integral. This process is theoretically possible, 
unless the quantity 

dxi dx^ 

^•••" dt 

dXi ?4*n 
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TUii8he8 identically, that is, unless the quantity 

P|, •«., Pn 

d^ 9ffii 

air,' ••• ail. 



8*. 

as;'- 






vanishes identically. In assuming this, we make no new 
assumption : for if it Tanishes identically, its value, when 1^0, 
is sero: and this has already been assumed not to be the finct. 

120. Various assumptions have been made which, as in the 
case of only two independent variables, restrict the application of 
the theorem and the process. ' 

Thus, it has been assumed that the quantities P,, ..., P^, 
Xi-hpiZ, ..., Xn-^pnZ are regular functions of their arguments 
within the vicinity of the assigned initial values. If, therefore, 
any, or some, or all, of these quantities are characterised by 
deviations from regularity, whether by singularities or by algebraic 
irrationalities or by places of indeterminate values (to mention 
only the more fiimiliar examples), then the theorems relating to a 
set of ordinary equations no longer apply of necessity : and the 
further inferences are then not necessarily valid. 

Again, it has been recognised that, if P|, ..., P« vanish simul- 
taneously for the initial values, the argument is not completely 
effective : as in the case of two independent variables, deviation 
from regularity can be caused thereby : and the equations require 
ftirther consideration. 

Again, it has been assumed that P|, ..., P^, Xi-^piZ, ..., 
Xn+PnZ do not simultaneously vanish for values oi the variables 
connected by the relation /» ; but instances are known in which 
this assumption is not justified, the equations 

/-o. p,-o,.-,p«-o, jr,+|hZ-o,.,.,jr,+|>^z-o, 

being omsistent with one another. In .such an event, there are 
two idtemativea. Either the quantities pi, •••, ji^ can be eliminated, 
and the eliminant is a relation between t, j^» •••! ^ : this*relation 
tlien provides the fta^lcir inieffral of the equation. Or, though 
the elimination is not possible, the equattons am «a.\&ifi»l Vf ^^ 
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being irreducible) by proper values ibr %i leatt two of the quantities 
p in terms of the remainder : let there be m such equations^ where 
mKn; then these equations form a oomplete system, and they 
have an integral involving m - m -f 1 constants, which integral ts a 
specialised case of the oomplete integral 

Moreover, there is no guarantee at any stage that eveiy possible 
integral of the equation can be derived by the processes adopted : 
and it has, in fiEu:t, been found to be the cose that a partial equation 
can be satisfied by an integral of the type called special, not falling 
within any of the indicated classes. 

121. As in the case of two independent variables, so in the 
case of H independent variables, one exceptional instance requires 
consideration. It may happen that, though no one of the quantities 
Pi9 •'•$ Pm vanishes, still the relation 

might be satisfied: it would, for example, be satisfied if/ were 
homogeneous in the derivatives />. One of the mtegrals of the 
ordinary equations then would be 

s ■■ quantity independent of t 

a relation which would be useless for purposes of elimination if the 
complete integral were being sought. 

In such an event, we adopt (as in the case of two variables in 
the corresponding event) a Legendrian transformation of the type 

or of some similar type. For the particular transformation, the 
associated variables are 

the quantity piPi -f ... -k-pt^Pn in the transformed system is then 
obtainiKl from 

that is, from 

J^i(jr.-f/>.if)-/>.P.. 
by making the above substitutions. This quantity does not vanish, 
and so the process can be applied to the modified system ; the 
integral of the original equation can be deduced as before. 
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This general method of integration hat been illustrated lor the 
case of two independent variables : it is unneceasaiy to illustrate it 
in detail for the general case. 

Sm, iDtegnte, bj Gauch 7*8 method, the •quations 

obUiDing in ssoh oms an integral i which aoquires an anignsd Tshie 
^{»%% •••t*«X when *i-<f|. 

122. The ordinary equations subsidiary to the integration of 
the partial equation can also be obtained as follows. In space of 
fi -f 1 dimensions, the integral represents a hypersurfooe, which 
can be regarded as the envelope of its tangent planes. The 
equation of any tangent plane is 

t-'-|H(fc-«i)+-+Fii(fi»-^)f 
when the envelope of this plane is formed, subject to the law 



we have 
and therefore 



"7. — "7^^• 



that is, in the vicinity of the point 

-p. — ^. 

say, giving equations for a direction through the point Moreover, 
as this direction belongs to' an integral which satisfies the equation, 
the equatioD /« will be satisfied identically when the proper 
values of t, p^ •••, pn are inserted: so that 

Xr + //>r-«-/^^ + ... + Pa^-0, 

fcrr«l, f,^ Thus 
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Now i' 

and theiefbro 

-if,. ■ 

80 thai 

fi)rr«*l, ....ii. Abo 

henoe, gathering together the various cquationa» we have 

-A. 

which are the equations in question. 

Next, consider the various integrals. There is a complete 
integral, which may be taken in the form 

The least restricted general integral is obtained by eliminating the 
II constants among the n -I- 1 equations 

^-0, 01-0(0,. ...,a»X 

da, da, caxdiMr ' 

for r « 2, ..., n ; it will be a single equation, and it represents the 
envelope of that family of complete suriaces selected by the 
relation 

o,»tf(o„ ...,o»). 

In the uneliminated form, the equations represent a locus of one 
dimension, which is the intersection of n consecutive surfiicea 
obtained by vaiying the ii — 1 independent parameters in 

♦ (j*!, ...»«?». *. tf. "i. ...,o,)-0. 
On the analogy of ordinary t>pace, such a curve is called a cAoroctor- 
Mf 10 : clearly the general integral is a locus of characteristics. As 
a characteristic is a lcx;us of one dimension, it can be represented 
by a set of ordinary equations, which are easily found as follows to 
bo the preceding set. 



! 
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The differential equation is obtained by the elimination of 
Oi» •••fOn among the n-f-1 equations 

♦ ■■^(*i» •••»*•!• '» Oi» •••! flu)"© 

for r**!, ...,11; and it is the sole equation resulting firom that 
^ elimination. The only independent relations, that connect differ- 

f ential elements dri, ..., clr», ds, df/h, ..,, dp^t are 

rf^-0. d^-0, ....cI^-O; 

and d/tm is a relation connecting those elements : hence quantities 
M» Mi» •••• Milt free from differential relations, must exist sudi that 
the relation 

d/'mfid^^f^d^^...^^d^ 

is satisfied: and therefore 

because/ ^» ^, ..., ^ vanish together^ 

Because no one of the constants Ot, ..., On appears in / we 
have 

for r « 1, •.., II. Again, p, occurs in ^ only and in no one of tlra 
other quantities ^ ; hence 

of 9a 

fcr • • 1, .... »• For the integral in question, we have 
and therefiyre 
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The integiml eqiwUont of the ehancteiutio an 

fiw «* S, .... «. Fkom the preceding equatioiu, we have 

therelure, along a characteristic, 

'^\da,*dardaj * '• ^'^ VSo, *3a, M/ ' 
that is, 

and this holds for r«2, ..., ii. Now ^r"*0 holds permanenUy 
along the characteristic, so that 

and 

for every curve on ^ ■■ : thus 

and this holds for r ■■ 2, ...» a. The f — 1 equations for the ratios 
of fhi •••• Mm <ure exactly the same as the n- 1 equations for the 
ratios of dxi, ...» dx^; hence 

dxi dx^ 

^ ••• ^ ^ Wa 

Ml /*• 

say, where dx^, ..., c/xn are elements of the characteristic Con- 
sequently, 
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becati98 the relation 


^+«»s-» 






connection with the equation. 


Aim 
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Hence, gathering together the various equations that are satisfied 
along the characteristic, we have 

These are the former subsidiary equations, which accordingly are 
the differential equations of the characteristics. 

JEr. 1. Profs thai the envelopo of the amplitudes 

il«-(«-X,)(«-4^)(«-4P,X 

where « is a variable parameter, is a general integral of the difKareotial 
equation 

and find the reUtion among the arbitrary constants in the oomplete Integral 
which leads to this general integral. 

Kjc.%, An amplitude of one dimension is giten by the equatlens 

And the general ibrm of thepartial diflbrential equation of the first order for 
whioh this ampUtode can be a oharaoteristio, and rerify that the equation la 
the preoeding eiample is a particular case. 
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ISA. The complete integral is an amplitude of ii dimensions, 
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The general integral ie an amplitude alao of m dimenaiona, 
obtained aa the reault of eliminating a,, •••» On between the 
equationa 

on taking Oi « (a,, • • . , a«) : the ii equations repceaent an amplitude 
of one dimenaion, being the characteristic : and varioua loci, of 
• dimenaionii of all ordura between unity and a, are given by the 
elimination of the varioua seta of constaiita that can be selected 
from a^t''^»Om' And there are various cliiHsea of general integrab : 
that general integral, which is represonted by means of the ibre- 
g«>ing equations, is the must comprehensive of them all. 

The singular integral (when it exists) is an amplitude also of 
n dimensions, obtained as the result of eliminating Oi , • • . , a^ between 
the equations 

♦-»• ^r"' ^-*' -^-o- 

The values of />|, ... ,^m at any position on the complete integral 
are given by 

torrm 1, ..., fi. 

The values ofpi, .*.,pm at any position on the general integral 
are given by 

that is, by 

for r«l, ....a. 

The values of pi, ... , /!« at any position on the singular int^[nd 
are given by 

that ia, by 

for rvl, .... n: 

Hence, at any poaition common to any two of these three 
integrala, the values of |>|, ...,p^tuc^ the same. Regarding a, Wg 



I 
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««»/h» ..••I'bM defining an element of an integral of the difierential 
equation, we can express this last result in the form that, at any 
jHmtum eomnum to any two of the three amplitudee repreeented by 
the complete integral, a general integral, and the eingular integral, 
the two amplitudee have a common element 
Moreover, the equations 

usually determine one set of values, or a limited number of sets of 
values, of g, r,, ...,fmt in terms of a,, ...,0,1: that is, the number 
of positions common to the complete integ^ and the singular 
integral is limited and, as has just beeq proved, the two amplitudes 
have a common element at each common position. Also, a set of 
values of a, a« determines a position on the singular integ^. 

Again, a relation 

«i-tf(af. ....On) 
determines an amplitude of one dimension within the singular 
integral; and at every position on this amplitude within the 
singular integral, the equations 

*-o. #-0 #-0 



are satisfied. These are the equations of the general integral, 
which accordingly contains the amplitude. Hence the general 
integral and the singular integral have an amplitude of one 
dimension in common and, as has been proved, the two integrals 
have ^ common element at every position on this amplitude. 

The complete integral and a general integral have a character- 
istic in common, being an amplitude of one dimension. Moreover, 
the equations of the characteristic determine the relations between 
M, m, p uniquely from initial values, except when those initial values 
belong to singularities : hence if two complete integrate have an 
dement in common, at any poeition, they have in common, all the 
elemenie along the diaracterietie through the poeiHon, 

Among the special loci to be considered is the amplitude which 
is the envelope of all the characteristics on any general integral 
lUdng two oonsecutive characteristiGS, we have 



♦-^' S-^'-'S;-^* 
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along one of them ; along the other, we have 



■0. 



5^Ji.^-»+- 



d*^ 



da.-0. 



the latter holding for r-S, ...,ii. At position* eonunon to both, 
the fint of the second set of equations is satisfied bj meaoa of the 
first set of equations ; eliminating the ratios dof : (fa, : . . . : da^ firom 
the rest, we have 



ltd,*' 



«f»^ 



d'* 



d'<ft 
da,* 



0. 



du,dan 

say ff(4)<"0. Thus the required envelope is given 
elimination of a,, ..., a, among the equations 

HW-O; 



by the 



♦-»• ^-••••••^.-». 



it ifl an amplitude of n — 1 diuienHioiui. The » 4- 1 equationa 
imually determine a set of values, or a limited number of teta of 
values, of s, dt^, ..., dr» in terms of a,, ..., a^; henoe the number of 
positions common to a complete integral and the envelope of the 
characteristics on a general integnd is limited : and, of course, they 
are isolated positions on the amplitude of one dimension, along 
which the complete integral and the general integral have elements 
in common. 

Again, consider a locus intermediate in dimensions between 
those of a characteristic and a general integral : such an one is 
obtained, for example, by the elimination of Ot, .,.,ar between 
the equations 

♦-»■ ^.-••••••^-«- 

The result of the elimination will consist of a — (r — 1) equations; 
and therefore it will represent an amplitude of r dimensions in 
the hyperspace under consideration. Its equations involve the 
n-r constants Or^i, ••., <<ii* To find its envelope, we take a con- 
secutive amplitude : at any position on the first, we have 
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at any podlion on the seoond, we hare 



801 



(f^ 



tf^ 



for «wS, .... n. At a position on the envelope, the fint of the 
latter set it satisfied by the earlier equations : eliminating da^^, 
..., dont we have 



dOtdOr^l ' 



d*^ 



rfa,rf«, 






'0. 



These equations, which are equivalent to r independent equations 
in geneni, together with 

give the envelope : it is an amplitude of fi — r -f 1 dimensions. 

134. It is not proposed to make the complete generalisation 
of all the properties in ordinary space associated with partial 
differential equations in two independent yariables: only one 
other property will be generalised here. We shall consider the 
order of contact in which a common element is possessed by 
different integrals. 

Assuming that the singular integral exists, we know that it is 
given by the single equation which results from the elimination of 
Ot, ...I On among the equations 

1-0. .... ^.0. 

Let this single equation be supposed resolved with regard to #» 
with the result 

and i n tro du ce a new dependent variable {; defined by the relation 
The complete integral is now 
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the derivaiifea with regard to Oi, •••, On are nnaffected. Heooa. 
when we make the eliminatitm at before and reeo|ve thia new 
eliminant with regard to {; the aame resolution as before leads to 

f-O. 
We therefore may take the singular integral in the form 

j-0. 
It is true that this equation has arisen out of the resolution of 
another equation, and that therefore it may not (and generally 
will not) represent the singular integral in the whole of its extent : 
but the immediate purpose is the discussion of the closeness of 
poHseasion of an element, common to the singular integral and to 
any other integral at a common position, and therefore only the 
iumiediate vicinity of any position on j » need be considered. 
Let any position on ^ « be taken : when chosen, it is made the 
origin, so that we are considering the immediate vicinity of 

t-0, «|-0. .... x^^O. 

Mureovcr, at that position (and at any other) on the part of the 
singular integral under cunsideration, we have 

/),»0, .... i>«-0, 

because s itt steadily zero. 

Let 

be an integral : the discrimination, as to whether it is general or 
complete, will depend upon the other equations (if any) that are 
as^iociated with it. As j >■ is the singular integral, then at every 
position common to ^ « and the singular integral, we have 

and we know that, at any such position, the two integrals have a 
common element so that the values of ji^, ..., p^ for ^""O, as 
given by 

for r^ 1, ..., M, must be the same as those for # a-O. The latter 
vanish : hence, at a common Element, 
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a 



In general, ^ will not vanish there : the position then would be 

y singularity on ^ibO, and circumstances would require to be rery 
special in order that a singularity of the amplitude ^^O should 
lie upon its envelope. 

Assuming the origin to be the common element in question, 
we thus have 

aoi "• •••' aa« "' dm, ' • •' at« • 

at the position 0, ..., on the integral ^«0. 

In order to simplify the consideration of the small variations 
along two integrals in the immediate vicinity of a common 
element, Darbouz proceeds as follows. As in the case of two 
independent variables, so, generally, in the case of n independent 
variables, the discussion centres round an aggregate of terms of 
the second order of the tjrpe 

where the values ««0, d^t-O, ..., ar^^O and the corresponding 
values of a,, ..., a« are to be substituted in the oocflScients of the 
bilinear terms. Let a homogeneous linear change be effected 
upon the variables or, and another upon the constants a : these do 
not affect the position of the common element and, among other 
things, they can be used to render the position of the aies of 
«^, ... , «^ more precise. The number of constsnts at our disposal 
in two such transformations is in*; let them be chosen so as, if 
possible, to make all the quantities 

y^ 0*^ 3*^ 

for all values of % and j from.l, •••, n that are distinct from 
one another, vanish at the common element In general, these 
ooaditions amount to 2a(ii-l) relations among the constants; 
fcr tiiese, the 2n* constants more than suflBce. Hence, in addition 
to the equations 

^-0,...,^-0. ^-0,.... ^-0. 
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■atiafied at * oommon element, we nuy alao soppoie tluil tlie 
equatioiis 

for f and j" 1, 2, ..•• » but unequal to one anoUier.. ako are 
iiati8fied. 

Consider/ fimt, small fariatioiia along the singular int^[ral in 
the vicinity of the common element : these can be represented by 
dxi, .... dx^. There is no variation of j, for # is steadily sero: 
the small variations give rise to variations of a^ ••• • Om which may 
be represented by &i|, ..., &!». All these variations are to be 
subject to the equations 

♦-»• ^-'- ^.-o- 

for r^l, ..., n: hence, taking account of all the quantities thai 
vanish, we have 

3(1/ dUrCXf 



M-.'^^B"-"- 



for TM 1, ...,11. Coiuiequontly, other n equations 

du,*dxr*''\da'rdjrrl 
are satisfied at the C4)inuiou element: these replaoe m of the 
equations containing dift'erential elements; and the other n oC 
those equations give the variations &i|, ..., fia», belonging to the 
singular integral and detenuined by means of iix|, .... d^. 
Hence, at the common element, we may take* 

dXr^'^^dl^dirr^' Bar'' 

Now consider a general integral possessing the element at 
the origin: andllnmioso that it is of class m, that is, such that 
fM relations are postulated among the n quantities Oi, •••, <!«. 
We require variations idong the general integral, determined by 
dci, ••., dXf^: these may be denotetl by dai, ..., da^: and then 
the m postulate«l relatii>ns may be taken in the diflferential form 



rf«« » Cm^m-^idam-^i + ... -f Cm,n^m 



M -iiaiiiiiii i ' • • - • ^^ 
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The equation of the gpnernl integral in given by 
*-0. 

for r«Bl, ..., n^m; it results from the eliminatioii of Oi, ..., a^ 
among these ra — m + 1 eqimtioiiM and the m postulated relations. 

The order of contact of the common element at the point 
(being the generalisation of the order of contact in ordinaiy space) 
depends upon the magnitude of ds, belonging to the general 
integral and expressed in terms of dxu •••$ dx^. To find an 
expression for ds^ we expand ^ along the general integ^ in the 
vicinity of the origin, we insert the initial values in the coeflBcients, 
and then we retain only the most important terms. The result 
can be expressed in the form 

on using the former relations. The quantities cieiti •••> ^n a^^ 
given, by means of the m differential relations and by variations of 

in terms of (ir,, ... , dxn : thefe n-^m variations are ' 



for r«l, ..., n — m, account having been taken of the values of 
the coefficients of the differential elements at the origin. Using 
the former relations, we have 

for r a 1, ... , a - m. Also. the. former differential relations can be 

written in the form 

•-« 

•md«i- 1. Vi^.m^vhi^M^^'*^ 
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for #«1» ...I m; henoe all the qiumittieii da^^^^f (Cur r«l> 
...» ii) can be expreaaed lineiiriy in terms of the m quantities 

•-« 

'"* 
Now the quantity di is given by 

which, after substitution, comes to be a bilinear function of tha 
foregoing mi quantities. This bilinear function does not vanish for 
all values of AsCi, •••, dx^, except under special conditions; aud 
therefore tk$ cofUaU of an element, common to a geMt-al iHi^gral of 
any olau and ihs Mingular iniegml. u nsually o/ih$firM ordrr. 

While the bilinear function does not vanish for all values of 
dxn ...,dxf^ except under special conditions, there are certain ratios 
of the values of the differential elements (which may be called 
hyperdirections throqgh the origin) for which the function does 
vanish. Let 

^c£r, -£ a.,»+iMi-ncir^+i 
•^« , 

for « » 2, ..., m; then we have 

where Q is a quadratic function of its arguments. It is clear thai 
ds will be of the third order whenever 

QiOt tfm)-0, 

an equation which, in general, gives two values of 0^ in terms of 
^a> •••• ^m* Hence we may say that, lo/iea variahoia dr,, ...» dx^ 
iirs taken arMnin/y, tkei-e af-e genefxillif two values of d*i wkiek 
oun he aseociaied mth them ho as to. make ds Mung to a general 
integral of the eAiitt order of small quuutitiee. 

Other results are givon in the cxampk^ which follow: in 
{Nirticular, exci^ptions to the liuit ivsult aiv iudicaU'd 

126. The pri.*ccding analysiH is n«it iniivly a geucrulisation of 
that adopted, in $ 105, for ihi* cjise whui'ii v 2 : it is therefore woith 



I 



I 



125.] or THE INTfiQRlLII 807 

while setting it out briefly for that case, in order to allow of com* 
parison with the diaeuBaion there given. 

We take a « as the singular fwlution : any poaition on it ia 
chosen and made the origin, so that, for an element there, we have 

^«0, «-0, y«0, p-0, qmO. 

Hence for any general integral ^ (ir, y, f , Oi 6) « 0, poss essi ng that 
element, we have 

^">' t-O' t-o- i^-0- 

Mon30ver, we may assume that the relations 

^♦-0 ^♦-o ^♦-o jy^-o 

SiS""' an^y"**' bSdi'^^' 5^"®' 

are satisfied at the point : if they are not satisfied in the form in 
which the equation arises, they can be made to be so by making 
linear transformations of the variables m and y, and linear trans- 
formations of the constants a and 6. 

The critical condition for cohtact of order closer than the usual 
contact was found (§ 105) to be 

da* df \a*?y/ ' 

and it was indicated ($ 105, Ex. 1) that this equation implies, and 
is implied hy, the equation 

Thus^ for the transfonnations adopted, these conditions will bo 

respectively. 

Let small variations along the singular integral in the immediate 
' vicinity of the element at the origin be denoted by dc, rfy, to, M : 
these must satisfy 



♦-«• ^-«' ^'^' ^-«' fr^ 



^SV— 1 
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Henoe, taking Aooount of Ihe various vaniahing quanlilia^ we hare 



^»" + !S5*-«' 



Consequently, the two relations 

v^d^ / y» Y d^»^ /»»Y 
aa- bj* " va«a«J • at" »/ " vawy/ • 

are satisfied at the eoninion element : in virtue of these two, the 
four equations reduce to two only, which then determine ta and tt 
in terms of dx and dif. These two relations may be expressed by 
the equations 

3^ 3"^ 3^ 

ay'"''a6ay"'' at* • 

Now consider the general integral: let the single relation 
between a and 6, when expressed in difi'en^ntial form, be 

db » eda, 

where da and db are variations along the general integral; the 
equations of this integral are 

At the element, ^ and ^ vanish : hi.*nce da and ^6 are such that 

taking account of vanishing quantities. Thus, by the preceding 
relations, we have ^ 



Also 
so that 



C {da -h pdjt) — (db + a(/y ) •■ cpd,r - /irfy, 






1 




CONTACT OF HIGHER ORDER 



iititiiti itirti i ■ I iiirihiiiiiiyiiiiM^^ 
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whieh give the necessary values of da and dk Also, variation of 
the equation ^^0 leads, when account is taken of vanishing 
quantities, to the relation 






Hence dt is nsually of the second order in tUe and rfy: and die 
contact is usually of the first order. 

There is a single direction along which d$ is of the third order i 
it is given by 

and the point is then a contact-point of the branches of the 
intersection of the surfaces in question, having this direction for 
its tangent*. 

If, however, the relation 

is satisfied at the point, ds is of the third order for all variations of 
M and y through the point : the general integral and the singular 
integral then have contact of the second order. (This relation 
agrees with the result to be expected from the earlier case.) 
Moreover, when this relation is satisfied at the point, it clearly 
is satisfied independently of any functional relation between a and 
h : it therefore is satisfied for all such relations and consequently, 
^ A« iingular integral ha$ eontad 4>/ tk$ eeoand ardinr with any 
getmal itUegral, U ha$ cania/ct of the eeoand order wUk emrjf general 
integroL This is the former result ($ 105X 



Va\V^ 
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When the oontaot between the two integrals b only of Iho fint 
order, the aingle direction in which the contact it of the eeoond 
order in given by 

The quantitien /a and p belong to the aingular integral at the 
point: hence thia direction usually changes from one general 
integral to another. 

138. We now proceed to give some examples of the genend 
theory which has just been expounded. 

Ex. I. When we are dealing with whut U oalWd the gsnaral inl^gnJ, 
being the integral fur which there is uuly s siiiglt postiiUted relation anioiig 
the (Munameter^ the formula biDoome simple and lead esuily to Aurthsr vsMilts. 

Let the postulated reUtioo be 
then the equatioos of the genSral integral are 

AsMUiuiiig all the |iru|)ortios iu the text, we hsve the expreMiiuu for fit in 
the forui 






The quautitjoM iluu •••, lia^^ determiued fur the genend bitegral in 
d^ii ••• I <^ai are given hj the ahove reUtiun and by 

for r«8, ..., n. We take the reUtion in the funu 



and we hav( 



dai-^i^idxi" l6«(<la«4-|i«<ijr«)-|«|cir|- X6«|i,dlr«: 



fMrr«8| •••!«, where 



So? 



^^ I hJ 
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Bttbutiittting theie TaltMi, we hiive the ntloe of di In tlio fnrm 

HencQi for the general integrml (or the integml of the Ami cIam, onlj- one 
reletion among the parameters being poettilatedX an element common with, 
the aingiilar Integral haa contact of onlj the Ant order. Thia la the ftmner 
molt 

For thIa genenU integml, tve maj take arbitrary rariatlon«i dr^^ •••« (f.r«: 
and then there k one TariaUon dr^ giwi by 

» 

for which ib k of the third order of small quantitka; aooordingly, for thoee 
variational the element ban contact of the aecond order. The propertj k 
■pecial to thk general Integml : for the general integmb of other oUMsea, 
where the number of popitnkted reUtiona k greater than one, there are two 
rarktkma dx% for whkh the correeponding ilt k of the third order. 

Ar.'l. The rektkna defining a general integral of the aeuond daea can 
be taken In the form 

dai ■• h^doi -f ••• -f ftat'oM) 

An element at the origin la poaee nw e d in common bjr thk hitegral and the 
aingnlar Integral: and the Tariona qnantitka at thk poaltkn have the lame 
ralw aa in the inreetigation In the teit Let 

lbrt»l, ...tii; abolet 

Midkt 

ilr->|iti£rt-|is<si|ilrs- ... -m<^ilr«. 



Obtain the vahie of A, whkh meaanrea the order of pomieealon of theetomoni 
commoii to thk geneml Integral and the aingnkr Integral, in the form 



-"8 



A 



'{^^*^^^lQ'^<^^^^i^)''' 



'Htt^i^^Mf. 
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■haw, Itt geuMttl. 

(i) thai Um oniar of imaiMiiiiio of iho ^mmmtm 

the ftnl: 
(ii) that uauallj lliara ara two dialiiict aata of varUtkNus haviiif 

dlvsi •••• ^m arbitrary, fbr which tha alamant i« |iOMoaMd to 

tha l OTo nd ovdar: 

(iii) that, if aither ^ <Mr ^ ahouU vaiii«h. thara i« oia^ oiia aet aT 

variatioua, arbitrary iu dx^ ..., dLr., lur which tha alamant ia 
poiMCuiMOil to tha tfHMMid oiUmt: 

(iv) that, if tha alamautiatMiiiaei>iad to tha aacotid Older fer all variatioiiib 
it ui autHciaut that 

Afa tha two oooditioua io the but mult uaooaaary a« wall aa auttoieutt 
Shaw ako that, if . 

whii* IKNM of Um othar mouimI derivativM vauuh,- theu 



and diacuaa thia form. 

Kx. lb Ailo|itiiig tha notation of J 185, and aaauming that all tha 
quantitiaa which occur have tha valuav thera gi»'en, prova that in oidar lo 
hava an alamant oouunon to a general integral, deAued by thraa ralationa 
among tha quantitiaa <l(ii, ..., <l(i«, and tha Mingular integral, |ioaiie«aad to tha 
aaooiid order, it U necenaaiy and auAcient that three of tha quantitiaa 



ahould vaiiiab'. 






In caaa fewer than three of thetie quantitiea nh^iild vaniah, what ara tha 
aata of variatione for which the element ia ptMneaaed to the second order t 

Ex. 4. Shew that, if one general infbgml of any clana baa an elemaat 
common with tha aingular integral |HMaowed to the Mecond oitler, than a\iary 
general integral of that clana baa the name pro|)erty. 

187. The diacuHaion of the onler, ia which an uK*ait*nt cuinmoD 
to a complete integral and the aingular integral' ia poaaeaaed, ia 
aimpler. Taking the element on the aingular integral aa before 
(S 124), we require variationa along the complete integral: theae 
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are given by (£r,, ..., ilr«, ds alone, bccaiine cf|, ..•• a« are constants 
for this integral. The earlier analysis shews at once that the most 
important terms in these variations are given by 

assuming that the quantities belonging to the singular integral at 
the point are the same as before. It is clear that, except under 
▼eiy special conditions, an dement eommon to a complete integral 
and to A$ eingntar integral ie nenallg poeeeeeed onlg to tKe Jiret 
order^ 



Bsc DJscussthscwfaref po s i iess i oaolsnslso wn tieoBnaonloaconiplsto 
hit^pal and to a gnsral Intcgiml, Ibr whMi a- 1 relatkms uo postulatsd 

[tlM] 



f 



CHAPTER UL 

141*8 fifeiyODB AFPUBO TO BQUATtOVB OT TBI 

FiRirr ORDik i 

IIavv of IMu InvaMligalioiui m ooiicerned with Um inUpmlkm ^fMtfel 
diflbrapiUl eqti^tioiM of Um ftnt oidor : broadlj >tiaaking, lit Jum dtoffawl two 

It mkj bt added UiAi they arlMe am illunlratioiui of ytoomim with \ 
and of aiudytin having a mora extoodod aignificanoe. 

Odo of the uiethod« depeiidrt u|iou the luie of Uuigential 
(or ooutact traiMforniatioiia, mi they are niore froquentlj called). 80 te aa 
ooDoema the |iffu|>ertiea of the«e traiuftfonuatioiui and (an an inoideni in their 
applicAtioii to PfafTu problem) their a|i|ilieation to the integration of a ain^ 
partial diflereutial equation of the fimt order, an exponition haa ahready been 
given^ in Part I of the present work ; it will lie aufficient therefore, to give^ in 
thia place, merely a htatement of the reaultH. 

The other of tlie methoda due to Lie de^ieiuU upon the theoiy of groups 
of fUnctiona a« develu|jod, in i^art, through the theory of contact tianaforma- 
tiona. It ii« applied to ii ityiitem of aimultaiieoiia equationa in the Aral 
inatanoe and naturally it can bo applied to the aim|4dHt caae when there ia 
only a niiigle oqimtiou. 

Some refcreuoea are given in the aectiona in Part I that have already been 
mentioned. Of these, the moat important are Ue'a memoir in the 8th ▼olume 
(1875) of the MttthetmtUchs Annaten, an reganU the fmidamental propertiea 
of oontact trauaformationa and their tiim|iler applicationa to the integratioii 
of |iartial differential equationa, and the tieoomi volume (1880) of hia 9%eorie 
d€r Tfa^Mfoi^ukatunagruppeii^ which containa nLiny |Mit>pertiee, developmenta, 
and applicationa of the trauaformationa in queation. 

Reference may alao be made advantagooiialy to the expoaition given by 
Clouraat in chaptora xi and zil of hia treatine already (p. 65) quoted. 

* 8ee ohaptan 11. z; for the application, vee tpeoially || 186, 141 
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COKTACT TrANRFORMATIOKH. 

128. The distinctive idea of contact transfoimations is derived 
from geometrical oonmderations applied to hyperapace. An element 
of 8ur6ce at any position in a space of .n-f 1 dimensions is deter* 
mined by means of «, «|, ...,«*», the coordinates of the position, 
and of p,, • • • , p« , the coordinates of the orientation, of the element ; 
thus, if z, «„ •••, r«,/i|, ..., Ph bo regarded as 2n-f 1 independent 
magnitudes in general, the element of surfiice will be given by an 
equation 

rf« -piifjTi - . . . -p.ciffn • 0. 

Transformations of the variables are conceived by means of 
relations between z, «|, ..., ««, p,, ..., p« and hew variables t^, «/, 
•••f '/i Pi' P%\ if these relations are such that 

rf/- i pi'dxi^pldz- 2 Pid^t 
i-i \ i-i / 

wheiv ^ is a non-vanishing quantity independent of differential 

elements, the transformation is said to be a contact tranzformation ; 

it obviously transforms two elements of surfece, that touch one 

another, into two other elements of surfiM» that also touch one 

another. ' Accordingly, Lie's definition ^ of the most general contact 

transformation is : — 

Lei E, Xu •••• Xn, Pu •••> Pnhein-^l independent functimiz 
o/2n'¥l inde/iendent wnablez f, r,, ..., «■«, pi, ..Mfm ttfcA that 
the relation 

rfZ- S PidXi^pldz^ S pidA 

w zatizfied idefftically, when p iz a nnn'vanizhing qnantitjf inde* 
pendent of differential elementz : then the eqnaiionz 

for t«l, ...., n, define a contact tranzformatum. 

The most general contact transformation will be given when 
the most general functions Z, JTi, ..., ^Ht i'i^^^» <f^ii> Miti^fying 
the preceding rolationn, are known. These are givenf by the 
theorem :-— 

• Ilmtk. Amn^ t vm (lS7ft), p.no: 

t Tksaasljprit wtoUlihiiig llM Hmonib Is mI e«l la || IM, ItS of PaH i of 
Ikto work. A eUhnuoz la tlfa •hooUi be aoMt HtoiaslolktlMllMilIlM 
fOMlHy [F, 91 !• OMdla Udt tshuat la lH aMl mmzz^ aa4 hsi tht i 
af (^f 91 Si akfB la PiMt L 
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U^i tk4 n-k-l qiMtUUied Z^ Xi, •••» X« art oUaiuid at h-^I 
/uHCiiomaUjf iudependeHt inUgraU 6fik€ miwUiou% 

[JP,xj-o. [jr,.jj-o, 

for 1 a«Mi J«l, ..., It; wke^i tk€ qtmniUi^^ Pi» •••• /« ^^ rf€ter- 
minedt miker/ivm tk0 u equations 

/ui* t ai 1, •••, ti, or from the n equations 

?/•• " r-l ' 3p< ' 

/or jai 1, •••, H, the two sets of n squations being squisalent to ons 
another; and when p denotes the non-vanishing quantUg 

dZ ^ ^ dX, 

is" ,zr' ds' 

then the relation 

d£^ i PidXi^plds^ i pidx\ 

is satisfied identicallg. The conditions are both necessarg and 
snjficisiU to secure the propeiig: ami other equations satisfied, hg 
«, Xu •••• An, Px, •••, i^ii, p, are 

[E. Pi]^pFi. [Pi. Jf<l--^. 
[Pi. Xjl-0 , [P.. PJ- 0. 
for i«l, •••, M, and mlues of j unequal to i. 

Thia it Mayer's tVina^ nf Iavh thooreiii ivlating to Uie 
detennination of the iiuMt geiieml ciMitact transformation. Aa 
regards the conditions, it is to be notetl that p is known as soon as 
I, Xu •••• Xn» Pif •••• Pm have been obtained, and Pu •••• Pm a^ 
known as soon as JF, JlTi, ..., A\ have U*en obtained. 

These quantities are subject to the iH}uati4>ns 
[Z, Jf,l-0. [A',, Jr,]-0; 
and IIS ({ 63) we have 

[[X. x,i Xj]H[Xi. Xj], z] -[[z, Xji Xt] 

~-f-[X,Xj] + ^^[Z.Xj]-^^[2,X,l 

fi>r any functions whatever of s, x^, ... , dTa, /»,, •••• |)bi ^he equations 

are consistent with one another and coexist. But the conditiooa 

* Mmtk. Amu., t viu (1S75). p. 909. 
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for the existence of the contact tmnRfonnfttion do not require nny 
equation to be satiKfied by any one of the quantities X, Xi, ..., X^ 
alone; and the preceding relation for coexistence holds for all 
functions which satisfy the equations. Hence there is an arbitraty 
element in the equations that define the contact transformation : 
thus we could choose any one of the quantities £, Xt, •••, JT^ 
arbitrarily : or any other arbitrary relation could be chosen that 
is not inconsistent with the aggregate of conditions and equa* 
tions. 

129. There is one most important form of contact transforma- 
tion, viz. that in which the diference between the old variables 
and the new variables is small. Such transformations are called 
infinitenmal : they can bi* representcKl by 

Z-t-ftC Jfi««* + «fi P<-/ii-f€iri. (t-1, ..c,ii), 

where f, ft, ...» {«» Wi» •••» w» sre functions of t, c,, ..., ff«,pi, •••» 
Pnt snd f is a quantity so small that its square and higher powers 
may be neglected. Moreover, when we have the identical trans* 
formationi then p^l; hence, for an infinitc*simal transformatioOy 
we have 

p-il4cff, 

. where # will be a quantity to be determined. Then the equations 

[r,jri]-0, [J,,JJ-0, [Pi, Jf J -0, [PuP/lmfi, 

for unequal values of t and j, respectively give 

^i r-I q>r 

The last three eqaatiom, taken for all values of t and^, shew that 
a ftinction (7 oft, «|, ..., *•» fk. •••• i^• exists, sneh that 

• aer 
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for ail valuua of t « 1, «.. , *• The eqiuitioa 
then gives 

and the equatiooii 
then give 

When theau are taken in conjunction with the equatiooi 
we find the value of {^ to be 



^-hXO-"- 



eoniie(|uently the mail geuei-al tHjinitetiMul tiXiHrformaiiim u gimm 
bjf the m/iMiioHM 



r« — 



9U 

9m' 



for I* 1| ...« H, ciiMf (f deiioies unif aMtmrjf /uHCtioH (/$, se^^ •••, 

130. SoiuetimcH it in noceiwary to know the contact tiana- 
fonnatioiiH for which JTi, .... X^, P|, ••., P« are ejrplieiiljf tmli- 
pendent of s, ho that Z in the only quantity that involves $. The 
remilttt* are ua followH:-^ 

The quantitjf p ie constant and majf be nuide unitjf; then Z ie 
aioen by 

where 11 if a/unction of ^i, ..., x^, pi, ••.• i^ that doee wA ineolm 
t, and A ie a constant. The yiiaiifihVf X^, ..., X^ ure/nndionaUjf 
independent inteyrale o/tlie etioatione 

(Jf..A'j)-0. 

* 8e« Part i of Uiit work, I ltt7. TIm Mone lemark m to diflertnet of aigB 
ftrom Um retulU in Part i applies heiv ai iu the foot-note oo p. aid of this voIbom, 



; 
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/br I m^jm 1, ..., n, and 11 u an integral ofth$ ^uaHonM 



inl«o4 if fmnOionaUy independent of Xu ..., Xn* Tk9 quantitiei 
Pu •••» Pu o^ M^ jTttm bjf any n independent equoHane of the $et 

an 5 pdXr^ . an ^ ^dXr ^ 

/or %m 1, ..., fi. The/unctione thne determined eaiiefy the relation 

cin- i PidXim^A Xpidxi 
*-i i-i 

ideniioaUjf: and other equatione eatiefied are 

(2r,.p,)-^.(n.P,)-ii(Pi-i^iv^). 

(P,,X^)-0, (Pi.P,)-0, 

for all valnee of i and j unequal to one another. The oonfitiint A 
18 nmially taken to be unity. 

The determinfttion of n can be effected by a quadrature, when 
Xu •••'# Xn are known. To see this, let the ^-ariables be changed 
to yi, ..., y»» Vi» •••! •m ^here 

yi ■■•^i> •••» y»"" ^wf 

and j^, ..., «» are n fonctions of «|, ..., «*«, p^, ..., pn, chosen so 
that the new variables make up an aggregate of Sa independent 
functions. Now, because 

the quantity (n, JTt) vanishes when n is made equal to any of the 
quantities Xu •••! <2'»; and therefore, when the new variables are 
taken* no one of the derivatives 

an an 

99i: •••• ay. 
coeors in (H, JTiX Hence the n equations 

can be molved with respect to 

dn 9n 



aao ooirrACT [IMk 



• 



giving theie quaotitiM in U»nuB of Ihe variablen: m quadiatuni 
then deienninet 11. 

Convenely* i/w$ regard tk0 contact tixth^ormaium oi dkamging 
the tfariabUi /ram E. Xi, ...^ X^^, /\, ••., P^, the mUltc arc 
fimttor. We then have 

where 11 ia a function of JlTi, .... Xn, Pi Pn. ami a is a 

oonatant; the differential relation in 

rfn- i p,dlr,--a i PidXii 

the quantitiee ;r|, ..., dr^ are functionally independent integrala of 
the equations 

for I and j^ 1, •«., n, where the independent variables are JTi. •••» 
Xn» Pi, •••» Ptt ; and n ia an integral of the equations 

which is functionally independent of jti, ..., dr«. The quantities 
|>i, ..., ^ are given by any n independent equations of the set 

lor t fli 1, ••., M ; and other equutiuuii Hatisfied are 

for i""!, •••, n, as well as 

(iS,«>)-0, (ii«.i>>)"0, 
for tinequal values of t, j from the series 1, ..•, ti. 

And ail >■ 1 : so that, as il is usually unity, so also is a. 

As regards these results, it is to be noted that p has become a 
amstant which has juHtitiably been made unity. The quantitiea 

Pu •••! Pn «^i^* known as soon as 11. Xi Xn are known: and 

the quantity 11 is to be constructed after Xi, •••, JTn are known* 
These quantities are subject to the equations 

(j:,. JO>-0: 

so that, as (J 52) the relation 

((jr,. X,) Xt)H(Xj. Jf»> Xi)+({Xt.x,) Xj)mo 
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18 satisfied for any functions whatever of d?|, •••, a^nt Pi» •••» Pn» 
the equations are consistent with one another and coexist The 
conditions for the existence of the contact transformation do not 
impose any equation involving only a single one of the quantities 
JT,, ..., Xn\ and the preceding conditions for coexistence of the 
equations are satisfied identically, whatever be the functions 
Xu •••, Xn» Hence the equations defining the contact trans* 
formation under consideration contain an arbitrary element : thus 
any one of the quantities X|, ..., ^a can be assigned arbitrarily, or 
any other arbitrary relation can be chosen that is not inconsistent 
with the aggregate of conditions and equations. 

Corollary 1. There is one special case of this contact 
transformation, usually called the infiniiesinuU transformation of 
this type. 

It is characterised by the properties 
Z-s-fcC Xi^mi^€fi, Pi^pi-i-MWu (i-l, •..,«tX 
where t is a smal^ quantity of such a magnitude that squares aiid 
higher powers may be neglected. The critical equations impose 

limitations upon the forms of {; fu wu,tot lal • ii; thus the 

equations 

{XuXj)mO. (Ji/P,)-©, (Pi, Pi)-a iXuPi)mh 
give the conditions 



dpj dpi 

VfTi dlTj 



^*i-»' 






0. 



reapectively. Hence there is wme foneiioii U ot 0%, ••••'Wijht 
.... Oa such that 

nnd any function U of these vsriables will enaUe alt tii« oonditiom 
to be satisfied, Also writing 

n-ef, 
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we find the eqiwtion* for {^ to b« 



•othat 



dpi" r.i^dpidpr' 



r-I t^r 

Htinoe an infiniteiuiiud ountact trannluniiatiun is given by the 
equattuna 

- air 

The equationa 

ds^ pidxi -f ...4- /Vidxa, 

are aimultaoeouBly satisfiod, whon either ia aaliafied: it ia eaaf 
to verify thia property from the foregoing valuea. Henoe an 
infiniteainial contact transformation, in which ih$ chamg$9 of «|, 
•••• ^m» Pi> •••• Pn do noi involve $, ia given bjf the ofuaHone 

y^ere U ia any /unction of the variablea x^, ..., j;., pi, .**.p%. 

Corollary 2. There is another special case of thia type of 
contact transformation, in which JTi, .... X^ are homogeneoiu 
functiona of aero dimenaion in the variablea pi, ••.« F*: ths 
quantity Z ia given bj/ 

Z^a-^-c, 

where c ia a eonatant; and P|, ..., Ph ^re then homogeneoua, of one 
dimenaion in the variablea />,, ...,pm, given bg 
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/or f-il, ..., II, tk$ quaniUies Xi, ..., Xn Ml mOUfying ih$ 
9qwM(m$ 

ybr f andjmB 1, .,., n; and tk$ differential reloHan 

m m 

S PidXi «- S Pidxi 
1-1 i-i 

if lAm eatiefied ideniieally. Other equaiione eaiiefied are 

(JTi^PO-l, (P,,2))-0, (P,,Pi)-0, 

/or ott vatuee ofi andj unequal to one another. 

Such transformations* are called homogeneoue. As bejfiore, any 
one of the quantities Xu •••> Xn may be chosen arbitrarily: or 
some other arbitrary relation may be assigned that is not incon- 
sistent with the other relations and equations. 

Corollary 8. The corresponding in/lniteeimal homogeneoos 
contact transformation has already! been given. It affects only 
the values of ri» ...,c«,/i|, •••»/»«: and til can be taken in the form 






(•-1, ...,n), 



where Hie a /unction q/*x,, ...,««• fh pnt^hich ie homogeneoue 

of one dimeneion in p,, ... » p^ and ie otherwise arbitrary. 

If we write 

Jfi - ori - ciri, Pi-ptmdpi, •-*, 

these equations take the form 

dwi^dH dpi ^ dH 

dt^dpi' ^"""ftri' 
Ibr li*!, ..., fi. These equations, exactly in this form, will occur 
later as a canonical sjrstem of equations in theoretical dynamics. 

181. One remark, indicating a relation between these infini- 
tesimal transformations and the integration of a partial differential 
^equation 

/(«ii ..., «^,|hf •••f/^)*0» 
• Ljt.,%m. TlMi«ttSil[,lalb«fool-ttoU,pclli,tiloabMiC8 0fti8ttSppliM 
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may at onoe be made*. If it be required to And the infinitennial 
ooQtaot transformatione 

«*- < &ri - «fw ipi - €wu (• - If .».. »X 
which traDaform/into itself, we clearly muat have 

Denoting by U any arbitrary function of Si, ••., ^m» Pit •••• J^ (thua 
omitting j from ita arguments), we know that the quantities | and 
w can be taken 

thus the appropriate infinitesimal contact transformatinna will 
arise through a fiinction U such that 

Consequently! the determination of all such transformations is 
equivalent to the integration of the original equation 

/-O. 
APFUCATION8 OP CONTACT TrANHFORMATIONS TO TBI 

Integration op an EquXtion or Equation& 

182. The application of the properties of finite contact trans- 
formations to the integration of a single partial difierential 
equation is immediate. 

First, suppose that the dependent varialble s occurs explicitly 
in the equation so that the given equation may be written in the 
form 

We then take 

^«/('i. -..I'll. './h, ..-•l^), 

and, applying the preceding results, we assume that we have 
2ii-«- 1 inde{)endent functions of the 2a -f 1 variables M,pi, ...,J^» 
A*ii :••> '»! being Z, P^, ..., P^, X^ ..., X^, such that the relation 

Z- i PidX^^pldM^ i pidxi) 
* Lie, Maih. Amn., t. YOi (1876). p. 240. 
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is satisfied identically for a non-yanishing quantity p that does 
not involve the differential elements AH the required quantities 
Pu •••> Pm sre known, if JTi, ..., Xn are known, by equations 
characteristic of a contact transfonnaiion ; and these quantities 
JTi, •••, Jr« are such that the equations 

for \^\f •••» fi, and j"*l» •••> n but unequal to t^ are satisfied. 
It has been seen that, even when Z is arbitrarily assigned, these 
equations are consistent and coexist Accordingly, assuming the 
general results of the theory of contact transfonnations» we may 
assume that quantities JT,, ..., X^ sre determined by these 
equations and that the quantities P|, ...f^^i^ve subsequently 
been obtained 

Now what is desired is an integral of the oquation 

so that, as p^, .*•, p» are derivatives of b with regard to m^ •••, ib^ 
respectively, we have 

rf* -|hd«i - ... -Pnrf^ii - ; 

hence the quantities, defining the contact transformation, must 
satisfy the relation 

dZ- P.dJT, - ... -PudXn - 0, 

or, since Z is a permanent zero, we must have 

P,djr,+ ... + P»clJr,-0. 

This rehtion is the only relation, except Z^O, that needs to be 
satisfied in order to secure the existence of the relation 

and, subject to the specified exception, P|, ...» P«, Xi, ..«, X« are 
independent functions of the variables involved. We therefore 
require an integral equivalent of the relation 

P,clX, -•-... + PndXn - 0, 

where Pi, ..., P«, X|, ..., X«, ^ are 2fi + 1 independent functions 
of the quantities #, «^, ..M^^/h* ..•»Pb» (he relation being satisfied 
identically* 
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Such a relaiioa poaaeaaee^ three types of integral equiTalenta. 
(i) It ia aatiafied identically if 

whero Ot, ..., Aji <une n arbitrary constants: these n equations give 
n differential relations 

in virtue of which the diffcivntial relation obviously is satisfied, 
(ii) It is satisfied identically, if /i equations of the type 

for i "■ 1, . . . , M (where /i < a), are postulated, provided the equations 

tar jtm^-^lt ..., H, albo are sutuified: for these equations give 
/A differential relations 

i-i OJLj 

for i« 1, ..., /A which, in connection with the other »— /a relations^ 
obviously jsatiafy the required differential relation. 

(iii) It is satisfied identically if 

i\-0. ...,P,-0; 
these relations, however, do not possetis (and do not necessarily 
imply) any differential character. 

We consider the significance of these three types of integral 
equivalent in succession. 

In the first place, we have 

concurrently with the equation Z'^O; and these relations are 
suflBcient to secure the differential relation 
dM^Pidx,-k'...'¥pmdx^. 

As Z,Xi, ..., Xn are indeiK*ndent functions of jr, x^, ..., tem»Pi9 •••» 
Pn, it is possible to eliminate pi pt^ among the u equations 

the eliminant being an equation involving s, xti, ...» jr^, O}, •••» Oi^, 
The differential relation shews that the value of j thus provided ia 
an integral of Zi^O: mauitcstly, it is the, complete inUgral. 

* 8m Part I of Uiit work, | Iii, /ooMioltf. 
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In the second plnce; we have fi relations 
for 1*1, •••y^andfi — fft relations 

for j«fft-f 1, ..., ft, concurrently with the equation Z^O: and 
these equations are sufficient to secure the differential relation 

As Z, Xu ...t Xnt P|, ...» /'m Are independent functions of their 
arguments, the n rclationn are independent of one another and of 
Z^O: thus it is possible to eliminate pi^ ...» p^ among the 
fi relations and Z^O, and the eliminant is an equation involving 
J, c,, ...fAiW And the functional forms. The differential relation 
shews that the value of m thus provided is an integral of Z^O: 
manifestly, it is a genrnvl integral. Clearly, there will be a number 
of classes of such integrals, a class being determined by the number 
of functional relations between the quantities JTi, ..., JTn initially 
postulated: as before, the most comprehensive general integral 
occurs when only one such relation of the most unrestricted type • 
is postulated 

The eqaatk «« eipressod* in another form bj Lie, ss followR, Let Jf 
denots a fttndtj^ vf ^i, •••, P^^^ Xn^^x^ •••« JT^, which Is homogeneous and 
Vnsar fai P\^ • afp, and otherwise is quite arbitrarji then the equalioiis are 
given by 

for i«l, ...I ^;>«^-fl, ...,». 
, For, since ff is homogeneous and linear in P|, ••., P^^ ws have 






^\XidPi- S P,dX„ 

tPrdXr'ii, 
r-l 

which is llM equatkm to be sstlsfied. 

• Mmth. Ann., t tl {Ifft^i, ^ VO. 
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In Uie (hiid fdMe, we have n eqiwttoni 

P,-O.....P,-0. 

coocttttently with Z—0: but w pointed out, they do not deftnitelj 
■eoure the differential rebtion 

for they have no differential character. I( however, they do Meora 
it, we then have 

dZ * pidM -pid*t - ... - lud*^ : 



consequently 
thatia, ' 



dZ 



dZ 



'-ppi. 



3^ "• 



dz . dZ ^ dZ ^ 



for « a 1, . .. , M. Thus 2m equations must be satisfied, in additioa to 
Z-0, P,-0.....i».-0; 

and AH p is not to vanish, k- ib not lero. Aatiuming thai all the 

f5quationi coexist, and that it is poHsible to eliminate |ik» •••, jn. to 
as to leave an equation expressing m in terms of Ci^ •••t^i the 
value of M thus provided is an integral : it is the tingular initgrat. 

TLs quAotitiot JTi, Xtt X$ are subjoct to ths equstiou 

(-r,.jr,i-o^ (jr„-v,]-o. [-v„-rj-o; 

aod it is easy to verify that these are satUfied by 

-^i-i>i. -V|-i^, -V,-f». 
TIm quantities P^ P|| P^ are then givon by the isquatioua 

m r-l «>>< 

for t » l» i, I : evidently 

A-'i, /*i-'i. Pfi' 
It is dear that the quantities Z, JTi, JTi, JTi, Pi» Pti A are 
of one another: also 

dl- PxdXx - PtdXt^P^dXt^ - (df -pidxx -p^dxt^p^dxj^ : 
the value of /I is -1. 
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Tbo complete iniegnd U giTen bj 

/^i-JTi-ai, j^i-ATt-o,, ps-Xt-Otf if-^ 
where atyOtiatM^^'Mnnrooimtaiits: ilia 

f-aiX|+atjr|+a|jr|. 
One cUae of generml lotegnls U gireo bj 

♦ogtWwIth '^-'^•'^ 

Cfleeriy jii, p^^ and Uierefore alao /h» ^^ ftiDotione of ^ iod ^ i and when f 

U ea mireatrieted aa possible, thej will be arbitrary IbnoUona of Ibeaa 
quaatitiea. Tbua 






where (7 la an arbitrary fUnotion of its argumenta: the integral r ep r eae n ta 
the first class of general integrals. 

Another class of general integrals is given bj 
♦ogtherwlth P^'^^W. P^'MP^ 

Jfanifostlj, it is given by the elimination of jiy between the eqnatioiia 
«-'i^i(/h)+-r«^f(/^)+*iPi 

H re p resents the second class of general integrala. 

Theeqnationa 

X|-A-0, Xt^Pt^O, 4ri-i»,-(K 

with ir»0^ dearly do not provide an integral : there ia no aingnlar integraL 
Ex, t. Integrate in the eamo way the eqnationa :— 
(i) »^PiXi'^p%*t'^PM^'^PiFtPit 
(U) f->i«i-f fs's-f pi#k -^PiPtPi I 
(Ui) ••-(*,-iv,)«+(*^-flA)^+(*f-flpi)". 

188. Next, tnppoee that the dependent Tariable s does not 
oocur explicitly in the differential equation to be solved, which 
theiefiMre ia of the ferm 
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We then Uko 

and, applying the resulu of $ 1^, we oMume thai we ha?e funoiiona 
n, JTi, ...,Xt^u A» •••pPmot «!• .•••'••Jhi .•.» 1^1 Mich that the 
rulaiion 

is satiiified identically. The quantitiuB Pi, ..., Pn are known by 
means of equations characteristic of the contact transformation* 

when once 11, Xi JTn are known: and 11 is determined by a 

number of equations, as soon as Xi, ..., X^ are known. These 
quantities are subject to the equations 

(jr,.JO)-o, 

for I and J >■ 1 , . . . , li, the values of t and j being unequal As has 
been seen, any one of these quantities can be arbitrarily assumed : 
accordingly, we assign /(«r,, .... x^, jh» •••» />ii) ^ the value of X^. 
And then, adopting the general results of the theory of contact 
transfonuations, we may supiiose that the quantities X^ •••, JF»-i, 
n, P|. ..., Pm are known. 

What is di*sired is an integral of the e<iuation 

jr»-/(x„ ...»x^,pi, ...,/>«)- 0. 

For that purpose, ^, ..., j>ii arii derivatives of m with regard to 
ffi, •..,urM respectively, so that 

hence the quantities, defining the contact transformation in the 
present circumstances, must satisfy the relation 

rfn- i PidXi^^dM, 

or, since JT^ is a permanent zero, we must have • 

rf(i+ n)-PirfA;, - ... - p«-,djr«..-o. 

This is the only relation, other than X^ » 0, which needs to be 
satisfied in order to secure the existence of the relation 

we therefore require an integral equivalent of th^ differential 
relation • 

r d(j+n)-P|C/jr,-...-p^idjr,».i-o, 
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00 that it may be satisfied identically. As in the former case, 
there are varieties of integral equivalents : but, as will be seen, the 
singular integral does not occur. 

(i) The differential relation is satisfied identically if 

# + n«e, Xi^Oi, •••, X,i.i«ciii.i, 

where c, Oi, ..., a».| are arbitrary constants. These equations are 
to be taken concurrently with JTn^O; and the quantities lit 
Xu •••> 'Xi^-if Xn are functionally independent of one another. 
Hence we may consider the equations 

resolved^ with regard to pi, ...^pn, and the deduced values sub- 
stituted in n : the result is of the form 

j-f A(r,, ...,«•«, Of, •.., ci||.|)»e. 

The integral clearly is the complete integral. 

(ii) The differential relation is satisfied identically if a number 
of relations 

1 + n - Jf (A'n^,, ... , Jfn-.,), 

Xi'^gi{X^i X^i\ 

for I ■■ 1, ..., fft, hold, provided the further relations 

for jaifft-f 1, •••» n — 1, also hold. Eliminating ^, ...,/i« among* 
these n relations and X^ «■ 0, we have an integral : it is a general 
integral. Obviously there will be a number of classes of general 
integrals, a class being determined by the number of functional 
rehtions poetuhted. The most comprehensive general integral ia 
given by the equations 

*-^n-/'(jr„...,jr,^,), 

fcr r « 1, ••• , n — I, the function F being completely arbitrary. 

(iii) The differential relation is satisfied identically if 

P»-0, ...,Pi.^i-0, f + n-ia, 

miglil sriti^ wlMtt molotioii witli ivgsrd to jp^, ...ij^i is Mm 
Off impoMiblsi «• dMNild then prooitd ss la ■ 18^ 6t. 
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where a ia a oonatant that may be lero. Blimiiiatiiig jht •••»F» 
among these n relationa and Jr» a^O, we have an integral which ia 
an exceedingly special case of the foregoing general integral obtained 
by taking a as the expression of i'(jra, ..., Jf^-iX The relation 

gives 

dn— i.pidxu 

so that 

an ^ an 

for I >■ 1, •••» fi» which are in agreement with the equations charac^ 
teristio of the contact transformation in this case. 

And these exhaust the modes of satisfying the differential 
relation : thus a singular integral does not arise. 

It appears, f»om the results of § 132 and finom the results just 
obtained, that the construction of the various integrals of a partial 
differential equation 

can iimuediately be effected, if a contact traasfonnation of irtiich 
V is an element is known; hence this method of proceeding 
requires either a knowledge, or the determination, of such a contact 
transformation. If it has to be determined, then a number of 
simultaneous partial equations have to be solved. 

Kjc. Am an iUuatratien, cunsider the equstiou' 
Watake 
a contact trsasfonlftltifgi of which Xs is an elementi is gtvaa by 

Pi--*i+gx„ Pa— x,-hjj.r„ i'l--^. 

The oMai^ala integral of the equation ia given bjr tha alimination of 
Pii Ptt Pi betwaao 

f-|-n«B^ Xi^au JTiaBOti JTaaiO; 

that iS| tha oouiileta integral ia givuu by 

whara 

iii*"»l-ai*-a^^ 






Thin art two 
it gHoB hf 
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of general Ittiegrmla. A generml liilegiml 0/ the ftrel 

f +n-/(-v,; jr,). jr,-(K 

wlMra fkuk aiMtnfy ftmcUoii: thai is, it Is glTen bj the cttmiiuilieii of 
pii ji|, /), MDODg the equatioiia 

A gncnl hitagnl of Um jncond oIms ia givm bjr 

that is, by the elimination ^p\%p%^pt among the equationa 

There is no singular integral. 

184. In the same manner, the properties of contact trans- 
formations can he applied to obtain the integrals of a system of 
equations. We may assume that the system is complete, that isi 
that all the rehtions 

according as the dependent Tariable does or does not occur, are 
satisfied, either identically or in virtue of the equations of the 
system : and we may also assume that the number of such equations 
is less than Ji 4- 1 or less than n, in the two cases respectively. 

In the first place, suppose that the dependent variable does 
* occur: and let the complete system be 

where hk n, the relations 
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being Mibfied If iheao rulationa* are satisfied ideoiioaUy^, the 
quantities Z, Xi, ...» Xm can be constituents of a oontaoi trans- 
fonnation Z. Xu •••• X^, P|, ..., P«: for the quantities Z, X|, ...» 
Xm are detehninod by equations 

for r and « » 1, ..., n : and the quantities P|, ..., P,i are then given 
by linear algebraic equations. This contact transformation leads 
to the differuntial relation 

dZ— PidXi - ... - P.c/JTu »p(ds -/>ic/xi - ... — /ibd^PsX 

where p is a non-vanishing quantity. 

When the quantity i is an integral of the given system, we 
must have 

also 

dz-0, djr,-o dx^'mo, 

because Z«>0, A^-iO, .... JTm^O pemianently: hence the above 
relation bccunies 

p«^»dir,.^, + ...+p.rfjr.-o, 

and when this relation is satitified, we have 

dM - pidXi - ... -p^djt^ - 0, 

so that an integral of the equation is previded. As before, the 
relation can be satisfied in three kinds of ways. 

(i) The relation will be satisfied if 

-T^w+i " <*i»>fii ••• » -^n ■■ <*»» 

where (Im<»^ii •••• tfn are constants which may be taken arbitrarily. 
The quantities Z, Xi, ..., X^ are imlependent of one another: 
hence, eliminating pi, ...,pm between these n — m equations and 
the m -I- 1 equations of the complete system, we have a relation 
between i, ati, ...; jta, which involves n — m arbitrary constants and 
provides an integral of the system. The integral dius provided is 
clearly the complete integral, 

(ii) The relation will be satisfied if the quantities Xm^u •••• 

* Th« slUmsliTS, when Umm raUtioot sr« Mlitficd oaljr in virtiM of tbs msibtti 
of th« eomideU ■jttcin, wiU b« s mstier for tubieqiMnt eontidorstioa. 
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JTn are connected by q equations (where g is less than » — m) 
which may be taken in the form 






but in addition, the equations 

for rail, ...,n — m» roust be satisfied. We now have the m-f 1 
equations of the original system, the. q relations of condition among 
the variables Xm-^tt •••• Xm» and the deduced n-^m equations con- 
necting the quantities Pw^-i, •••, Pm ^ith the variables Xm^-t, •••> 
Xn'- that is, there are n -f I -f f equations in all. Eliminating 
Pit "•tPnt ^f •••! \ among this aggregate, we obtain a single 
equation as the eliminant : the form of the equation is affected by 
the form of the q postulated relations of condition. The value of 
s thus provided is an integral : obviously it is a general inUgral. 

Manifestly there are n — m -^ 1 classes of general integrals, 
determined by the assignment of 1, 2, ..., n — m — 1 relations of 
condition among the variables Xm-^u •••» X^* The most compre- 
hensive class is that determined by the assignment of only a 
single rehtion : if this relation be taken in the form 

Xm^x^hyXm-^t •••% Xn^ 

then 



33^ 



•0, 



for rai2, ..., fi — m — 2: and, as before, we obtain the intiegral by 
elimination. • 

(iii) The relation will be satisfied if 

We then have 
•0 that 

vZ p oX\ p cJim 



dM 
dZ 



ds 



9ci d^i '*. oii 



-m> 



dZ ndXt n 9Xm_A 
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for t and ja 1, ...,»• EiimiiwUngP,, ,..,P^,puaoog\ihem In -fl 
eqiwtiona, we have'Sn— m conditions to be aatiafied «noog the 
derivativee of /, Xu ..., Xmt which con be expressed in the form 

dZ dZ dZ dZ 

3^ • - 1^.' dp, dp^ 

dXi dXx dXi dXi 

ai: rfx. • dp, as 



dX^ 



dX^ dx. 



dX, 



dx, ' •••• dx. • dp, dp» 

When these are satisfied, either identically or in virtue of 

Z-0, JT^-O,,.., ir^-0, P«,+»-0 P»-0, 

then the elimination o( p,, ..., jn. among these n equations leads 
to an equation connecting m, xti, .... r». This value of f is an 
integral of the equation : clearly it .is the iingular integral 

Ki, Obtain intagraU of the equatioiui 



^i^Pi^-^Pt^-^P^-cmo]* 



which satUfV the coodition / ' 

[^, -r.1-0 

of ooeikteuoe : the quantitiefl a and e are giTen ooiuitiinta. 

The quantities Z and Xi are oonntituenta of a oontact tranalbraiatMO, 
repreiented in full bj 

The complete integral i« repreeented bj 

where 03 and 03 are arbitrary conjitanta : combining theiie with 

Z-0, jr»-o, 

we find the complete integral given by 

where a, and «« are arbitrary, and aj iM given by 

or, eiproHHed solely in temm of independent coniitanti^ the integral Is 
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. To ind the gMieral integnil, we Uke 

that is, the gMieral integnJ U given by the elimiiiAtloii of j^t fit pi i 
the eqnatioiie 

Tlie singular inlegtml, if it exists, is given by 

JP-O, Xi-0, Pf-0, P|-a 

The ftirther necessary conditions are satisfied. The eUmination of jht Jht Fi 
among these four equations leads to a relation 

(i-«)«-c(x,«4-x,»+4^«)i 
which is therefore the singular integral. 

185. Next, suppose that the dependent vuiaUe does not 
occur explicitly and that the complete system is 

Jl| " 0, ••• , Jim " V, 

where the relations 

for « and j "i 1, • . . , m, are satisfied, the integer m being less than fi. 
As these relations are satisfied, the quantities JTi, ...i X«» are 
oonstituents of a contact transformation such that 

and quantities 11, Xm^u •**! Xn, Pu •••• Pnt being fiinciions of 
tht •••> ^nt Pi* •••> J^w* ^^^ ^ch that the difierential relation 

dll- 1 PidXi^- i iHdwi 
1-1 i-t 

is satisfied identically. 

What is desired is an integral of the system 

so that we must have 

also, as the talne of « is to be an integral of this STStem, we have 
w.r. ' Vk 
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Thua the differeniiAl reUtion can be Uken in Um furm ^ 

d(f+n)-p«n.»djr«,^,-...-p«djr.-a 

When this relation is satisfied concuirently with the m equations 
of the system, then the relation 

also is satisfied: so that the value of s, expressed in terms of 
'i* •••* «•• is an integral. 

As in the case of a single equation, there are two distinct 
kinds of integral equivalents of the diflferential relation, leading 
to a complete integral and to the general integrals respectively : 
there is no singular integral. 

(i) The diflferential relation is satisfied identically if 

where e, am^-u •••» ^m Are arbitrary constants. These equationa 
exist concurrently with the equations 

and the quantities 11, X^ •••» <^«. <^iiii-i» •••» JTji are funetionally 
independent of one another. We may therefore resolve the set of 
equations 

with regard to the variables* p^, ..., pn : when we substitute their 
values in 

s+n-o, 

we have an integral of the system of equations in a fiurm 

# + H(xi ««, «Mi+i. ••••Ai)"^» 

involving n — m -I- 1 variables^ The integral is clearly the 
compUU inUgral. 

(ii) The differential relation is satisfied identically if n 
number of relations 

* EioepUoiitiiiaysriMvlMiith^retolalioDwiUirasardtosiiolbtrMlslasf.tlw 
irMrisbtetfj, ...,«|,./|, ...,p^Ua»orteooT«iiUiitx w«|Iimi pvoos«lsaia||M^M. 
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for rail, ..., it—m, hold provided the farther relations 
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^i"r!/"*'^i 



.r'!/-^'^r^^-'' 



forj>B/i-f 1» ..., n, also hold Eliminating |>|, ...,/>,i among these 
n — m 4- 1 relations and the equations of the original system, we 
have an integral of that system. It is a general inUgraL 

Obvionsly, there will be a number of classes of general 
intq^rals, a class being determined by the number of functional 
relations postulated. The most comprehensive general integral 
is giren by the elimination of p,, t. •» |>« among the equations 

J4-n-A(jr«i^, X^\ 

fcr r^m + l, •••, n. 



iPr. JTt-O. ....JT-i-O, 



(iii) The differential relation is satisfied identically if 

PiM^i-0, .... P„-0, #+n«a. 

where a is a constant that may be zero. Eliminating p,» ***t p% 
among theee n — m + 1 relations and the m equations of the 
complete system, we obtain an integral which is. an exceedingly 
special case of the foregoing comprehensive general integral, 
the case arising by taking a as the expression of the fiinction 
A(XflH4, ..., X«X The relation 

rfs + dn-O 
gives 



ao that 



an ^ an 



for {ail, ..., n; these equations are charscteristic of the contact 
y iransfonnation fin<the present case. 

The modes of satisfying the differential relation are exhausted : 
hence a singular integral does not arise for the complete syetem in 
the supposed circumstance that the complete system does not 
• explicitly involve the dependent variable. 
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Ex. 1. htofittit the linialUiieoiui •quatioiM 

whera a» 1^ and « am oowiUiiU. 

It it Msj to ▼•riiy that tlie ociodition 

U satbflad idanticaUy, and that, if 

than the Muatiooa 

(KU)^(K (C/./f)-Oi 

alao are aatiafled identically. Hencei taking 

the quantitiea «Vi, ^I'li JT^ can 1« ooimtituonti ol a oootaot tianeidfinaHon, 

To oomplete the contact traiinfomiation, the quantitiea II| P|, P|, #^ ava 
required.^ Of those, n ttatiafieit the three equationa 

(Il.jrt)--J^|V^'--i>.. 

(n, JTJ-- i />r^'--(fi+/>,)(*i+x,x 

(n, JTi)- •^jp/^'m -p,('«-*-tf/b)-f«(j^i-«yi)-<»(|h-fi) 

From the fint of theee^ we have 

n+/>|Xf-y, 

where « ia anj Amotion of xu J^ti /h* Pit P%' From the aeoond ef then» «• 
have 

••-l-KJrt-l-6)log(jr|+jrO-r, 

where v ia any (imctioii of • 

-V,+^ ^i-*i, iH'Pu Pii 
or aay of JTi-f^ •, A /is.'where 

From the third of the equatioiui, we have 

whereif ia any function of Xt-*-^/!< (• 4- 8«i^)-*-^i^. Now Iw the int4|;ralkMi 
of our equationii Jri«>0^ Xt^O \ and 

-6-8c 
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m tbAi yhetMij « it * ftinction dp^: cooaeqiieDUy, 
n^FiSh-^k (Jr,+6) log (xt 4.x,) 

TIm oorapleto integral is given bj 

i-k-UmA^ ^i->0^ JTt-O^ '^s"-^» 
wlwre A and Caie arbitraiy oonstante; o(m8eqtienilj,.it U 

ii-t-Cfi-|61og(jr,+Xt)-(6-e){-log(*i.x,+lct(7)+^(<;)}. 
er •• (^-e)4(C) can be absorbed into J, this complete integral b 
,-Ci^-j61og(x,+x,)-(6-c)log(x,-jr,4.1«C)-l. 
The general integral is given by 

togethcrwith the reUUou 

Also^ the quantities P^ P^ Pt ^^ g^^on by anjr thrae of the sii eqnatiotM 
^^iPr^^'^^p,, ^^JP.^^'^O 

wi^ rmi 'cXi ^* ^i rm\ ^^Pi 

which ara independent of one another: in particular, 

p an a{pi'Pt) /to ?n\ 

whidiy OD snbetitotion, gives 

Hvioa th* ganonl integral ia givm by the eliminatioii of jh between the 
•qwktioiie 

«-/^'»-**>«»«<'i+*t)-(*-«)(Iog(jr,-jr,+l«y.,)-40»»»-y(|i»), 

er, writing 

eo thai k{pi^ is a new arbitrary Amotion, we have the general integral given 
bj the elimination of /ii between 

«-i9*'t-i*l«g('i+*i)-(*-0log(X|-X|+lrt/ii)-A(|i|)1 

And there is no singular integral 

Nm. The eiample is worind out in order to illnetrate the rslatlon 
between the conetituente of the contact transformation and the conetruolioa 
oftheiatagraL 

tf the JaeobiaBUMthod (Oiap. IT) wera adopted lor the faitipatkm of 
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WO aliould ind a Ihlid •quAUoo lo i— o o ii U wilh Umm: pvooiidini lo Ito 
iMiud WA/9 w oottld UIm •iUior 

or 

wliofo «« and c| oroorUtruy conoUnU. Wo Ibon looolfo tho oquoliooo 

with ono of ibo oquoUooa 

i^-«Sf «(/h-|>i)-«5i-«iif 
iofpitPifiHl wo iiiiJjjiUtuto In 

Mid oflbet o qiuulroture. Tho reoiilting oqiiotioo giro* tho ooinploU intogiml : 
and tho gononl integral would bo deducod by tho ouatomaiy proooM. 

WriUng 

/>l-i/, fl(/>i-|>«)-x,-ir, 
woharo 

lF,a)^(^ (F,il)^(K Wi^)-^ 

all iiaU«fled idonUoally, oo that /*, (7, i/ can bo tho conatituonU JTi, JTi, Xa 
oC a Goiitaot trauMfonuation. AUo 

(KK)^(K (C/,A')-0^ 
aati«fled idontioally, oo that F, (/, A' can bo tho oonotituonU Xu 'i* ^% ^ 
anothar contact tranafbnnation. Tho integration of 

Fm(^ a^o, 
by nioana of tbo latter contact tranaforniation ia loft aa an oioroiion 

But 

(ir,A)-l; 

honco /*, if, X cannot bo tho oonNtituentv JTi, JTi, JTs of a oootaot I 
tion, nor can 6^, //, K bo thooo conhtituentn. 

J£r. i. Integrate by thin method the equationa 



-^-x.-Oj' 



where u and are conatantn. 

Km, 1. Similarly integrate the ec4iiationa 

whoro u and are oonatanta. 






1S6. It thua apiiuiim that, whon a aingle diflbroniial eqiialion 
ia given in a furm 

thu quantity U can alwaya bu made a constituent of m eootaol 
tranafonnation» the explicit expreiwion of which adopts one or other 
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of two forms nocording as U does, or does not» explicitly involve 
the dependent variable : and the various kinds of integrals* can bo 
deduced when the Aill expression of the transformation is known. 

Again, when a complete system of equations is given in a form 

Xi "0, •••, Xm "0, 

(where m is less than the number of independent variables), so 
that the relations 

[X,,J01-O, or (JTi, JO) -0, 

(according as the equations in the system do, or do not, involve the 
dependent variable explicitly) are satisfied, it has been proved that, 
if the relations are satisfied identically, the theory of contact trans- 
formations can be appltedf immediately by making X^ •••» Xm 
constituents of the transfonnation in the mode indicated. The 
various kinds of integrals^ could be deduced when the foil 
expression of the transformation is known. 

(Consequently, in order that the method of contact trans- 
formations may be made effective for the practical integration of a 
single equation or of a complete spteni of equations, it is necessary 
to devise a practical process for the completion of a contact trans- 
formation when one constituent can be assumed or when several 
constituents can be assumed. These constituents have b^n sup- 
posed, in every case thus far considered, to belong to the X-type 
and not to the P-type in a relation 

rfZ- i PidXi^pldx-- i pidx^; 
i-i \ i-i / 

alternative suppositions have not been considered. 

* Ko indiofttioii of the ooearrenoe of tpeelat Inlegrftltllls be«B gi?Mi : Uwm, 
howeror, nsnaUy depend on the detelle of form of partkalar eqnetlone, and raeh 
details haie been ignored. Thej would, of eooree, hate to be taken Into aeeonnl 
If a oomplete theory were being baeed upon eontaet tranefonnatloni and their 
ptopertiee, and upon theee alone : bat the present ehapter haa no mob porpoet. 
What le intended, ie the eipoeition of the more ImportanI general mtthodi of 
integration. In a enffielent amount of detail to make their eeope oleari aaong Meh 
methode, eontaet transformatlone mnet And a plaee. 

t Mo implleation haa been made that the theory eaanol be applied nakaa tha 
lalationa are aaHelled Mentleal^y: the eonditloB was raqniilla mrntHj lor tha 
h n m e di ata naa of tha propoaitlone quoted in ^ IIS— ISO. 

X With tha laae eieeptloB of epeeial iaiegrala aa oaewi loaaa Hm ig nhM a 

— - M- h m — 1^ 4m — - ** — 

prupuuBnen roe iniegmwOB. 



f 



844 OMiUM or [180. 

Moreover, it is quite poisihle (exAuiplet» indeed, have ooeuired 
freely in illuelimtion of preceding dincuiieioni) that m eyttem 
JTiViO, •••, JTm^O thottld be oouiple(e» evvn though the reUtione 

[Jr<,JfJ-0, ur(Jf<,Jf^)-0 

should not be Mtiiiflod ideuticiilly ; nil that i« iii'cuMary, ui that the 
relatione should bo natiitlied niumltaneouiily with the equations of 
the system without the intervention of any other equation. The 
question thus is raised as to the use (if any) that way be luade of 
the property* when the relations of coexuitenoe are satisfied only in 
virtue of the equations of the syHtein; and the answer to the 
question is to be found in the prupertien of groups of functions. 



Groups or Functiokh. 

187. Accordingly, we proceed to the considemtion of the 
simpler properties o( givupt of /u9ictions^ : they are based upon 
the properties of contact traiiMt'onnatioiui, and their development is 
sufficiently distinct to cause their application to be regarded as a 
distinct method lor the integration of Mystems of equatitins. 

Also, partly for the sake of Home simplicity in the tbrmube, and 
partly because there is no intention of developing the full theory, 
it will be assumed that we are dealing with the limited contact 
transformations of { 130, so that we may take 

where i^l, ..., n, and 11, P^ ..., P^t Xi, ..., JTj, are functions of 
^i» •••! 'm |hi •••! i^bf AS the type of transformation to bt* discuDsed. 

The general notion of a group is of exceedingly comprehensive 
range : for the immediate purpone, it may be described by saying 
that the aggregate of a number of entities is called a group when, 
if those entities are compounded in all possible wajm which conform 
to assigned laws, thi^ results of the composition can be expressed 
in terms of those entities by fonus which are subject to other . 

assigned laws. 



* This th«oi7 U, of oounc, onlj a part of Lit*t oomiNvbttitifo lUoory of 
traiitforiiiAUoB-groaiio. A fuU cipoMtion U given in bia tioatlM Tkeorit 4tr 7rww- 
formaHomgruf^n, f ol. u, pp. 17S tt §eq. i wo alao i/alA. Jiui., I. tui (1S7S), i / 

pp. S4S rl Mf ., ib„ I. XI (1S77). pp. 466 rl Mf . a 
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The arguments of the Ainctions are 2a in number, taken to be 
^» ••M^»lht •••fPn in two complementary sets, and to be inde- 
pendent of one another, so far as the properties of the sets of 
functions are conoeraed. When two functions h and t of the 
group are known, the assigned law of composition is that they 
shall be combined in the form 

fdu 9v« du dv) 






in aoeordanoe with the notation already used, this combination is 
represented by 

(U.V). 

Then r functions ifi, ..., Ur of the in variables are, for our purpose, 
said to be a ffroup when the following conditions are satisfied : — 

(i) the functions Ki, ...r^r nre algebraically independent of 
one another:* 

(ii) evei7 combination (n^, Uj), for t and /« It •••• r, is ex- 
pressible by means of the r fimctions ti| iir» the 

expressions not requiring the introduction of other 
functions of the ^rariables. 

When the conditions aVe satisfied, the group is said to be of order 
r: and every function of Xhe variables which, when combined with 
the functions m,, ..., Ur in turn, satisfies the condition of expression 

in terms of the members Hi ttr of the group, is said to betang 

to the group. • 

Further, it will appear possible that, in a group of order r, 
there may be a set of r functions which, taken by themselves, 
satisfy the conditions for a group : naturally, in this case, f^<r. 
The set of K fimctions is then called a etdhgroup of the group of 
order r. 

When all the combinations (mi, tCj), for i Bndjm 1, .... r, vanishi 
the group is called a 9y$tem in involuHon. 

A function t of the 2n variables, such that (t, «<)« for i « 1, 
••«, fi» is said to be in invotution wiA the group tf|, •••, Ur. 

Some simple properties of groups, that are practically obvious, 
may at once be noted. 

(i) Every fbncUon of the members of a group belongs to the 
gnmpi 
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(ii) If r fimctiima Vi, .... v, of tl^e membeni of if|» ...» m, of m 
mp of ordtir r be algebraically indttpendt^nt of one another, they 
latitute a group. Thin group, oi»mpoaed of ri4 . J. » fr, is regarded 
irely as another forui of the original group: thua a groap can 
ire an unlimited number of formii. 

When any fonu of a group in in involution, every form of the 
mp in alao in involution. ^ 

(iii) When r functioiiH M|. .... m^ are connected by «, and by 
t more than », relatioUH, and when all the combinations (nf , uj) 

\ exprotisible in tenuM of U| Ur, the fiinctions belong to a 

mp of onler r — #. 

(iv) When two ditten'nt gnmpH have members in common 
th one another, the uggn*gate of thiMe coumion members eon- 
tutesagroup; for if the aggn^gate be U ^Mt the combinations 

tj), (or t and j^l m, are expressible in terms of members of 

3 first group and also in teniis of members of the second gnmp, 
it is, they are expressible in tenus of the members common to 
) two groups, 

(v) A group of fiinctions, involving in variables in two com- 
smentary sets, is of order not greater thiui 2n ; for if the number 
members were greater than in, they could not be algebraically 
lependent. 

We shall see later, that the onler of a group in ini'olutioo 
inot be greater than ii. 

(vi) A contact tnuisfonnation changes a group of order r into 
other group of order i*. 

Let the variables introduced by the transformation be a*/, ...» 
\pi\ ...,Ph\ so that the equations characteristic of the trana- 
mation are 

(j^.',^/)-0, (K.aO-O, (i>/,x/)-0, (i*/,x/)--l. 

lere t and j^l, ...• 'ii and are unequal to one another, the 
lependent variables bi*ing X|, .... x^, j>|, ..., j^: also 

(•rrf.'j)»0, (i)oft)-0, (j>rf,x;)-0, (/>..«<)-- 1, 

(5 independent %'ariables being r,', ..., .r/, pi\ ..., ji^'. 

Let u„ ..., iir be the group to be transformed, and let tf be the 
lue of Ui (for i«b1, ..., r) after the transformation has beeo 
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eflRBOied; as M|» ..., Vr are algebraically independent of one another, 
80 aleo 9n V|, ..., tr. Then, mncc 

^' - i f ^''' ^^^ 4 ^*'' |&^ 

we have 

Bnt (fi|, nj) is expressible in terms of Vi, •••, iir alone, so that 
(w«, to)-^<^(«i. ..Mtfr) 

hence (n, r^) • tf(^(r„ ..., tr\ 

and therefore the functions t,, ..., Vr fomi a gronp of order n 

A question is thus suggested, as follows. Given two groups of 
order r, each involving 2ii variables in oomplenientaiy sets : what 
are the contact transfermations, if any» which transform one of the 
groups into the other ? An answer to the question will bo obtained 
through the determination of a canonical form to represent a 
group. 

138. Passing now to properties of groups that are less obvious 
than thoee just given, we have the following theorem, dno^ to 
Lie: — 

Lfi if|» ..., fir he a group of order r in in variablee, compoeed 
of Uso eomplementarjf eeU; then the r linear parliat differential 
equaiione 

(Wi./)-0,...,(«o/)-0 

are a complete eyetem. 

* il Sfptsn lo hate Wtn Hit sariltsl rtNll ia Lit*s ttwawlm, saA wis inl 
fakUslMa ia 18Tt: tis n^k. •$ CM#f., (187f), yp. IIS^IW, H. (1971), 
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In the first pUoe, the r equAtions ath iineariy independent of 
one another: for otherwise a tet of determinanta infolTlng the 
derivatives of Mi» ..., ti, would vanish and so would imply identical 
relations among the quantities M|, ..., ti|., contrary to the hypothesis 
that the r functions constitute a group of order r. 

When» for convenience, we write 

for t « 1, •••, r» the PoisHon-Joctibi identity 

iiUi. Mj)/) + ((«;./) Mi) + ((/. uduj)mO 
becuuivs 

that iS| 

At (Ajf) - Aj{A,/) - ((«,. «j)/) 

when?, as before, 

(m<. «0) •*(/(**! *<••>• 

Hence all the equatiiHis 

fur i and J « 1, •••, r, are satisfied in virtue of the r equations 

which thereftiru ({ 37) ore a eoniplote system. The proposition is 
thus established. 

As the system of r iH|iuititMis in in variables is complete, it 
puHSi^sHes 2m — r distinct integrals : let thesi* be t n ••• / «■»-#• It is 
known (§41) that every other inti*gral of the Ci>mplete system is 
expressible in terms of these 2/4 — r functionally distinct integrals; 
and by the Puisson-Jaoobi theorem, (v^, vj) is an integral of the 
system: hence 

and therefore the in — r functions Vi, ..., VtM-r form a group. 

Applying Lie's theon*ui to the group 9|, ..., «t«-rf we see that 
the system of 2n — r equations 

(•k.Sr)-0 (vm^,g)»0 

is complete, so that it possesses /* fundamentally 'distinct integrals. 
Evidently the members of the group u^ ...,Ur can be taken as 
these integrals; and all the o(|uations 
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are Batisfied identically, owing to the property ($ 41) of integrals 
of homogeneous linear partial differential equations of the first 
order. We thus have the ftirther theorem: — 

A gnmp ofJunctionM of order r in 2n variablea determifiei 
another group of /unctions of order 2ii — r in those variables^ and 
conversely : eeery function of either group is in involution with the 
other group. 

The two groups thus associated are called, sometimes reciprocal 
to one another, sometimes polars of one another. 

CoROLLART L When a contact trans/ormatian is effected upon 
tuH) reciprocal groups^ the transformed groups are reciprocal to one 
another. Let Uj, ..., u„ and ri, ..., Vm^, be the reciprocal groups, 

transformed into n,' Ur\ and v/ t<ai-«>» by the contact trans- 

formation : then, a^ before ($ 137), 

(ti/,iiO-(wi. «V) 
-0, 
for all values of i and j. This result is the analytical expression 
of the property stated. 

CoROLLART 11. The order of a system in involution cannot be 
greater than n, the total numi)cr of variables being 2n in two 
oomplementar)' sets. Let if|, ...,, ifr be a sptem in involution, so 
that the equations 

(wi, to)"0 
are satisfied for all values of t and j. The equations 

(th,/)-0 (t«r./)-0 

are a complete Jacobian system, possessing 2n->r functionally 
independent integrals. Owing to the equations which express 
the involution, it is clear that «„ •••, tf^ are integrals of the 
complete Jacobian system, and they are independent of one 
another: hence 

r<2ft-.r, . 

so that r cannot be greater than n, 

OoROLLART IIL The converse of Lie's Oi«<yram also is true: 

thatis^if 

(««./)-0, ....iur./)m0. 

are a complete qrstem, and if ih, •••, % be functionally distinct 

torn one another, then if| «, form a group. For, as befiM, 

tlie equation 
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of thts iystoDL Now (mi, Mf\ 

|)luB, coil be expreaaKMl in UumM of Ui, •••, ii,« 

rtabka, nay »r^i, ...,««, |h. ....ji^: benoe, if 

Itii in cuiuplote, HO that / itatiiifieii no otber 
liXHi eqiitttion imint be evanesoenii' and 

[luid ff »1, ..., II. ThiiH 

IplMUK^I tu be functionally dintincl ftum one 
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[wIihIi U*Ioii^ to a w^^v^ Mi, •••, Mr and is in 
fiingtiiiiiH tif thu grtiup, in called^ UndicM. 

1/ »uititftii*N thu ecjuatioiiH 

|./)-t). ...•(Mr./)-0; 

IjiiWr Ml' imiicial fiinctioiiH belonging to the 

4»f iiiugrulb of tht*Ho i*(|uationii, which an 
liiuithi-T uiul can be i*x|iiviuMHl in tenni of 

natiuim an* 

J +(«l.t4,)|j- + ...+(M», Wr)^-0. 

|+(a.M,)|{ + ... + (M..M.)^.0; 
a^$(jti4i*kniU FunciWtk\ tht Prtaoh Utl« U 



\ 
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•o Umt lh« critiod dttterininaai and iu minon am unalierad, and 
Iheroforo the number of indioial Amotionai ia unaffecied 

Nai§ S. The number of indicial functiona of a group ia 
independent of the form of the group. 

Let Uu •••• CTr be a form of the group Hi, .,., u,, ao that the 
Jaoobian 

Vu,. .... Ur) 
does not vaniah, because the functiouii ITi, ••., IT, are independent. 
Now 

for i«l, •••, r; hence every function, which in indicial for the 
form «!, ••., Mr, 18 indicial for the form Uu •••» tf^i and, aa the 
determinant of the ooofficientM of (i4|,/), ..., (Uf.f) is the non- 
vaniiihing Jaoobian, every function indicial for the fonu U^ ...^Ur 
ia indicial also for the fonu ti|, •••, Mr* 

KiA9 8. The oriticiil dittenuiuiuit ia obviuiialy akew: it 
vaniahoH if r be odd. Honco ifvury group of odd onier poaaeaaea 
at leaat one indicial function. 

NuU 4. When there are m indicial Ainctiona, they are the 
independent integraU of i * ~ m homogeneous linear equationa in 
r variables. The actual expression of the indicial functions may 
therefore be assumed known, on constructing the integrals of those 
equations by any of the methods explained in Chapter ill. 

Ex, Hie fonctions 

form a group of order tbi-ee^ becausa 

(ail a,)-iij, (si. a,)- -2ii|, (a,, a,)-8a,. 
Tha critical datanuiiiaut ia 

, a, , -2a| .5 

- a„ , iM, 
iai, -«a^. i 
it ia aaay to aea that la * 1, ao that tba group poan e anai oiia indicial fanolioD> 
Thia indicial function aatiafioii tlia aquatioiut 
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which are eqairaleni to two indepeodetit equations. These pcweew one 
integral; it ie eaeilj found to be 

whidi aoooidinglj ie the iflkiioial ftmetion of the group. 

It haa been seen that a group «,, ..., «^> determines a reciprocal 
group Vit ...» Vt,^^, the members of the latter being the Sn — r 
independent integrals of 

(«i./)-0. —-(Mr./)-©; 

and any integral of these equations is expressible in terms of 
Vif •••• iW-«>« Now the indiciiJ functions of the original group are 
integrals of these equations ; hence there are m relations between 
the members of the two groups of the form 

vOT t ■■ If •••! HI. 

Conversely, a relation of this character implies the existence 
of an indicial function : because, as the equations 

i^u /)-0. ..., K. /)-0, 

are satisfied for/« Vu ••• > tw-r» ^^ have 

that is, 

(wi. tr,)-o, ..., {u^, t^o-o» 

shewing that Ui is an indicial function. Denote the value of this 
indicial function by Wu so that Wi can be expressed in terms of 
Hi, ..., «r Alone, and therefore Wi belongs to the original group: it 
can be expressed in terms of V|, ..., v^^^^ alone, and therefore icri 
belongs to the reciprocal group. Owing to the reciprocity between 
two polar groups, we know that r independent integrals of the 
equations 

are Hi, •••, ti^* as 

tCf|-l7<(lh Ur\ 

it follows tiiat 

(•i, tr,)-0, .... («ii^, tri)-o. 
and therefore 

(v,, nr<)-0, ..., (vt^, Wi)mO. 

Now «c can be expressed in terms of f^. .... fw^; henoe icri is an 
indicial fnniclioii of the reeiprooal gronp. 
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Qalhering together these reeulte, we can emineiate them m 
follows:— 

Two reeiproecU ffnmpi Ui, ...,Ur,andvi,...,Wm^^hamth§mim^ 
ihdieial /unctions Wi, ..., Wm: and tks sactsUnes of sack ifidieM 
/undion implies iks sxisUnes of a rsiaiioH bsiwsen /uncUons rf tk§ 
two groups o/iks typs 

for t«I, ..., tn^ 

CoROLULBY. If a function belongs to two reciprocal groups, ii 
is an v\dioial function for each of them. 

JCx. In so earlier example (|i. 862), ii wm teen tbet 

§omk a group of oider ihreei The reoiprocel group is of otder Af% eod ie 
oompoMd of five indepeodeot iutegreU of the equetiona 

(«i,/)-a (i-f,/)-©, (ei,/)-0. 

Five auoh integrala can be taken in the form 

»4-/>ifJ-*i'4t 

whioh aooordinglj oooatitute the reciprocal group. 

It waa aeeo tbatii9*-l-4ii|ii| ia the iudicial function of the origiiial gRNip: 
it ia therafon, bj the preceding theorem, the indidal AioctkNi of the 
reciprocal groups and one relatiuu muat aubaiat between the ftmetkme 
sit Ml, Ml and the functiona if|, rj, ifj, V|, r^. It ia eaay to verify that 

the common value of theae quautitiea being the iudicial function for the Iwe 
groupe. 



Canonical Fmrm of a Group. 

liO. When a group is a eyateu in involution, it ia obriouab 
from the characteritttic equations 

(«Mi«i)-0, 

that every member of the group is an indicial funotion. 



ittMlttifellliAitMlMiihiiliik^M* 
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Also, if A group of order r certainly pofwemes r — 1 indicial 
fimctions, it is a syBtem in involution ; fpr if tii, ...» m^^ are the 

indicial functions, and if v is the other member, 

• 

(tr, ti,)-0, ...,(^t«r.i)-0, 
that is, 

(ii„tr)-0, .... (ur^uv) mO; 

therefore v is an indicial fitnction also, and the group is a qrstem 
in involution. 

Hence, if a group of order r is not a system in involution, it 
cannot possess more than r — 2 indicial functions. We now pro- 
ceed to obtain, for groups that are not systems in involution, a 
canonical form which shall obviously shew the number and the 
incidence of the indicia! functions of the group ^: the main result 
is contained in the theorem :— - 

ns order of a group, tiiat iinoi a »y$tem in inwdution, scoesrft 
the number of iU indicial functions by an enen integer; and a group 
of order 2q 4- m, ^ich poseeeeee m indicial functions, can be trane* 
formed into a group Xu •••• ^f^m* Pu •••» P^ ^wh tiiat 

{XuXj)^0. (P^,P.)-0, (Xi.P^)-O, 
(P,.X,)-1. 

for which i andj - 1, ..., 9 4- m ; fi and « « 1, •••, 9 ; while i and ^ 
are unequal to one another. 

It will appear that the unity, as the value of (P^, X^), is merely 
a determinate constant: and it is clear that X^i, ..., X^^m cure 
the m indicial ftmctions of the transformed group. The form, thus 
selected for the group, is usually called the canonical form. 

The proposition is established as follows. Let the group be 
of order r and let its members be «,,.••• t^» aI^o, let m be the 
number of indicial functions so that, after the earlier explanations, 
f9i<r— S. Suppose that Hi is a member of the group which 
is not an indicial function: then not all the quantities (tii, ««), 
(vii «tX '••• (^» ^) wiish, and so the equation 
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is po0ttble and poeaoMcw integrals which, being fiinetions of u^t •••» 
«, or of some of them, belong to the group. Take one of theae 
integrals, and let it be denoted by u^; thus 

Now consider the two equations 

(•«i.»)-0, (•s.r)-©; 
they are a complete system, because 

(wi(tti. »)) -(<ii(Mi. v))-((iii. Mt)»)-(l. »)-0. 
In full expression, they are 






+ («..«r)^-0 



1^ #v •* 

they determine v in terms of ii,, ..., Ur\ and being a complete 
system of two equations in r variables, they possess r — S fonction- 
slly independent integrals. Let these be V|, •••, Vr-«» which 
accordingly are independent of one another ; also they are fiinetiona 
of 111, ..., t<f 

Then ti|, tia, V|, •••, Vr-t ^re a set of r independent fiinetions: 
for otherwise, some relation 

9(^, «<f»l, ...••r-*)-0 
would be satisfied identically, and then 

o-(«..ir)-(«..«.)^+(«...^)| 
a«,* 

SO that g would not involve Ui or Ut, and the relation would subsist 
between V|, ..., Vr-t, which are known to be fimctionally inde* 
pendent. Hence our original group can be replaced by a group 
^» t'ti ^» •••» ^r-f i^u<^h that 

(ii„ u,) - 1, (ill, Vi) - 0, (y,, Vi) - 0, 

for i« 1, ..., r-2. We have seen (|189;Note 2) that the number 
of indicial fiinetions is independent of the form of the group; and 
it is clear that neither ii, nor iit is an indicial fiinction. 



-f ...-f (Uj, v,^ 



dg 

3l'r-f 
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Let iO|, ..., «W-r be the polar of the original group, so that 

for t • 1, ..., 2n — r ; and as the 2n — r quantities form a group, all 
the quantities {wu Wj) are expressible in terms of w,, ...,f9,ii^. 
Then «,,«,, Wi, ...^Wm-r fonn a group: for they are 2ii~r4-S 
independent functions and, as 

(ii„a,)-l, («„t9<)«0, (th.Wi)mO, 

all the combinations of members of the group are expressible in 
terms of those members. Now 

(v<.«i)-0, (v<,«,)-0, ivuwj)^0, 

for i« 1, ...»r-2,and^*«l, •.•,2n~r: the first two are the equa- 
tions defining v<, and the rest are satisfied because «i belongs to the 
group that is reciprocal to t9,, •••, «DW-r« Hence 9|, ..., Vr-« is a 
group reciprocal to tCi, tit, Wi, ..., Wf,^^: so that 9|, ..., v^^ is a 
sub-group of the group ih» ^> Vn •••» tfr-** Moreover, the indicial 
functions of our group are functions of if|, ti,, V|, ..., v^^: denoting 
any one of them by t(ui, «„ v,, ..., v^^), we know that the 
equations 

(ih.^-0, (««,^-0, (r,.tf)-0, ...,(fV-f*)-0 

must be satisfied. The first of these equations is 

ai<t ' 
so that 9 does not involve «,; the second is 

80 that does not involve ti,; and so tf is a function of «i, •••, «r-«« 
Thus the group of order r possessing m indicial functions has 
been transformed into another group 

**!» **it '^If •••! ''r-fi 

the quantity (tit, ti,)«l; and the r-2 quantities 9i, •••, v,u« 
constitute a group of order r-2, possessing m indicial functions. 

If the group Vi, ..., Vr-« is a system in involution, then, as it 
p oss esses m indicial fbnctions, we have 

and writing 

«*l"^» Xi.i^llt, X%^9i9 •••% Xf^^9t^% 
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we have 

(P.;X.)-l. (P..X|)-0. (Jri.X|)-0. (X,,Xj)-0. 

fori and j«2,...9r— 1. The reduction, indicated in the theorem, 
haa been made. 

If the group Vi, ..., Vr-* pofiHessing m indicial functions is not a 
system in involution, so that nitr'-' 4, then we transform it in 
the same manner as the original group was transformed. It can 
be made to take a form 

-Tf. A. t«^. •••..Wr-4. 
where 

(P.. X.) - 1. . (P,. wd - 0, ( jr,, Wi) - 0, 

for i» 1, ..., r — 4; and then Wi, ..., ti^r-4 constitute a group of 
order r~4, possessing m indicial functions. The original group 
has thus been changed to the form 

such that 

(P..jrO-J. (P..-y.)-l. (JTi.X.)-©, (X».P.)-0, 

(X..P.)-0, (A.P.)-0. 
(X^.Wi)^0, {X.,wi)^0. (P,.i£iO-0. (P..tcf,)-0. 

If the group k^i, ... . ufru^ is a system in involution, the required 
reduction has been effected : and, as the group possesses m indicial 
functions, wo then have 

m « r -- 4. 

If the group Wi, ..., Wr^ is not a system in involution, we 
proceed as before. At each stage in the successive changes, we 
isolate two functions Xi and Pj fiuch that 

(Pi.Xd^l. 
and we are left with a groun of order r — 2t possessing m indicial 
AinctioDs. Ultimately, we Hhall reach a stage when this remaining 
group is a system in involution, mo that 

r — 2^ « i/i ; . * 
the isolated pairs of functions are 

-^1, P|J X^, "ti %,>l JLq, "ql 

the remaining functions, being (as stated) a system in involution, 
may be represented by JT^^i, .••, Xq^mi such that 
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mMm ua to verify the tanaer result ($ 189, Note 8) that a group 
of odd order cannot be devoid of iiidiciid fonna. If 

then 

m«2/i-2f "1-1, 

•o that the number of indioial functions poeioseed by a group of 
odd order is certainly odd. 

&e.l. On p. 86i, it wm noon thai the ftinctloos 

Imih A group of order 3 : snd, M 

(•hi "«i)-««it (sii«i)--«sii (s<i «it)«tiit. 
this froup is not s sjsisin in iuvolutioo. 

The osaoniosl form osn be oUUined m in the test ObfiouslU ih is ao4 
an indioisl fuocUon : oousequentlj, we require en inlegrsl of the squstion 

(Sf^)-l. 



that i% of 

An intearsi is given bj 



<-'^s.-'- 



^-- 



8iii* 



so thai iwo Auiciiooo for ihs oanonicsl form ars 

One other fUnoiion is required : ii muei be a oommon int^pal of 
His former equsiiolN^ 

and ihe Uiier, alter reduciion iu ooi^unciion with this squaiion, is 



A oommon integral ut given bj 
Aooordinglj, we take 

we have 



♦ -si*+4ii|i«,. 



/*i-sii -^i--J~t Jir|-ii,«+4S|i4: 



(/^fJTi)-!, (P„jr,)-a. (jr„jr,)-o^ 

whioh is a oanoDical form. Obvioualj, Xt is ihe one indioial Amotion of the 
group. 
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fiinction of the reciprocal group; aAd Iherefote, m in the preceding 
inveetigatiooi we can determine a function P^^i of the other 
2ii-(iii"f 29) fiinctiona in the reciprocal group tuch that 

Moreover, P^i cannot belong to the original unmodified group: 
if it were ezprewible in terma of the members of that group, we 
should have 

because X^^i is an indicial function of the unmodified groupi 
Also, as P^^i belongs to the reciprocal of the diminished group, we 
have 

for t » 1 f, and «»2, ..., m. Hena^ when P^i is associated 

with the original unmodified group, we have a new group 

-A I, *it •••, JCf, *qt J^q-^it Pq-^l* •^f-Mi •••» -^f+m» 

which is in a canonical form and possesses m*l indicial 
functions. 

Repeating this process m — 1 times so as, on each occasion, to 
asMX^iate a new function P with the group and to diminish the 
number of indicial functions by one unit, we ultimately obtain a 
group 

which is in a canonical form and possensea no indicial functions. 
We have seen (§ 140, Note I) that 

9 4- m < N. 

If f Hh m is equal to a, the required amplification of the original 
group has been effected. 

If 9-fm is less than n, take any member of the group 
reciprocal to 

^\» Pit •••• 'Xq-^mt Pq-^MB 

and denote it by Xq^i^^i, Associating it with this group of order 
29 4- 2m, we have a new group of order 29 + 2111 4-1, possessing 
Xq^m'¥i AS its one indicial function. We then apply the earlier 
process m as to dettTuiine a new function Pg^m-fi : mmI we have a 
new group 

which is in a canonical form and possesses no indicial function. 
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Plrooeeding in this way, by aasociating alternately a function 
X and a function P until the amplified group is of order 2ft, we 
ultimately obtain a group 

^u *u •••! -^m •* •» 

which ia of order Sn, ia in a canonical form, and poeseesee no 
indicial functions. 

Bx. Lei it be required to aehieve the first stage in the oompletioii of the 
poop ri, ft, rj, ir«, f^ whioh is given in § 140, Ex. t, so that It shall hare a 
canonical form. 

As thers indicated, we take 

P\^^, ^»""'^» ^•■•*» ^•■"|^» Jri-V+4s,Si; 

the required first step towards completing the group is to determine a fnn^ion 
Pt soch that 

(P„jr,)-i. 

For this purpose, we need a set of four independent integrals of 
(P.,#)-(^ (J|,#)-0, (P„^)-0. (J„^-(^ 
or, what is the same thing, four independent integrals of 

(1^,^-0, (n,^)-a. (n,^)-o, (<,^)-o. 

Also, we know that the group V|, f^, S|, S|, t^ (or, what is the same thing, the 
group V|« n, f^, ff vt) 1* the leciprocal of «ti« Sf, «i; so that three independent 
integrals of the preceding complete system of four equations are glTsn by 
^1 t^t ^* Moreorer, 

Jri»n«+4r,r,-.ii,«+4ii,«t; 
so that what is needed is an IntegAil of those four equations, ladependent 

of «i, Hflf Vfl* ftj 

Expanding the equations in fbU, renolring them so as to express gj, 

a?,' W SJi "~^^ *" *•"• "^ ^' ^* !R* ^i' ^ iotegrating 
them either bj Jaeobi*s method or bj Majer^s method (Chap. tw\ we find 

• • • 

as four faidependeot integrals, so that ^^ is the fourth Integral rsquirsd. 

The quantHjr Pt is to be a f^mction'of ihi «!« Ust^f such that (Pf, Xa)fl*l. 

Now 

(«ii*)-s*f (i%.t)--l, (i%»f)««n 
■othat « 

(jri,f)«4(s,t«+i%f-ih): 

(X,.ih)-o^ (Jr,.«,)-o^ (X,.ui)-a 
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For the second part, we express each of the gronpa in a 
canonical fimn : as the orders are the same, say 2f -f m, and as the 
nninbers of indicial functions are the same, say m, the canonical 
forms of the groups may be expressed by 

'i» Vi» •••» 'fi Qfi Jf+>' •••» M-Hnf 

respectively. The former group can be amplified into 

■^i* •* If •••» ^nf *nt 

and the latter can be amplified into 

'It Vi» •••» '•» On- 
Now, on account of the relations 
{PuXi)m\, (P,,P,).0. (P,.J0)-O, (Jr,,X^)-0, 
for I and J « 1, ... , n, with unequal values for t and ^, the equations 

for M""l* •••> ^9 determine a contact transformation; and the 
equations • 

for the same values of fi, similarly determine a contact transforma- 
tion. Consequently, the equations 

for M"*l» •••» *(» determine a contact transformation, which mani* 
iestly transforms the one group into the other. 

14S. We hAve seen that, when a group of order Sf -f m pos- 
sessing fii indicial functions is expressed in a canonical form 

the 9 -f m quantities Xu • • • t X^m Arc such that 

(J,,jr^)-0: 
that is, the group contains a sub-group of order 9 -f m which is a 
system in involution. It will now be proved that any itithgroup 
whidi %9 a 9yH€m in involutian u 0/ order nci greater than 9 4- m. 

Let a sub-group, bcjng a s]rstem in involutioUt be 

Zii •••! Z|i« 

Conceive the original group amplified so as to be of order Sn, 
expressed in canonical form by the aasooiaUflii q( %^^t«aM^8«Ki^ 
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Pf+u •'•» P^ <um1 of n— 9 -m funciioDB X^^m^u •••• ^m* Now 
theM » — f— w new Ainciioiui X are themselves a aysiem in 
involution: they are in involution with every member of the 
original group, and therefore with Z|, ..., X^: and therefore 

Z|| ...I Zjftf jrf.|.aH-i» •••• -^n 

ill a system in involution. The order of a system in invdution 
cannot be greater than n (§ 138): hence 

that is, 

/A < 9 + m. 

Further, this result can be used to obtain an upper limit for 
the tale of indicial functions, when the group is of order greater 
than II and therefore is not a system in involution. Let 

where k is positive : then as 

9 -f m < M, • 
we have 

2n > 2) + 2m 

> III 4- M -I- 4, 
and therefore • 

in < M — t, 

so that a group of ord€r n-^k cannot po$s€$$ mori tkam n — A 
indicial /unctions. 

144. It is of importance to be able to construct the sub-groop 
of greatest order 9 + m which is a system in involution. Denoting 
the group by 

we first determine the tn indicial functions as the la functionally 
independent integrals of the equations 

making y,, ..., Mt^^M the inde|K*adt*nt variables. This system of 
equations is equivalent to 2q linearly independent equations and 
is a complete system : it can bo integrated by any of the methods 
in Chapter ill. Let the m independent integrals be 

which are therefore the m indicial functions and can be taken at 
m membero of the required sub-group. 
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Now let ti| denote a function of the group, and suppose that it 
is not an indicial function so that it cannot be expressed in terms 
of v^, ..., v,,. Then, for the equation 

where is regarded as a function of the memberB of the group, we 
know m-f-l independent integrals, vis. ti|, tg, •••» Vmt snd the 
number of variables is 2^ -f- m ; hence it possesses 2^ — 2 other 
independent integrals. Assuming that q is greater than unity, let 
Wf be one of these other 2f — 2 integrals: then ti|, w«, Vg, ..., Vm 
are in involution with one anothen 

Again, for the equations 

(ti,.tf)-0, (tcf„^-0, 

where is regarded as a function of the members of the group, 
we know that it is a complete system in the 2f-f-m variables; 
it therefore possesses 2f-f-m — 2 independent integrals. We 
already know m -I- 2 of these integrals, in the form ti|, Wt» Vi» •••» Vm » 
hence there are 2f — 4 other independent integrals. Assuming 
that 9 > 2, let w^ be one of these 2^ — 4'integrals ; then Ug, te^t» ^it 
Vg, ..., Vm sre in involution with one another. 

Proceeding in this way, we shall (after 9 — 1 similar stages) 
have obtained 9 -f- m functions, independent of one another and in 
involution with one another ; the aggregate is a sub-group of the 
greatest order that permits it to be a sjrstem in involution. 

Appucation op Oroups op Functions to thb Integration 
OP Systems op Equations. 

145. As our main purpose, in connection with these groups of 
functions, is their application to the integration of a system of 
differential equations in one dependent variable, we shall not 
^pursue the further develO| nent of their properties which will be 
found in lie's treatise already quoted (p. 844): we proceed to 
apply them for the purpose of integration. 

Accordingly, let the equations 

/g-0, ...,/i-0 

be a system in involution : they may be a system initially givM, in 
which esse there is no question of arbitraiy constants occttrring in 
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ibem : or ibey may be a •ystem in a stage of gradual cona ln i ct io i i 
as in Jaodbi's method^ in which case some at least of the quantities 
fu ••••/» will contain additive arbitrary constants. Suppose also 
that independent integrals ^i, •••, ^ of the complete system of 
equations 

(/i.*)-0....,(/..^)-0 

have been obtained, and that the Poiuson-Jacobi theorem has been 
applied so as to give all the integrals of the type (^, ^^) that can 
thus be constructed. Then the set of functions in the aggregate 
fu •••*/•• ^» ...f^r coi^tittite a group: andyl, ...,/, certainly are 
indicial functions of this group. It may happen that^, ...,/|, do 
not complete the tale of indicial functions of the group: if they do 
not, let/|,^i, ...,/m be the other independent indicial functions of 
the group, so that 

constitute a system in involution. Moreover, as r -i- /a is the order 
of a group which possesMes in indicial (unctions, we have 

r -♦• /A - m — even integer 

say, where 9 is a whole number. 

It has been proved that a gn>up of order m 4- 2f , possessing 
m indicial functions, contains a sub-group of order m-k-q which is 
a system in involution ; and consequently, our group of order r 4- m 
contains a sub-group of order m -¥ q, which is in involution and of 
which m members are given by 

let the other members of this sub-group be /m^i, ...,/ih^. Then 
the integration of the original system of /a equations in involution 
is reduciHl to the integration of the mcxlified system of 

f/i + 9 (" /i -I- m -/A -I- q) 

eqimtions in involution: as m>/A, f >0, the modified form of the 
problem is usually siuipler thiui the original form. 

To complete the integration, we need integrals of the complete 
system 

(/..♦)-0,...a/.^„»-0; 

by the earlier theory, this is known to possess 2n — m — f inde- 
pendent integrals. Of this aggregate m-k-q integrals are known. 



CHAPTER X. 

i 

Thi Equations or Thborktical Dtnamiob. 

Thb praMDt oliApUr U devoted, more to matten oognete wUk the Iheorj 
of tilt intogrmtiott of pertUl differentiAl equetione then to the tbeoiy itMlf or 
to prooeiem of iotegratioii. 

TIm onljr prooeee of integiutioo included ie tliet which ie donmoiiljr celled 
the Jeoohi-Heiuilton prooeee : in order to meke it more eeeilj comprehended 
end to ehew the touroe of ite iiuipiration, e hrief eooount of Hemilton'e 
Itiveetigetione in theoretical djrnemice ie pre&ied. 

The eneljeie iihewii once more, en no often before in the proce«ee elreedj 
eipUined, the cloee relation between the integration of a partial difforeotial 
equation and the integrate of the eet of ordinary equatiooei eometimee called 
eubaidiarj equations, aometiniee the equations of the characteristioe^ here a 
canonical system. Home properties of canonical systems are given : but there 
is not an attempt to deal with them exhaustively because, as eveiy property 
of such a system can he expressed as a result in theoretical dynamics, they 
really belong to the subject of theoretical dynamics. 

The older development of theoretical dynamics was due mainly to 
Lagrange, Poissou, Hamilton, Jacobi, Duukin, fiertrand ; and expueitions of 
that theory will be found in Jacobi's Vorlaungtn iiber D^fhamik^ in 
Imschenetsky's memoir* Sur Piniej/ration des ^quatioiu aux d&ipt^s partielUs 
du prtnier ordre, sud in Graindorge's treatise Inttyration d6$ ^natiomi d$ ia 
m^niqus. Further developments have been ejected by Routh and are 
expounded in his Treatise on the D^Hamici of Rigid Bodieg, 

Th«t subject has develo|i6d in a different direction, since the application 
of Lie's theory of contact transformations to a quite general canonical system 
and the discovery of his im|>ortaut proponitiou that such transformations at 
once conserve the form of a general canonical system and are the only 
transformations which do conserve that form— a result that enables many 
older properties to bo seen in an entirely new relation. An account of this 
theory and of the mode of development will be found in Dxiobek*s treatise t 

* Trao«liitsd from the original Itutnian by Hottel, and published in Orumert^e 
Archiv, t. l (1869), pp. 278 — 171 ; tee, in partiouUr, chapter vii of the memoir, 
t An English translation was pubUahed in 1892 (Tbs Inland Preis, Ann Arbor). 
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Dm matAtwHMiueAen Theorien der Pianetenbew^nffen (Leipzig, 1888X Section ll, 
Mid in Whittaker's Awdyticai Dynamiet (Cambridge, 1004). Reference may 
also be made to an interesting {taper bj E. O. Lorett^, which gives a critical 
and historical aoooimt of the subject 

While these results hold of quite general sjstems, the/ are an incomplete 
statement of the case (particularly as to contact transformations being the 
only transformations which conserve the form) for particular given systems, 
lie^s original memoir! discusses the whole matter. The present chi^pter 
purports to give indications of the theory as connected with the theory of 
partial differential equaUons; it does not aim at being an introductory 
aeoount of theoretical dj-namics, as developed on the lines of Lie's theory. 



Hamilton's Characteristic Equations. 

146. We have seen that Cauchy's method of integration 
introduces the notion of initial values of the variables and utilises 
them in the expression of an integral. The same idea was used 
by Jacobi in developing some researches of Hamilton on theo- 
retical dynamics where such initial values had been used : and in 
connection with the idea, he devised a method of integration, 
which is sometimes called JacobCs/irgl method and more often the 
Jacobi'Hamilionian method. The details of the method differ 
fipom those in Cauchy's method : but on account of the ideas and 
the results, both Lie and Mansion claim J the method as Cauchy's. 
Some account of the method will be given here, partly because of 
its dose association with methods and results obtained in the 
region of theoretical dynamics when the equations are taken in 
their canonical form. Later researches in some ontnches of this 
subject have diverged from the earlier course, mainly because of 
the application of Lie's theory of contact transformations. 

In treatises concerned with the dynamics of sjrstems of bodies}, 
it is shewn that the equations of motion of a holonomio qrstem 
can be expressed in a form 

d0i dH dui dH 

* '*Ths Ibsoiy of perterVaaoos and Lke*B Ihsoiy of eoolaet traasformatioBt,'* 
QmH. Jmim. Ifaf*., t. six (1S99), pp. 47— 14S. 

t •«l>le BtaraasBtbeoris and die BsrtthmngBlraBstormattotien,*' Arek./. Mrnik* 
•§ Met, t n (1S77), pp. 1<^-SS. 

t Bes Fart t of this Tieatise, p. 1S8^ fbol-Bola. 

I 8Mb •■ llo«lb*k IVtaffM en Rigid Dgnemimi ••• fsL t» eh. vm. 

24—1 
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for im 1, .;,, M^ the quantity H being (in the aimplest oaie) the 
total energy of the system expressed in terms of t and of the 
variables tf|, tt|» •••• The form is usually associated with the 
name of Hamilton, as having been obtained by him^. 

The following derivation of this result in the simplest case 
will give some indication as to the source of the transformation 
adopted by Jooobi in his method of integration. Denoting, as 
usual, the kinetic energy of the system by T and its potential 
energy by K, by tf|, ..., 0m the m independent coordinates of the 
system, and by $i, .... 0J their derivatives with regard to the 
time t, we have LAgrange's equations of motion in the form 

d /ar\ dT dv 

Introducing a fimction X, such that 

x-r-K, 

and noting that V doi*s not involve tf/, 
equations in the form 

d (U\ dl 

'dtWi'J^der 

The function U is defined by the equation 



$m\ we have the 



^■**'a57"*" 



'^^'^'dK:^^' 



the form of which has analogies with Legendre*s contact trans- 
formation; and it is convenient to introduce variaUes Hn •••• «« 
such that 

dL 



for fwli •••, m. 



Thus 



and therefore 



• PkiL TraM., (1SS4). pp. S47-80S, (1885), pp. 88-144. 
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In its initially defined form, 17 is a fiineiioii of t, 0u •••t ^Mt 
9i\ ...» 0m f let its expression be supposed changed, bj means of 
the m equations « 

dL BL 

OIF| . C/lF«| 

so that it becomes a fiinction of ti,, •••, Umt 'u •••t 'mt It the 
rariables 0i\ ..., ^.i' being replaced bj Hi, •.*, ««• Then the 
foiegoing differential relation gives 

d9i d9i 

"3*158?; 

dui ^ 

for •'■■ 1, ..., "»:' and these equations are freqnently called the 
coHonieai form of the equations of motion. 

Now 

SO tiiat, as 

dL 

35?""*' 
for ta*!, ..., m, we have 

dL,^ dL ^^ dL 

Henoe, when H is expressed as a fanction of i, 9.x, ..., 9m, «i« •••. *n 
through the removal of 9(, ...,9m'hy means of the equations 

ax 

aa?**" 

we have 



rf£r-M«.+...+tf-rf«««-OT<».-."-^«w--^*. 



for r*l m; thus 



dH -. 

as;"*" 



and therefore 



„ dH dH r 

^""•55; +•••*■"' 55;"^' 

i - «l g- -»• ... 4 Hrljjjr "• ^» 



80 thai the relation between L and H is r eciprocal 
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This it tnie when t oooun explicitly iM Z and in Hi i% can 
easily be verified, in the simplest case, when neither T nor V 
involves I explicitly. Then 2* is a homogeneous quadratic Ainction 
of the second order in 0/, •••, Om\ so that 



that is, 

that is, 

and therefi)re 






W-**- 



so that, in this case, H is the total energy of the system. Also, 
as the equations 

ax 

in' this case determine $i\ ..., ^m' as quantities linear and homo- 
geneous in ti|, •••, Urn, the quantity 7 is a homogeneous quadratic 
function of the second order in Ui, ..«, Um after the change of 
variables is effected, so that 

and therefore 
oonsequenUy, 

SO that, as before, H and L are reciprocal to one another in form. 
The preceding analysis shews that, when L is derived thus from 
the function if, and when it is expressed as a function of 
^ii •••• ^Mi ^/» •••! ^m by means of the equations 
a// ^, dH^ ^ , 

Sii, ^*' •"• an,*" "• 

the equations 

d /ax\ ax 
diVatf<7"atf<' 

for • - 1, . . . , m, are satisfied 
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The dUMmieal equations 

are the general equations of motion, whether H inTolvee t 
explicitly or not ; but there is a substantial difference, as regards 
the relation of J7 to the equations, according as I does or does not 
occur in Ji. 

When t does not occur explicitly in H, we have 

dH 2 (dH dur ,dH d0r\ 

-0. 

that is, A is constant throughout the motion : or 

• H ■" constant 

is an integral of the qrstem, being of course the energy integral. 
Also, if 

/-/(Ml. ..-. «m, *!• —• tfm)- constant, 

be any other integral of the system, we have 

dt rtlWrli^dUrli) 

^ {9fdH df^dH\ 

-(/^). 

in the earlier notation. Conversely, any quantity/, distinct from 
H, involving the variables but not involving t, and satisfying this 
equation, is an integral of the canonical qrstem. 

But, if i does occur explicitly in H, then in conkiectioii with 
the system of equations we have 

dH air ^ 2 fiH dUr^dH d0r\ 

dH 

which does not vanish: so ihat JET ■■constant is not then an 
integnd of the system. If 

g^gi*. 9u ..., 9mt «h, ...i ii«)-oonstani, 
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be ui iotogrel of Ihcr qrstem, we have 

and thia ia the partial differential equation which ia oharaqteriatio 
of every function g leading to an integral of the ayatem. 1% ia 000 
of the equationa that occur in Hamilton'a theory : and (g. H) ia 
homogeneoua and linear in the derivativea of |r. 

147. Another characteritttic partial differential equation ia 
derived by Hamilton through the consideration of the integral 



1 






80 that, in the moat general case, S ia a function of I and l» and 
alao of the values^ of $„ .... tf«, $,'. ..., ej at I and at i;. To 
obtain aome of ita propertiea, imagine a quite general variation 
and (in order the more aimply to allow Talao to undeigo thia 
variation) introduce a new variable s, ao that 






aay, for 1 1 



dt 



I, ..., m, wheru ** " j' » thua 
a^j*I^L{t. 0, tf,. J^ ?*-)* 



where now all the ai^gumenta in X are aaaumed fiinctiona of ^ and 
a itself ia not subject to variation. Taking a variation t-fft« 
61 -k- t6u ...,0m-¥ S^». we find, as usual, 



* OBI7 ball of th«M 4m (lUAntilkis omi Im takMi as 



firiUliS. 
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As • is at o«r dioiee, we shall choose it so that the eqnatioa 
M satHled: the actual value of « is not required. Als» 



so that 



-0, 
for all values of ^ Hence 



Now, as above, 

and 

consequently 






It n an immediate oonsequenoe that to any oonfigmatioii, as 
ctcTekiped from amgned initial oonditionap the value of at any 
time depeodB only npon the oonfigaration at that 
upon the initial oonditions. 

Tb make these initial eonditionfl preeiae, let 

'#• A» when t»l^, fiir |i« 1» ..., m, 

L'U 

B-H, 

anp«*€Ua when iimt^^ fcr rw 1| s««» m: 
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then we have 

asi da 

for r« 1, .... M. These are the values of the derivali?ea otS with 
regard to each of the quantities it involves. 

As our purpose is not the dinpussion of the organic significance 
of any property or group of properties of the quantities concerned, 
but only to indicate so much of the analysis connected with the 
equations of theoretical dynamics as will throw some light upon 
the analysis introduced into what is commonly called the Jacobi- 
Hamilton method, we shall indicate only one inference from the 
preceding equations. The quantity H can be expressed as a 
function of i, $u •••• ^», i«ii •••» I'm* say 

hence S satisfies the equation 

and this is another of the characteristic equations in Hamilton's 
theory. Moreover, when H involves I explicitly, U is not homo- 
geneous in the quantities u, so that the equation satisfied by 5 is 
not homogeneous in the derivatives. 

If, however, U is independent of any explicit occurrence of I, 
we know that 

where A is a constant ; and then 

so that 

and the equation satisfied by Si is 

" ** I ^1 » • • • » ^wi ^ I • • • » 53" I • 

This 'is the modified form of Hamilton's characteristic equation 
when U does not explicitly involve I : the right-hand is homo- 
geneous in the derivatives of 5|. 



r 
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148. These characteristic equations have been derived from 
the initial set of equations in the canonical form : the relation 
between them can be exhibited in another light By the 
existence-dieorem of a set of ordinary simultaneous equations 
of the first order^» the canonical equations 



d0i 



dH dui 






determine the 2m quantities $u •••» 9m» ih» •••• ^m ss functions of 
i and of parameters, which are the values of those quantities when 
t^t^: these are 

when l«i I,. Now £ is a fkmction of I, 0u •••» 0m» 0/» •••, 9m ' sn, 
by means of the equations 

dH 



e/^ 



Bui' 



the quantities 0/ 0m' m« expressible in terms of if|, •••, !!«»> 

it follows that L can be expressed as a function of i^ 0^ •••t 0m$ 
u,» •••» tf«. When the integrals of the canonical system are used, 
they can express «it •••» ^m ^Ht •••»<'fli iu terms of the other 
quantities: thus L can be expressed in terms of i, d, 0u •••! 0mf 
fii9 •••» /9»» >^ therefore also 8, which is 



/: 



Ldt, 



can be expremcd in t^rms of t, I*. 0|, i 
this exprefloimi effected, we have 



't^mifixf'tfim' Asauming 



dS 



as 



which are 2m equations expreMng u,» ...^ u^ and Oi» ##•» c^i in terms 
of f, Ut ^if •••« ^Mf fiu •••• fim' that is, they are equivalent to the 
2flii relations which are the integrals of the canonical system. 
Combining these results, we have the following theorem:— 

Tk$ i fddm tff9rdinarjf eanonioal $juaium» 
d$i dff dui dH 

* 8MfaLtiorihItimk,|10. 
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Jaoobi-Hamiltonian method; but, as already pointed out, the 
use of the initial Values had been introduced earlier by Cauchy. 

149. Other characteristic functions are iQtooduced into the 

• study of theoretical dynamics: among them, o&^ of the most 

important is Hamilton's function often denoted by A, which 

represents the dynamical Action when H does not expUeitly 

involve f, and which in general is defined by the equation 

With this value, we hnve 






Now by means of the integrals of the canonical system as associated 
with initial values, H can be expressed in terms of f, I,, tf„ •.., 0^1 
fiu •••• fimf And J7t can be expressed in terms of I,, fii, ••., fi^. 
Also A can be expressed in terms of I, d, 0|, ••., 0^, fi^, ..., fi^: 
when t and U Are eliminated fipom its expression by means of the 
expressions for H and H^, it comes to be a function of if, £r«, 
9i, ..., 9mf fiu •••! /9iii* In this form, the equations 

dA , iA dA dA 

are satisfied; they must be equivalent to the integrals of the 
canonical system. 

Es, 1. Prove that, when the expressions for the kinetic energy Pand the 
potential eneigy V do not explicitly involve the tiuei the Amotion A satisSes 
the partial differential equation 

rf^i, ..., ^Mi gyt ••••gjjr)"*" '^(^f ••••^•A 
where A is a oomtant (JaeohL) 

Eg. 1 Shew that, if a ooniplete tntegrsl ef the paitial differential 
eatiefled hy J he obtained in the ihm 
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whara «ti •••• ^-ii Om M« ^ arbiimij ool|lllalltl^ Umh 4 mI oI inltgnJs ol 
the CADooioftl t/stMa to giviaii by 



^-*i, .... S^.-*i.-n ^-14-r, 



where ai» ..., o^.h A, 6|, ...» ^.i» r Mre tb^ Sm ertiirMj oonsUnle in the 
inte^mU (Jeoobi.) 

£x. t. Lei M iutegreli (in involution) of the oenonioel ejitMn be eop- 
poeed known, involving ^, ...•.^n, Mi, ...» «» in MUch 4 waj that Ht, ...» «» 
can be tn^nmmi in terua of ^i, ..., ^^t ^ mmI the m arbitrerjr oonstnnte of 
the integraU; end let theee valuee be eubMiituUd in if , the raulting value 
being denoted by J7. Prove that 

to an exact differential ; and shew how the remaining iniegrato of the canonical 
ajatem can be obtained. (Liouville.) 

£x, 4. When the ezpraMiiui for the energy of the ayatem doee not involve 
the time and when m - 1 iniegrato (other than ff»h) of the can o nical ayatem 
have been obtained, no that tf|, ...» u^ can be eipreaeed in terma of ^, ...» $^ 
by meana of thoee m - 1 integrala and JST—A, firove thai 

to an exact differenttol dl. Obtain the other iniegrato of the canonical ayatem: 
and ahew thai the variablea in the iniegrato are connected with f by the 
retotion 

(UottvUto.) 
fix, ft. Integrate the equation 

(/h'+pg^+A'XV+'f'-i-'iV-**. 
where a to a conaianii by uaing the theorema in any of the |ireoeding 
• examplea. 

JaCOBI'S OBNKRAU8ATION OF HAMILTON'S RESULTS. 

160. The preceding brief diacusiuon will auflSciently illustrate 
the connection between a partial differential equation and a 
canonical Byatem of ordinary ^uations, as it arises in the dis- 
ousttion of theoretical dynamics: and each of the methods of 
integration, which have been expounded in the preceding chapters, 
shewa a similar organic relation. The detailed application of the 
method, suggeated by the processes of theoretical dynamics, differs 
from the use made in other methods ; and though it is somewhat 
more cumbrous thdn those methods, its association with the results 
of theoretical dynamics seems ample justification for its retention 
among the principal methods of integration.^ 
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We proceed from the gcneralificd Torm of the equntion aatiiified 
by 8 and, making a change in the notation, we suppoee that a 
given partial differential equation has been rciiolved with regard 
to one of the derivativeii into the form 

p-^ m^t'^it ...» ^n*P\* ...,|ln)«0, 
where, as usual 

d« 9$ 

for t « 1 11. It will be noticed that b does not occur ezplioitly : 

the alternative forms, when b does occur, will be given later. 

The equations of the characteristics are 

ds dxx rfxn rfpi dpn dp 

but the last fraction can be omitted, because p occurs there only 
and we have the permanent equation 

P^-B. 

Thus the equations can be taken in the form 

dxi^dH dpi^^dH 

for t«l, •••» fi: aiid these agree with the canonical form of the 
equations of theoretical dynamics. Assume that these equations 
have been completely integrated, the arbitraiy constants being 
determined by the conditions that 

when # » a ; and let the results be expressible in the form 

^ ■ f«(*» <*!» •••• ^» ^» •••» W» 
Pi^^i(^9 Oi, •••, On, ft|, •••, ^iX 
for t « 1, •••, n. The determinant 






u unity when #« o, so that it cannot vanish identically ; henea the 
ft equalioosaifM^i can be resolved for Oi, ...,0,^ 
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Now the quantity 

10 an ejuM^t diffeieniial: substituting for dsi, .... dm^ fiom the 
ordinary equations, and also -^H tar p, it. takes the form 

which also is a form suggested by the analysis connected with the 
equations of theoretical dynamics. We therefore take a quantity 

on the analogy of the dynamical results and, substituting for the 
variables ^i, ...»Mn»Pi» •••• />» ^^eir values as given by the integrals 
of the canonical system, we effect the quadrature which then givea 
( as a function of «, Oi, ••. , On, (|, ... , 6«. Let o denote any one of 
these in constants that occur in (; then, taking account of the foct 
that the values of the variables have been substituted in the initial 
form of (, we have 

*j« jTi ( *dc\dpt) dpi 3c ~ 3xj si dpi do] 

-,U"t]: 

conaequently 

We have seen that the n equations «i ""{i, •••» «•>■ f« can be 
resolved so as to express Ui, ••., a» in terms of «i, ..., «^, #. ft^ •••, 
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6^; let the values thus obtained be rabetitnted in {; and denote 
the resalting value by Z. Then, as 

af _ - az aft 

vo^ cb^ im\ dxi d6|i ' 

we haTe, on stibetituting the preceding values for the derivativee of 
(, the equattons 



i/az ,\af, az 



for f «1, ...I ft. The former set of ii equationa is linear and 

homogeneous in the quantities ^ iri, and the determinant of 

the ooeflBcients of these quantities does not vanish ; hence 

for • — 1 n, and therefore from the remaining equations 

az n 

for t » 1| ...t a. These relations are not identities, because iti, ••., 
ir«, Oi, ..., On do not occur in E\ and they clearly are independent 
of one another. Moreover, they arc satisfied in connection with 
the equations #i«(i, ..M^n^fii* Pi "iv'if •••i|^i~ir«; hence they 
are a general integral equivalent of the 2fi differential equations 

Again, we have 

on repladng JE|, •..,«w»i'i» •••»/>ii by their values: and 



dZ^dZ • dZdJi 
cEr Sp i«i i^i di 

-'^+ 2 w ^^ 

5« irt 5i * 



F. V. 



^"^ 
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oa using the {Nneoeding equationa. Hence the equali^ 

(h dx* 
leads to the relation 

gZ " "■ •" (*» f I » • • • » C»* ^l» • • • » ^•z 

„/ dZ dZ\ 

- - /f ^#. dp|, •... «„ ^^ , ..., g^j ; 

and therefore the ^nation 

i-Z + o. 

where o is an arbitrary constant, is an integral of the equaUon 

Accordingly, the process may be stated as follows : — 
To obtain an integral of the equation 

fom% the canonical eystem 

dx dpi' dx dxi' i»-*. ••;.•* 

of ordinary equations, and comftrud their complete eet o/integroU 

*<" ft(*. fli» •••• flu. ^1. •••• M) liml n\ 

Pi^Wi(x,a^ tt,, 6i. ...MJ ' " '"'* 

#ticA thai s?i. .... Xn»pi, ..., p»-a„ •.., On, fcj, .... h^ reepeetiwely, 
when x^a. Take a quantity ( defined by the relation 

and, Mubetituting fi, ..., {», Wi, ..., Wn/or the variablee under thg 
sign of integration, effect the quadrature which givee ( as a Junction 
o/x, Oi, ..., On, 6i, .... 6m. From C eliminate a„ ..., On 6y fiiaaiw of 
the equations ^i»{i» .... <r«a>{n, ci ltd Ve^ the resulting function of 
«. «i» •••» «•• 6i, ..., 6» he denoted by Z ; Jhen 

smZ-^c, 
where c is an arbitrary constant, is an integral of the partial 
differeuiial equation, and manifestly it is a complete integral. More^ 
over, a complete set of integrals of the canonical system is given by 
dZ dZ. 

for i^l, ,.., n,the comtants Ui, ..., u^ being arbitrary. 
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161. It is easy to see that the complete integral thus obtained 
is an integral which, when a^a^ acquires the value 

For E is the value of ( when di a« are eliminated from (by 

means of ^sf,, ...t«n^^n\ And therefore the value of Z, when 
«»a, is obtained from that of ( when mwma (which value is 
Oifti -f ••• -f-anftn) by eliminating a,> •••> o^ through the forms of the 
equations ^»{i, •••> x%^im, when m^a: and these forms are 

The complete integral is therefore somewhat restricted, though 
it contains the appropriate number of arbitraiy constants; its 
relation to any other complete integral, say 

'"^ (*•*!• ••••^» "^i> •••• *») + •• 

can be simply obtained. In the case of this complete integral, a 
set of integrals of the canonical system is given hf 

fertMl» ...ifi. Let 

^»^(a, (i|, ••«, €hi, 1^, •••, lr,i)i 

then as Oi*, •••, On, ft|, •••, 6^ are the values of jE|, ••t| 4^» Jh» •••»|'bt 
when #flBa, we must have 



Now 



hence 






8p( </«' at( 



dc' 






1-1 



The constants ki^ •••! i^ Are such that 



\^— !1 
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that it, suoh that 



;-t 



. f 
i 

tar t«"l» ..., n: let their values be determined and aubttituted 
in C In order to obtain Z from (, the conatanta Oi, •••, a» mual 
be eliminated; their values are given by 

in connection with the preceding values of ku •••» k^i and so JT ia 
the value of ( when, from the equation 

the quantities Oi, ..., a», J^i. ...» !:» are removed by means of the 
equations 

dki hki' dai ^' 

for t» 1, ...» n. Hence the complete integral in the theorem can 
be derived frt>m any given complete integral*. 

Ex. I. Tbe detailed working can be ahewn by thus solviog the eqaatioa 

P Pi Pt ' 
which olesrlj h^san integral 

where 

The value of if lor the form ji-i- if -0 ill 

pt-ff^PiJ^i-'PiPi 

The canonical ajiitem ia 

dxi ^ xxifH* dxj^ JPJ^tPi* 

dx (piJf%'¥pt^i-piPiJ^* dx (PiXt-k-pt'i-pOhHF* 

*!«__a?>i?!L_^: <(ft, *pi*Pi , 

dx 0*iX,+/>|4Pi-/>ij>j)«' dx (piXt^ptXi^pip^' 
and integrala are 

* TIm whole of th« preoeding eipotition foUowe that which ia gifea hj Ms^sr* 
JTel*. Jan., t. m (lS7i), ppc 4S4— I6S. 
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wbere Oi B^ a*, y are •rirftnty eonsianta, and 

ah 

Hcoea, takiiig 04, ot, ft|, 6| m initial raloes when 4f»«, wa have 
and the intagrala are 



■6»a,^*iat.ft,V J"Mi+*i«t^<i' 






#•% 



If we require the integral which beoomee A'k'f-^^'^IS 
we take 

and the reqnbed integral is giren hf 

where £ is given ae a Ibnction of x, jti, St^ by the eliminatloo of #4 Mid Oi 
between the three equations 

^-«i^ -f «t^+ J<^ (««-e^4 

'3 



jf|t.o,t-fJ(x«..t) 



aooount being taken of the raloee of a, 6, e in terms of a^ Of , (|t ^« 
To derive this integral from the integral 

where 

««writ« . ' 

aad tlMB «• Un 

TIm nlatfaxM between the qa«iititi«s at, •*, Nt ^« *• ^u J^t (otlx tl>M the 
•ingle labtioB between t, tu t$i vn 

^-».. ^-^. If..^. g-^. . 
bafaiftidtea of the rdntion between l^ll.ik. TheMglTe 



If 
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W* aUnliMU t, i|, i't batw«en the •qiutiona 

and Umh Um intagral ui 

TU ▼eriAoatioQ that ^ beeomM 6i jti 4-^t^tt wbeo ««% it J 

&. 8. ObUin, in ibe preoediiig mauiier, tha intagnl ol Um •qiuMoa 

•uoh tliAt 9»0 wheu jr">«» in the form 

wbart y U an arbiiraiy oonnUnt 

DeduM It abo from the oompleU inteipral 

Another integral ia givan by 

i-xy + «x»-a«)(/^»«))*; 
ia tbera anj relation between tbia integral and the Arai integral! 

Ex.%. IM, 

«-♦ (x, 4P|, ..., jf., 6i, ...» W-»-y 
be a oomplete integral of the difibrenttal enuation in the text Shew thati if 

♦•-♦(•• «ii ...i «•• *!• •••• Wl 
and 

and if ail ..., a^, ^n ..., 6» be eliminated between the equationa 






for imIi ...i a, the reaulting value of Z ie aleo an integral el the eqoalioa 
and that, when 4r»e, it aoquiree the Talue/(jr|, ...i jrj. (liijv^) 
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162. The discussion in §§ 150, 161 related to a resolved 
equation in which the dependent Tariable does not ooeor ex* 
plicitljr: and the inverse operations required consisted of the 
integration of a system of 2fi ordinary equations, followed faj a 
quadrature. 

When the partial differential equation involves the dependent 
variable explicitly, and when it can be resolved so that it may be 
taken in the form 

P -••/('. «. «i. •••» «». Jht .... |>«)-0, 
then the corresponding result is as follows :-» 
Farm tmd iniegraU ih€ equatiom 

determining the arbitrary eonetante 6y the canditicne that i^i •••» «^f 
}h» ...I pWf s acquire the valuee 

•i» •••» fl»» fti» ..•> 6«» c-f aifti + ..«'f ©nftn 

reepectivdy, fuken w^a. Among thie integral eyetem ^ 2fi-f-l 
equatifme, eliminate Oi, ..., On, pi, ..•, p^; and let E denote the 
reetdting value o/s, which ie a Junction ofsr^ Cj, ...f^* &i» .••• Kt ^ 
Then 

SrmZ 

i$ a complete integral of the partial differential equoHon; and 

dz dz dz , 

for t»l, ..., fi, the eonetante a,, ..., a^ being arbiirarg, are aeetof 
integrah of the 2n'^ I ordinary equations. 

This result may be deduced from the former case, or it may be 
obtained directly ; we shall leave the establishment as an exercise. 
It will be noticed that, in the present case, the inverse operations 
required are the integration of a system of 2fi -f 1 ^ordinary 
equations, as contrasted witfi the slightly simpler inverse opera- 
tions in the former casie constituted by the integration of a system 
of 2a ordinary equations and a quadrature. 

Lastly, it may happen that the partial differential equation 
oontains the dependent variable explicitly but that it cannot be 
rssolved, or cannot conveniently bo resolved, in terma of any of 
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the derivaiivea. In suoh a case, a aioular piooe« exiala: and the 
result has already been stated*. 



Tui FOishon-Jacobi Combinant (4, ^>. 

16S. The detennination of a complete integral of a partial 
differential equation 

and the determination of a hk\\ set of integnUs of the associated 
canonical system 

dx dpi' dx dxi* 

for \^\. •••» fi» have been shewn to be practically equivalent 
problems. It is known that, if two equations compatible with the 
original differential equation have been obtained, the Poiason- 
Jacobi combination of tho»o equations provides another equatioi^ 
(which may be insignificant or may be evanosce'iit) also compatible 
with the equation: and naturally therefore a question arises 
whether the same combinaticm can similarly be effective in 
assisting the construction of the integrals of the canonical system. 

Let 

^->^(x, jTi, .„.x^,p^. ...,Ph)- constant 

be an integiul of the canonical system : then, in connection with 
that system, we have 

• dx dx im\ dxi dx i.| dpi dx^ ' 
and theruforu 

3x im\ \dxi dpi dpi dxil * 
that is, using the Poisson-Jacobi symbol, we have 

^f (*. //)-o. 

analogous with a corrus|Kiudiug equation (§ 146) in theoretioal 
dynamics. Similarly, if 

fwmy^{x,xx. ...,«fm|>ii •..,/>») -constant 

* la PsH I, I lOU. of lbs pr«Mnl work. AU th« muUa sis s^^^mi la Ifigrtr^ 
aiMiuir i|itotcd un p. SSS, lootuoU. 
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be an integral of the canonical system, we have 

It is natural to inquire whether (^, ^) also is an integral of the 
canonical system : we have 

— ((^, H). t)-(*. {^. H)H{i*, n B) 

-0, 

on account of the identically satisfied relation of $ 62. Hence 

(^, ^)»constant»- 

as an integral equation, is compatible with the canonical system. - 
Various cases may arise, as in the former investigation. 

It may happen that (^, ^) vanishes identically: no new 
integral is provided. 

It may happen that (^, ^) is a pure constant not sero; 
instances have occurred in which (^, ^) is equal to unity : no new 
integral is provided. 

It may happen that (^, ^), while a function of the variables, 
can be expressed in terms of ^ and ^ alone (and possibly in terms 
of previously known integrals, if any) : no new integral is provided. 

And it may happen that (^, ^) is a function of the variables 
which cannot be expressed in terms of ^ and ^ alone (or in tetms 
of these and of previously known integrals, if any): a new integral 
of the canonical system is then provided. 

iTofa It may happen that, when ths partial differentisl equation is 
H{xif •.«! Xn, pif ••• I /^)* constant 4P A, 
80 thai p and x have dieappeared* cere has to be exercised concerning new 
intognls of the osnonioal system: such new integrtls do not neoessarily 
provide equations compatible with if -A and with equations which eoexisi 
withit The osnonioal qrsteni is eflMively the sane as before^ for it is 

iSlmJeUmdx. 
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Ajr, for ^ali •••,•; and if 

♦ •♦ (*it •..»«•• |»i. ...i p.. «)-«»«Uoi, 

♦ -♦(JFif ••••'••/hi ...•P«i*)-ooiirt4ol» 
are two IntogrAk ol Um syalaiik, iheu ' 

(^ ^)">ooii«Uoi 

is abo Ml intagnl of the oADOoical syntoin ; and ve have 

(if,4)-(^ (/f,+)-Ot (if,(*,f))-a 

But if we are proceeding on ikie linen of Jacolu'e aeoood method, as aiplained 
in Chapter if, for the integration of the |iartial equation. H^^ and if w 
have aaeociated the equations 

where oi ia arhitrary, then we can afMociMe 

+ -«! 

with theee. onl? if 

and we can anaociate ' 

with i7«i0^ ^«ai, onlj if 

(♦•(♦•f))-0; 

and theee oonditiona are not alwajs iiatuified. 
Thus if the equation be 

integrala of the oanonical syatem are given by 

and then 

which leads to a new integral of the canonical sjatom. Now 

can be aaHOdated. because 

But ^•■ot cuiDot Im •MocUted with Umm two •quatioMi fw Ifcin^ 
(ir, f }-0, we lwv« 

(♦. f )-x. 
different flroot mto. Again, the equetioua 

can be assooiatect, because 

But ^""Ot cannot be associated with theMs equationa because 

uiui ^ If (*»♦)--*. 

— Hioh ia not lera Moreover, 
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caoDoi be AModAted with either pair, becauee 

But 

(i?,^«+X^-0, (♦.♦•+x«)-0: 
andflo 

jsr-o, ^-a„ ^-»-x*-«» 
can be anodated. 

It thtm appears that, while the Poieecm-Jaoobi combination of two 
integrals of the canonical eyatem can provide a new integral of that ejttem, 
the new integral cannot neoesBarilj be aeeooiated with a retained syBtem 
compatible with the original equation. 

164. It will be oonvenient, for the sake of brevity, to call the 
Poisson-Jaoobi combination (^, ^), of two functions ^ and ^, 
their comtnnant From the preceding results, it is clear that any 
integral ^ of the canonical system, which does not involve «, 
satisfies the equation 

(♦. W)-D 

identically : hence the combinant of H with any such integral ^ 
leads to no new integral. 

Moreover, when the function H in the canonical system does 
not explicitly involve w (which corresponds to the case in theo- 
retical dynamics when the total energy of the dynamical system 
is constant), the combinant of H and of any integral ^ of the 
canonical system, that docs not explicitly involve m, vanishes 
identically: for the equation 

is then satisfied identically, so that (^, H) provides no new 
integral. Also, witb the same supposition concerning JST, . the 
""integrals of the canonical system can be so taken that 2n.— T of 
them are relations among the variables mi, ..^'iiffh* •••,/^i»and 
the remaining integral can be taken in the form 

where 4^ is an arbitrary quantity. In that case, the equation 

(^,J5r) + l-0, 

is satisfied identically : that is, (9, H) provides no new integral 
It therefore follows that, when the quantity H in the canonical 
system does not involve the variable #, no new integral can be 
derived by eombinin{( H with any other integral of the system : 
in fiiet^ the quantity H is useless for any combinant eonstructioQ* 



CANONICAL BTSnifS 

I the system with a view to the derivatioa 

lat, when an integral of the canonical sjstem 

o new integral ia furnished by the combinanl 

tegral. ^Clearly, when H is explicitly inde* 

lable jp, it furnishes an integral of the system: 

only integral of the system which, under the 

ction, leads to evanciipent or unfruitful resultsi 

suits obtained in connection with the develop- 

iecond method in Chapter IV shew that, when any 

canonical system ofeijuations has been obtained, 

exist such that their cumbiuants with the given 

a no new. integral but only an evanescent result. - 

A given integnil of the Hystem : and let ^ denote 

egnil, distinct from H in cohi* H should not involve 

then (^, ^) sImi Hati.sfii*8 the equations of the 

^1 ^) vanihhi's, or is i*i|ual to a pure constant, or is 

illy in«li*|K'n(ii'iit of ^ and ^, then (^, ^) is illusory as 

new integral. But if no one of tht*so altenuitives is 

.'iie 

(♦.'f)-'f.. 

Keed (as in § ii'2) to fonu the stories of functi^ms 

the functions ^i, ^g, ... is an integral of the canonical 

and the set of such functions, that ore independent of one 

is limite<l in numlier because the canonical system is of 

<rder. Accordingly, wc may assume (hat the series of 

ns, derived through combination with ^, terminates with 

le tonuination ean couie (§ G2) in one of three waj's. 

I If ^i vanishes identically, then ^{.| is such that 

icttlly, that is, ^j.| is an integnd of the type indicated. 
i) If ^i is a pun* constant, biiy c, then 

^* AH i is greater than unity (for otherwise ^ would be an 
*''dicated), then ^i.| - 2c^<-t is <^ integral 
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COMTACr TRANSVORllATlONa AND CAIIONIO4L STBTIlia 

155. In the Uuit chapter, it waa ation that the theory of 
oontaot tFansfbrmationa could be applied to the integratioii of 
a partial differential equation: and it haa alao been seen, from 
varioua pointa of view, that the integration of such an equation ia 
bound up with the integration of a canonical syatem of ordinaiy 
equations. It ia therefore natural to suppose that the theoiy of 
contact transformations can be brought into relation with the 
integration of a canonical system. 

Let the canonical system be 

dx dpi * dx dxi' 

for i » 1, ••., '^ f And suppose that U does not explicitly involve «• 
Let a contact transfonnation be given which passes from «i» ••••«Wi 
Pi. ..••/>• to Xu ..., Xn. Pu —. P: such that 

(jr.,2r^).o. (P«,p^)-o, (Jf«.p^-o. 

for II and m-i 1, ..., n, with unequal values of m and /*; and let 
it be applied to transform the canonical system. We have 

dx a.iWa^ dx dp^ dx) 
« V idXidH_dXtdH\ 

'(Xi.Hy 

When the variables in JV^ are transformed, let the reaultiiig 
quantity be denoted by K ; then 

(X,. ^)- J£^ \(Xu XJ§^ + (Xi. -P.)|^} 
dJC 

OD account of the proptirtius of the contact tnuufiNrmatioD. 
€k>niieqaently, we have 

dXt BK^ 
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and, by similar analysis, we also hare 

dPi dK 

Henoe the contact tiansformation leaves the form of the canonical 
system unchanged. But this is not the limit of the property : it 
is easy to see that any transformation, which leaves the fonn of 
the candnical system (supposed perfectly general) unchanged, is 
of the contact type. For taking any transfimnation from ji^, . . ., 4^, 
J'l* •••tPm to Xi, •••, JTn, Pi, •••, P», we have 

if iST' be the value of H after transformation has been effected, 
then 

If the new hrm of the equations is still praonical, the fermer 
of these must be ^p-, and the latter must be ^gY'* ^ ^ 

values of 1: hence, as H and H' are supposed quite general 
functions, we must have 

(jr«.p«)-i, 

for all values 1, ...,nof m, and 

(jri,jr«)-o, (2ri,p«)— (P«,Xi)-o, (Pi,p«)-o, 

for all unequal values 1, ..., n of t and m. These are the equations 
which define a contact transformation. Therefore a eanamieat 
igiiem %$ unchanged in farm by a cmUad tran$f€rmaiiam; and emry 
inMifijrwuUion^wkidkewMervm 
9y§iem, u o/ike eoniaei type. 

There is an immediate practical advantage 10 sodi 
formation, whenever the form of fl^' is simpler: the ( 
be simpler to integrate. 

IM. In the next place, suppose that the < 

oTthefom 

d^i dH dpi dH 
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where H now involvee », m well m j^, ..., 4^, p^, •••»|ib. In this 
case, we have 

henoe introducing a new variable p, such that 

8 •■ J7 +j>* constant « 0, 
we have 





de 


dx 


ae 




ae 


d£,^_dH^ 
dx dxi 


ae 

'dx,' 



•o that the canonical system may be replaced by the amplifted 
system 

dx dp dxi dpi 

for fail, ..., M., Now take a contact transformation changing 
the variables from x, x„ ..., x», p, p^, ..., /i^ to X, X|, ...» JT^. 
P. P„ .... P,: then denoting x, /i. JT. P by m^. p., X., P. for 
convenience, we must have 

(jr,.p<)-i. 

for t«iO, 1, ..., M, and 

(Xi.Xj)^0. (P..Pj)-0, (2r<.P,)-0, 

for unequal values of 1 and j from the series 0, 1, ..., n. As in the 
earlier case, if 4> be the transformed value of B, the amplified 
canonical systeui can be replaced by 

dX ^ dP ^dXj^dPi 

dp "dX dPi dXi 

for t»l, ..., m. Let 4>->0 be resolved so as to express P in 
terms of X, Xi, ..., JT., P,, ..., P^ ; and let the resolved form be 

K \JL, JL|, •••, JL||, Ml, ..*, Atl)'^* " "• 



\ 
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Then 

a* 8<i>air . 
ar,~5?5Ii""' 

a* d^dK n 
aP,"aP5P,""' 

fcr im 1 M. The prdceding syatem can now, in ito tarn, be 

replaced by tbe equations 

a* 

dX, SF, dK 

JX' .a^T- Wi' 
.5? 
a* 

ax"""3^""aT;' 
aP 

for f»l, ..e.fi, which again are a canonical system : and we 
also hare 

dP dK 

It thns appears that a contact transformation, applied to 
a canonical system even when the function if involves the 
variable jp, changes the system into another canonical system. 

Conversely* any transformation between jp, «i» ..., s^^Pi Pm 

and X, Xi X», P^ •••> P%9 which changes a canonical system 



d^ dH dpi dH .. , ^. 



where H involves m as well as «|, ..., cwilhf •••i|^» into another 
canonical system 

dXi dK dPi dK /* i \ 

3J"aF,' az""aJi' v-i.-.n 

is a contact t rane fe rmation in an increased nnmber of variablea. 
To establish the result, we introduiee a variable p such that 

e-p-l-i!r»0; 
dp . dH 

r.f. M 



Mmmm 
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We then oonaider any timnaformaiion which changee the variablea 
from X, p. #1, ••••^*/hf ••'» Pm to X, P, JTi, ..,, JTn, Pi, ...yPn; 
and, for convenience, we write «», ji^, X», P« for #, i», X, P reqpeo* 
tiveljr. Then 

for f «0, 1, ...9 m; and luinilarly 

Let 6aiOy after substitution has been made for p and in JST. be 
resolved so as to express P« in terms of JT*, Xu...,Xm»fi»*»»9fmi 
let the resolved equivalent be 

P.+if-O. 

where IT is a Amotion of Jr«, X|, ..., Jr», P|, ..mPa; then 



3© 3^ die g. 
o2l^ qP% oJi^ 



for/iavO, 1, ...tfiiyand 

for ^"i 1, .... M- Then, for t « 1, .... m, we have 
dX "Si d* 



dA 



^^.^.)f^-HX.PJ,^ 



35T 



Vjr..p.)+(2r,.JKo||+s|(jr..jrj|£+(x.,p.)^ 



CANOKICAL 8T8TEMS 
«Ild 



*'^'(jr.,p.)+(Jr..Jr.)^+^2J(2r..jr.)^+(z.,x.)|^}' 

We are in quest of transfomiatioiis which will make the new 
system, canonical, and therefore the transformed equattons should 
be of the form 

rfJTi dR dPi dR 

for t » 1, . • . , m. Hence, fn order that the preceding equations maj 
be of this type, we take 

where « is a constant : and the conditions, necessary and sufficient 
for the purpose when the system is of the most general type, are 

(jr., p.)- (jr., p.) - ... -(X,. P.X 
(jTi, J0)-o, (P,.p^)-o, (P«.jr^)«o. 

for unequal Talues of t and j from the series 0» 1» ..., m. These 
equations are characteristic of, and define, a contact transformation 
in the increased aggregate of yariables. Moreover, 

dP. dP. dX. 
dK 

Consequently, even when the /unction H in ike general eanonteal 

eyetem 

dxi^dH dpi ^ dH 

involves the variable a, any contact trane/ormation of the ampli/ied 
eyetem leade to a new canonical eyetem ; and every trane/ormation, 
tthich trane/orme one canonical eyetem of the moet general type into 
another, ie a contact trane/ormation in the inereaeed number of 
variablee. 

157. But it may be asked whether a contact transformation, 
inrolring only the rariables «|, •••, «ii, |h» •••»Pm9 will transform 
one canonical system into another when H involTes the Tariable m; 
it is easy to see that such a tnmsformatioii is posrible and thai it 
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j% in frot, • qieeial owe of tii« oontaot tnunfoniMtioii in the 
fintpli< M number of vwiablea. To verify thii rta tem ent, we make 

then. M (X«, Ft) >■ unity, we have 

(jr„i»,)-l (Jr..P,)-l. 

Now the equations 

(jr..jr<)-o. (z..p,)-o. (P..jr,)-o. (P,.P4)-o. 

give 

and tiieiefora the other equatiom are 

for f^l, ...^n: ako 

These equations clearly define a contact transfonnation between 
Xu ...'t X„ Pu ...» Pn wid xj, .... «,., p,. .... p^ alone: and 
they give a special case of the contact transformation in tlie 
amplified number of variables conserving the form of the canonical 
system. 

168. Returning now to the canonical system of equations in 
the simpler form in which the quantity U does not involve the 
independent variable of the system explicitly, and denoting that 
variable by I, we have the system in the form 

for I » 1, e.e, a. Here, H is the total energy of the system and it 
remains constant throughout the motion ; and, with the variables 
adopted for the construction of the canonical system, J7 is a 
function of X|, ..., ;r,|, |^, ..., /^^ alone. 

We have seen that the mcist general form of infinitesimal 
contact transformation is given (§ 129) by 






9U ^ dU 



U denotiDg any arbitrary function of «i, •••, ^» jh» •••« Pii» '• Let 
(T be choeen so as not to involve s explicitly : then the equations 
become ^ 

/ ' du 



(i- 



dU 



or, on writing fmU, the equations of the infinitesimal contact 
transformation may be taken in the form ' 



for t"> 1« •••» II. 



dxi dU dpf dU 



It therefore follows that the (equations of the canonical system 
are the equations of an infinitesimal contact transformation, applied 
to the variables of the system and derived from the energy H of 
the originating system ; and therefore the changes in the variables 
of the system can be regarded as the changes caused by the 
continued application of the infinitesimal contact transformation 
derived from the energy of the system. It is known, from the 
theory of groups of transformations, that the infinitesimal contact 
transformations determine uniquely the finite contact transform- 
ations of which they are the infinitesimal expression : moreover^ 
what is the equivalent of this proposition for the present purpose, 
we have shewn that a finite contact transformation conserves the 
form of the canonical system. Hence, if we denote the values of 
the variables of the canonical system at any epoch <• by «!» ...t ^» 
At •••t Ai» And their values at the epoch t by X|, ••«, Xmt P%t •••» 
P», there is a contact transformation between JT,, ...» JT^, P|, ...» 
Pn and «!» ..., Cii, 0it ...» Ai; And therefore the variables of the 
canonical system change continuously fnm their initial values 
under the continuous domination of the infinitesimal contact trans- 
formation determined by the energy. 

This result includes the properties established by Berirand^ 
aa regards canonical constants; for the equations defining these 
eanonical oonstaota are the equations exp r e s si ng ilie oontaet trans- 



* t l — r « >» I. tm (1861)» rV- M si §•!• 



m 



CAMOmCAL SraTKHS 



J: 



[ifia 



formaticm between «„..,,<Uti%* ,.•, ^n ««wi ^ *»iJH P» 

Til, • 

(«<,«rf)-0, («^,J%)-D. <A,^j)-0. 

lor t ajid/» 1, ».. », with unequal vahies of t and / 

Thii itagd will tu&rk the limit of our dificusiiioii of the canonical 
equaliooA of theotvtieal dynatnicii, Tbelr detailed propertieii eon* 
■titute a §ubject, diatinct in uiany of ita developmeota bom th« 
thcK>ty of partial diffurential eqiiatioita; for a fuller diacueatoil 
ruference may be madt^ to the authotitiea quottMl at the begiDnini 
of the chapter, 



CHAPTER XL 



Simultaneous Equations op the First Order. 



Thb present cha]>ter is « discuneion of sjeieme of simulUneoiia partud 
equatioM of the first order, the number of eqaations being the same as the 
number of dependent Tariables. The operation of integrating such equations 
is an inverse operation of class greater than unitj in general, that is, it cannot 
generally be resoWed into operations of the first order such as the integration 
of a number of ordinary equations each of the first order. General inTcrse 
operations of class greater than unity cannot be performed in finite terms. In 
the present state of analysis ; those particular inrerse operations, which can 
be fesoWed into operations of the first order, can howoTer be performed, in 
the sense of the methods given in some of the preceding chapters. Naturally, 
the simidtaneous partial equations invoWing several dependent variables, 
which can be integrated by these resoluble operations, are subject to corre- 
sponding limitations as regards generality of form : and consequently, owing 
to this somewhat particularised character, the theory of these equations is 
not 80 fiilly discussed here as has been the theoiy of equations in a single 
dependent variable. 

The subject appears to have been considered first* by JaoobI : as presented 
in this form, ftirther developments of Jaoobl's theory are given by Natanifi 
•ml Ziga^owski |. 

A diflbrent presentation, and a completely diflfereni class of eqaatleni, 
oooor in Hambnigei^s treatment { ; cognate investigations have been eflboted 
by K(Hiigsberger|t who also deals with the eilstence-theorsm for a set of 
equations, the number of which is equal to the number of dependent 
variables; and Hamburger's method has been eitended by von WeberY lo 
the cass^ when the number of equations is grsattf than the number <if 
dependent variables^ 

• Om. Wifki^ t IV, pp. •— 15. 
• f DU kdkert Jnai^fit, pp. 189-441. 

t afwmre$ Aftkiv, t. Lvi (1874), pp. Ifil— 174. 

I CMk,t.uizt(1876),pp.f4t-S8O,a.,I.B0ma«i).»lW-ai4. 

I Cr^ttt, 1 en (im). p^ Ml-MO; Mmik. AwiL. I. su (189t), p^ 

% cnUi, 1 civto {imru r^ in— w. 
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BIMULTAlllOim 



A oUm of •quAiioiM, the numUr of which it mi eiaol Mullipb «f Um 
auaUr oldtpoMleiit TariablM involved, hat boeo oomidMvd kf KOaif^: mi 
Aoooiuii of hit BMihod tod of liit retulU i« giveo in Ihocoiinoof IhochAfiltr. 



Htoihurgar hat shown that it i« poiMiblo to tppl/ the moihod lo partial 
dillerantial oquatiooa of Iha Moond oniar and of liigher oidan in ona dap^^ 
Tariabla and two indqiandant variaUa«. Tha aubaidiary aqnatiooa ohtainad 
aa anciUaiy to tlia integratioo liav^ aubiitantial aimilaritj with thoaa oUainad 
in tha method, devised hj Darboui for the integration of auoh aquationa 
and developed .b/ Spedunan and othera. Aooordinglj, an aooount of 
Uauibui^er'a ap|iUcation of hia inethod to the integration of aquationa of tha 
aeooiid order and of higher orden will not be oonaidered in thui chapter hot 
will be deferred until the atage wbtin auch aquationa are being ganaiaUljr 
oonaidered. 

It niaj be added that iioue of the 'geometrical ' propertiea that can ha 
aaaociatod with the aimplent caMC, vii. when there are two dependent variablaa 
and two iudepondeiit variabloH, are coiiaidDred bj Backlund t. Aa tha prooaaaaa 
of integration iu tbia chapter are oulj applicable to limited claneeaof aquation% 
ihe«o goometrical aaaociationa are not dincuMMed in tbia connection : moraovar, 
the/ beloug more properly to the theurj of equatjoiiii of higher ordara and, 
like the extoiuion of Uamburger'a method to auch equatiune, thaj alao will 
be deferred for conntderatiou iu coiuiection with that theoiy. 

169. The invoaiigatioua in the preceding chapters have been 
ooncenied with the integration and the general theory of partial 
difl*en*ntial equations involving only a single dependent variable ; 
no n'striction waa laid upon the number of independent variablea; 
and, when more than a single iHjUAtion occurred, the oonditiona 
necfSMiry and suiHcieut to secure coexistence were obtained. It 
was shewn how to deduce, from a complete integral, other classea 
of integrals of various types : the aggregate of these claases waa 
completely comprehensive for some types of equations and largely 
so (the excepti«>na being the special integrals) for the remainder. 
The construction of the comjilete integral was made to depend 
upon the integiation, complete or incomplete, of a simultaneoiu 
system of ordinary ecpiations, fonninl from the partial differential 
equaiti4>ns: the integration required depends, in practice, solely 
upon the possibility of actually effecting general inverse procesaea 
of the first order. Speaking broadly, we may say that the theory 
of partial differential equatitina of the first order in a single 
dependent variable can be considered a known theory. 



• ilalA. Jaa., t. xtm (18^4), pp. 5110^96. 

^ Atalk. Ann., i. xvu (1800), pp. 38ft—S*i8; <6. t. an (188:1), pp. 887—411 
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The problems which, in scale of difficulty, lie next to that of 
partial differential equations of the first order in a single dependent 
variable, are obtained, on the one hand, by increasing the number 
of dependent variables and keeping the equations still of the first 
order, and on the other band, by taking equations of a higher order 
than the first, still in a single dependent variable. 

As concerns partial differential equations of the second order 
(and of higher orders) in a single dependent variable, there is 
A considerable body of theory : moreover, the frequent occurrence 
of such differential equations, in subjects such as geometry and 
many of the developed branches of mathematical physics, has led to 
the discussion of detailed properties of particular equations which, 
once known, have pointed the way to further developments of the 
general theory. 

But as concerns sets of partial differential equations of the first 
order in several dependent variables, when these sets are not the 
equivalent of a single equation of higher order in a single dependent 
variable, the amount of finished theory that has been obtained 
is comparatively slight. Thus, when the number of equations 
is equal to the number of dependent variables and When these 
equations have a special form which, among other limitations, is 
linear in the derivatives, it is known (§§ 9 — 14) that integrals of 
the equations do exist, satisfying assigned conditions of a given 
type. But when there is a question of constructing an integral 
in some form other than a multiple power-series as it occurs in 
the establishment of the existence-theorem, methods even only 
theoretically effective for the purpose have been devised solely fbr 
very restricted classes of systems of equations. Accordingly, before 
passing to equations of higher order in a single dependent variable, 
we shall deal with systems of equations of the first order in several 
variables, so as to indicate such general methods and results •■ 
have been obtained. 

As in the early stages of the development of the theory of 
equations of the fiirst order in a single dependent variable, some 
indications of results, which may be expected fo hold fifequently 
in simple oases though Cur fit>nv universally, can be obtained by 
proceeding fkt>m a set of integral eqoationa. Let the independent 
variables b^ 
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and the dependeni variables be 

then the m dependent variables will be ^ven by m integral 
equations. These equations may contain a number of arbitrary 
constants: let this number be N^ and suppose that these are 
essential constants, so that they cannot be expressed by a number 
smaller than N. 

When the first derivatives of these equations are fiMrmed, by 
differentiating with respect to the independent variables in turn, 
and are associated with the integral system, the total number of 
equations then possessed is m(N-f 1). Suppose that all the 
arbitrary constants can be eliminated and that no peculiarities* 
occur during the prucestM.*s of elimination; then the number of 
differential equations of the first order, emerging after the elimi- 
nuti4>n, is m (n + 1) — i^. If these differential equations are t4> be 
C4>nc4)ive<l OS CAjMiblo of ik«teriuining the m depi^iMlent variables, 
th«*ir numlKT C4Uin4>t be k'HS than m ; Krnce 

that is, 

thus giving an upjier limit for N. 

If iV'-i m(a 4- 1 — rX where 1< r < n, and if the same suppo- 
sitions be made conceniing the integral system in the passage to 
the differential equations, the number of emerging differential 
equations is mi. 

But conversely, unless conditions equivalent to the reversibility 
of the preceding process are satisfied by 'a given system of simul* 
taneous equations, it does not follow that their int^^gral is of the 
assumed initial form : iiideed, if the number of equations in the 
simultaneous system be greater than the number of dependent 
variables, it dues not follow that the system possesses any inti^gral 
at all. In onler that the e<|uations iki such a system may coexist, 
conditions will have to be satisfied. * ^ 

* Huoh, lor lnfUiie«, m oooar when a pariiftl dilferantUl •qaation In a tiiiiils 
dUiModent TarUbU U that oonatrtiotod from iU gtnw§l Intogiml which inaj ooauin 
aoy numbtr of arbitrary eoiutanti^. The »uppoaition, adopted In the iMt of Mieh 
an inMtanoe, if enough to deetroy any oonlidenoe m to more. than poeeibility in the 
infercnoee that can be drawn. 
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KOnio'8 oompletelt intbobablb Equations. 

160. The conditions juBt indicated can be set out in the case 
of certain classes of equations of simple types : one such class is 
discussed* by Kdnig. Let 

for t «■ 1» •••, m, and j«i 1, ..., n: suppose that the system contains 
rm equations and that they can be resolved so as to express the 
deriratives of the m dependent variables with regard to one and 
the same set of r independent variables, in terms of the remaining 
quantities of the system. Let these r independent variables be 
m^, ..., jv; then the rm equations may be taken in the form 

for f»l, •.•» m, and j«l» •••, r; the arguments of /(^ are the 
variables «|, ..., ««, Mi, •••, «m, and also the derivatives px^t where 

X*" 1, ...» fif, . ^^1^ + 1, ••.|ll» 
Then Kteig's theorem is. as follows:— 

When appnfpriate formal eondiHonM are mUUfied, the eygiem of 
equatiane 

poieesaet an iniegral equivalent Mu •••t *m ^^ M<3rt» ^^^ iniiial 
mlue$ Ci, ..., Cr are assigned to mi, •••» jv rsspecHvely, ihe functions 
Ml, ..M 9m become functions of Mr-^u •••! 'm which are regular 
functions in a certain domain and otherwise can be arbitrarily 
assigned. 

Denote by 8j the aggregate of the m differential equations in 
.J) which the second suffix is j ; and let Sj denote the set made up of 
the aggregates 

Consider the aggregate j8^: it contains no derivatives with 
regard to «!» •••» «^i, which therefore may be regarded as para- 
meters during processes of integration. It thus is a system of m 
equations involving the m dependent variables and the n - r 4- 1 
independent variables «^, mr^u •••» ^t Bnd it is resolved with 
respect to 

8*1 9*m 

^ ^' 
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It thiu is of tbe oUum to which Madame Kowalevaky'a proof of 
Cauoh/i ejusteiioe-theoreiii can be applied, if the formal ooodi* 
tions imposed for the theorem are satisfied. Assmning that 
these conditions are satisfied, the system possesses a set of 
integrals f|, ••• » j^m which, when 9, m 0^, become assigned Amotions 
of dTr^i, ..•• ir«, taken to be regular in a definite domain and other- 
wine arbitrarily assigned The variublfs ^Ti, . . . , «v-.i Mt) parametric 
throughout ; the integrals of the aggregate fTr are a set of Amotions 
satisfying the conditions assigned in the theorem as stated, when 
we make oti, ..., oTr-i equal to C|, ..., Cr-|. 

Next, consider the aggregate of tH|uation8 represented by Sr^ : 
it contains no derivatives with a*giud to oti, ..., «r-«t ^r» which 
theii'foru may be regunied as parauieteni during processes of 
integration. It is a system of m equations in the im dependent 
variables and the n — r -f 1 independent variables x^-i, dv^i, ••.» x^ ; 
and it is resolved with respect to 

dx,^r '"ax../ 

Applying Cauchy's exiHti*iieu-theonau to this system, on the 
assumption that thu fdiiuul eondiiiiuis are satisfied, we infer that 
the sysUtui pimm>MH4*s a (ul of integrals f|, ..., $m which, when 
a>f^^mCf^it lM«coiiie the luuiigiied funciitms of tf*rt|., ..., r^. The 
variables .ti, ..., «rr^, or,, are |Niranietrie throughout: the inti^gnUs 
of the aggregate 5,^1 are a set 4»f functions satisfying the conditions 
assigned in the theorem as stated, when we make xti, •••, #,wt, ;r, 
equal to C|, ..., Cr-t, Cr. 

And so on, for each of the aggregates in turn : in the case of 
e4ich of them, we obtain a wa of intt*grals which satisfy the 
initial conditions assigned in Ktinig's theorem as stated. 

But though the integrals of the aggregate ^S^i satisfy the same 
initial conditions as the integrals of the aggregate Sr, it does not 
follow that they are the same functions of the variables; and, 
A fortiori, it does not follow that the int4^grals of the aggregate Sj 
are intt^grals of all the succeetliug aggregates, that is, are integrals 
of tht) set Sj. 

It umy however hap|M*n that the intisgrals determined for the 
aggn^gnte Sj are integrals for the set ^j. When this is the case 
for all values of j and, in particukir, for J* I, it is clear that the 
original system of equations possesses a set of integrals with the 
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properties stated in the theorem. In that case, the system is 
said to be complddy integrable: it will therefore be necessary 
to determine the conditions which are necessary and suiScient 
to secure the complete integrability of .the system. 

161. We have assumed that the formal conditions, which 
justiiy the application of Cauchy's theorem, are satisfied. These 
conditions relate to the form of the functions y^, and require those 
functions to be regular within a domain, which belongs to the values 
C|, ..., Cr of «:„ ..., xTr and to initial values assignable at will to 
4Vi.i, ..., ^a: it is within such a domain that the functions, 
postulated in the initial conditions, are regular. Moreover, the 
determination of i|, ..., Zm» for any aggregate 8j, as regular 
functions of the variables is unique under the assigned initial 
conditions; so that integrals are, or are not, possessed by the 
system in accordance with the initial conditions according as, for 
all values of j, the integrals of the aggregate 8j are, or are not, 
integrals of the set S/^|. And, m particular, it is sufficient, in 
order to secure that the integrals of the aggregate 8j are the same 
as the integrals (if any) of the set S^i, that the integrals of 8j 
should satisfy the equations in the set S/^f 

The conditions of complete integrability are therefore such 
that the integrals of 8j should satisfy the equations in S^i, for all 
values 1, ..., r-1 of j. In order that the integrals o( 8^ may 
satisfy the equations in the set S/^i, it is necessary and sufficient 
that, when they are substituted in those equations, they should 
make each of the equations an identity. Let E^O he any one of 
the equations in the set S^„ thus made an identity : then we have 

in virtue of those integrals and of the equations of the systcfm. 
Now in Sj and S^, there are no derivatives with regard to 
4B,, ..M.i^i; consequently, the conditions 

i^.o. M..0, .... ^^-0. 

can be held over for consideration with the aggregates 8^, 
£|h* •••• £^ respectively. Abo, the conditions 
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can be regarded m aalmfied, on the hypothesis thai S^ yo mo m om 
integrals; and therefore, at the stage of considering whether the 
integrals of 8j satisfy the equations in the set £^|/ it is soflBcient 
to take the ccmditions 

where E is any equation of the set Sj^|. These conditions must 
be satisfied in virtue of the equations of the systems and they are 

for •■■1, •••, II, and a">j + l, ...» r. 

Now, when the integrak are substituted, we have 
Q^ ^(Pi^-/u) ^^Pu dfu 



Here 
and 






t-^^l^J-^lxtk 



9x^ dx^ 



while 
hence 



dx^ dx^ a-i9'a pm\ ^mf^idp^dx^ 

A-1 ^-1 n-r-f 1 vPf^ dlA 

+ 2 £ 2 i f*?^&. 

^-t ^mr-¥\ #-1 f-r-t-i op^ dp^f CX^ 
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Similariy, 



91^ Uti 






n 



+ 22 2 f^ ^^p^ 



+ 2222 ^g^^. 
Gmseqaently, as our oondition is 






+ 2 I I 2 {(^l^.^^)^l.O. 



Now 






while ^ and r^r-f 1, ..., n in the last summation; and the 
preceding oondition is to be satisfied, either identically or. in 
connection with the equations of the original series 

for fa 1, ••», in, and j ■■ 1» •••» ^* The quantities /^ invoWe the 

quantities Pah, /Vrt but they do not inTolve ^; and no derira- 

tives of the equations in the original system inyolve only 
derivatives of p^ fcir r^r-f 1, •••9 n, with respect to m^ or only 
derivatives of p«p» for ^^r-f 1» •.., fi» with respect to cv, because 
sttdi derivatives of the equations would introduce derivatives of 
f^f where m is less Ihaa r-f 1. The pieeeding eondilioii Iherefefe 
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muBt be Mtiafied witliout the aaBisUBoe of the eqiuUione of tho 
original ■ysleoi : and therefore the reUtiona 

and 

,mi\dp^dp^ d/i^d^Vf dp^dp^^ Sp^f^iW/ * 
the latter rulation anHing fruiu the combination of the ooefficienU 
of the equal quantities ^- and •/^> , muHt be satiafied identioally. 

The fint of the«e identical relations holds for 

«—j+ 1, .... r; I— 1, .„» IN. 

The second of these identical relations holds for 

ci-3Kl»-..i »•; t and «•-!, .•.,»!; 
/A and TaBr4-l, ..., n; 

the subscripts ^ and r may have the same value, in whidi ease 
there is a superfluous factor 2 ; or they may have different valaM^ 
uul then only the pair of values from the series r -f 1, ••*, ii need 
be taken. Lastly, as a is greater than j, the preceding tale of 
relations holds for 

j-1, ...,r-l. 

Noi€ 1. There are three extreme cases. 

(i) Let riB 1 : there is no poHMiblo value of J, and so there aro 
no conditions. In this case, we have a system of m equations in 
m dependent variables: they arq of the form , 

Mrhere ^i, ..., ^m involve all the variables and all the derivatives 
[except those on the left-hand sides of the equations. It is dear 
that such equations can coexist without the necessity of submitting 
^i> •••• ^M to conditions. 
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188. Sttppote thai all ihe oonditioos for oomplele integrabilitj 
are latiafied ; then the theorem ia eetabliahed. according to which 
the completely inlegrable system of rm equations possosoos a 
set of integrais m^ •••# Mml when «i» •••• tfv mw made equal to 
Ot» ... , Ott these integrals become functions of Xf^i, ..., ^ which, 
subject solely to the condition of being regular within an assigned 
domain, may be arbitrarily assumed. As already stated, it is 
necessary, in addition to the conditions for complete integrability, 
that the quantities /^ should be regular functions of their aigu- 
ments within the domains considered. 

Moreover, the argument shews that, in order to obtain the 
integrals required, it is necessary to integrate an aggregate of 
til equations. In practice, instead of beginning with a selected 
aggregate, it is convenient to effect Mayer's transformation adopted 
(§ 43, Note 1) for a complete Jacobian system in a single 
dependent variable. For this purpose, we write 

^i-yi. 



*r - ar-(y»- CI,) yr. 

leaving, the other variables unaltered : then, taking 

for t»l, ..., m» and j^l, •••• r, we have an equivalent set of 
equations in the form 

for p«"2, ..«, r, and »« 1, ..., n. The first aggregate is 

for ft » 1, ..., n : suppose it possible to obtain a set of integrals of 
this set of III equations such that, when yi •■ Oi, the integrals become 
functions of «r4>i» **•» '» <>nly. These integrals satisfy the other 
equations, by the preceding argument : and as regards initial con- 
ditions for those equations, we see that 

p'i^mO. (p-2, ....r>, 

when yi^BO,, that is, when yi""a,, the integrals are not to involve 
yi. •••> y» — A ^^ of conditions actually satisfied by the form of the 
functions assigned to the integrals when yi -> a,. 



162.] 



KINDS OP INTBQRALB 



419 



Hence the integration of a set of rm completely integrable 
equations of the resolved type indicated can be effected, if the 
integration of a set of only m equationn of that resolved type can 
be effected 



Different kinds of Inteqrals: their Relations. 

163. Before proceeding to the discussion of systematic 
attempts at the integration of simultaneous equations involving 
more than one dependent variable, it is worth noting that two 
kinds of integrals of simultaneous equations have been indicated 
In one kind, the arbitrary element consists of arbitrary constants ; 
in the other, it consists of arbitrary functions introduced through 
initial conditions. We have seen that, in the case of equations in 
a single dependent variable, it is possible to connect the two kinds 
of integrals organically ; and it is natural to inquire whether the 
organic relation can be extended to the integrals of systems of 
equations involving several dependent variables. 

It has appeared that, in a general sense, mn is the greatest 
number of arbitrary constants that can be eliminated from a 
sj'stem of m integral equations, in m dependent and n independent 
variables, so as to lead to m partial differential equations of the 
first order: and conversely, it is natural to expect, also in a general 
sense, that mn is the greatest number of arbitraiy constants that 
can occur in the integral equivalent of the system of m partial 
differential equations. On the analogy of the case when m » 1, 
such an integral involving this greatest number mn of arbitrary 
constants is called the complete integral. Let mn be denoted by /i» 
and suppose that the integral equations are resolved so as to^ express 
each of the dependent variables explicitly in terms of the inde* 
pendent variables and the arbitrary constants: the complete 
integral then^ is of the form 

^i^9i (^» •••»*•» *i» •••» o»i) 
••• •••••••.. v«» •••••• 

^m^ffmi^t •••$ ^9 0|, •••, dpi) 

To deduce other integrals, if possible, firom the complete 
integral, let the customary Lagrangian method be adopted The 

to flfM bF 



27—2 



* Tbs fonoviac MwomIob to puify bsMd 
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quantities Oi* ..., Opi are made vaiiaMe, subjeei to tlie conditiao 
that the m differential equationa are unaltered in tank ; and thia 
condition will be aati«fied if the expreeaiona for the vahiea of the 
dcrivativea p^, Cor ft""!, ..•• m, and j»l» ...9 n, are unaltered. 
Hence we muat have 

for the specified yalues of • and j; and these are the equations^ 
mn in number, to be satisfied by the mn quantities a. As these 
quantities ai, •••, a^ are variable, being functions of «|, •••, x^^ we 
may take n of them as equivalent to w^, .... >m^\ let these be 
Oi, ..., a., atad let the remainder a^^i, •••» a^ be regarded as 
fimctions of au •••, a«. The preceding equations now become 

for t«> 1, ..., m, and J1-I9 •••, a. 

Out of this set of tnn equations, let that aggregate be selected 
which is obtained by taking one value of • and all the n valuea 
of j; it is 

3«t ^ i> 2u, ^ ^ p 3"« 



^S^^g^--^P.-?^-o 



}' 



where 



da, 






dUm 



-Pft KT + -P«i5Z* + ••• + ^i»^ ' 






The n equations, contained in this aggregate, are homogeneoua 
and linear in the quantities i'ti, P^, ..., P^; hence, either 

Pa-0, Pu^O.....Pu,^0. 
or else 

The Utter result implies a functional relation between. Oi, ••., On 
without the intervention of quantities other than pure eonstanta: 
let it be 



\ 
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Multiply the n eqaations in the aggregate by c(«i, ..., cfaw f^ 
tpectiyely, and add: then 

Puffa, + Pft<ia, + ... + Pft,cfa, - 0, 

80 that, in oonjanction with On'^FiOi, •••, Om^iX ^® ^nnst have 

dF 

forjal, ...,11 — 1, and i'^h ..^m. There are thus two ways of 
■atiafying the selected aggregate of equations : either 

P|i-0, Pfc-0, ..-.Pm-O, 
or 



i'^z-l-^i-^-O. 






0-P(, + P< 

where j « 1, ..., n — 1 in the latter set And then, taking all the 
aggregates which can thus be selected so that we use the ftill set 
of mn equations, we see that the two sets of equations in virtue of 
which the mn equations can be satisfied are (i) the system of 
equations 

P#i-0, 

fort'aBl, ...f m, andjasl, ...in; and (ii)the system of equations 

a»>"F(ai, ...,a».i), 

O'P. + Pj^. 
for t iB 1| •••, m, and J ■■ 1, •.., fi« 

The altematiTes must be considered separately. 

164. I. For the fivst alternative, we have the system of 
mn equations 

Pv-0, 
where 






These equations contain the variables ri, ..., cw <^nd the mn 
parameters ch, ...» Opi. When the variables are eliminated, fi(m * 1) 
equations survive as this eliminant ; and these are partial differ- 
ential equations of the first order, in which th^u •••» ^ ^ 
fi(m — 1) dependent variables and a^ ••., (!« are n independent 
variablesL Now 

fi(m*-l)>m, 
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except in three oeeee; in the first case of eioeptioo, i»«l»and 
then we have the u«ual Jaoobian theory of partial dilEHential 
equatioDB in a single dependent variable ; in the aeoond caae of 
exception, n « 1, and then we have a ayatem of ordinary equations ; 
the third case of exception is given by the equality of the numbers 
ii(iii-l) and m, and then the only possible values are a«2. 

Hence, when m > 2 and it > 2, the derivation of the values of 
flni-a* •••> o^ through P(|>"0 exacts the integration of a system of 
simultaneous partial equations in a number of dependent variables 
greater than the number in the original system of equations ; and 
therefore the process of deducing new integrals from the complete 
integral by means of the equations P^*^0 is of more elaborate 
extent than the process of integrating the original system; There 
is one exception to this result, and it is given by m « 2, n » 2 ; in 
that case, the two processes are of the same degree of diflSculty. 

II. For the second alternative, we have the m (n — 1) equations 

torjm 1, ;.., fi — 1, and »>■ 1, ..., m, together with the relation 

As Oi, ..., a^ are now connected by a relation, they are no longer 
eligible as a set of n independent quantities. We therefore choose 
some other set, say a^^i, Oi, ..., a,|.|, as the a independent 
quantities equivalent to x^, •••, ar»; and, instead of using the 
iii(a*l) equations associated with a^^F, we return to the 
equations, which secure the absence of change of form in the 
derivatives and therefore conserve the form of the diflferential 
equations. The quantities a», a»^,, a»^i, ..., a^ are now liinctiona 
of a,, ..., Qt^u <>fM>i: ^ that, writing 



forjvl, ..., n — 1, and 






lor / a n •!> 1, we have these eqnstione in the ferm 

-0, 






8ff]i 



e«+Q*/g-o. 



■or t ial, •••, III, And ib>" If ••#! n. 

Proceeding as before, these equations can be aatisfl 
different ways. We may have 

for t«l, ..., m, and i»l» ..•, n*l» fi-f 1, being a 
mn equations; or we may have a relation of the fbn 

coupled with the equations 

where/»fi-f 1; j«-l, ..., n-1; t«l, ...» m. 

In the former case, we eliminate or,, ...» dfn from the 
mn equations: when the elimination has been effcc 
remain n(m*l) differential equations in the n in 
variables a„ ..., a».|, a«4i and the n (m - 1)— 1 dcpenden 
<>i»4fli On^fi •••» Opi* ^he value of (i« being already knowf 
number of equations is greater than the number of 
variables by unity, lOid as the equations are formally in 
^ of one another, the system ban coexist only if cond 
satisfied: it will not unconditionally determine the 
variables. 

In the latter case, the quantities a,, ..., a».i, (i«4.if 
neeted by a relation, are not eligible as independent var 
proceed to choose a set of quantities independent of one 
equivalent to 4B|, ••., tfn, say. ai, ••«, q%^u ^Vm> ^>*^ ^^ 
coiresponding equations. The equations can be satisfied 
in two ways : either by a system of ma equations whi 
elimination of ji^, ..*, r», give a set of n (m- 1) differei 
tions, involving m (m - 1) • 2 dependent variables and th< 
toDcoiidiiioiially determining those variables : or by a rel 

with asiociatsd equations. 
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JEr. 1. SodiqrvtoiDAlioprooeasesM have been derised for IhahilegrAt^ 
of fMrticalAr ■jit em i of BimulUiieoiis equAiiona will bo diioawed afanool 
immodiatoly. Moaawhilo, the special case can bo lllntlnilod bj an onmplo 
(iVeD^ by KOoigsbeiger in the fonn 

where S|» % are the dependent Tariableoi x, jr are the indepeodsot Tarla b is^ 
and 

09% Ctf Cif dig 

S"^' ^-^1. 5-pl. ^-ft- 

The adnal integration of the equations happens to bo Oi^. Wo ba?o 

the ri^t hand side unst be a perfect differential, so that 
that is, 

1 a /I ai,\ 1 a /i a«,\ 

and therefore 

,^-f (jr«+y«)-(;(jr«-n 
where/ and ^ are arbitraiy functions of their argnments. It is then Oi^ to 
deduce, bj means of the ralues of i^i and ^i, that the Talne of «| is 

Now a set of integrals containing four arbitrary constants (and therefbrs 
constituting a complete integral) is 

where 4, ft, fl, /9 are arbitrary oonstantsL To deduce other integnds if poasibK 
we make •, A a, 6 Tariable quantities, being functions of # and jf ; and, in 
the i&rvt place, we make a and b equiralent to s and jr, and i 
them as independent Tariables. Then if 

the ?ahies of pi» fi»l^i f^ will be unaltered if 

• CWII*,l.oii.p.Mt: lh» fam«»l tiliitoa !■ dMgJtr ttm 
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whiobM««qttAtknsiwilMd«(flniuii*tioQoraA^ lUjcaate 
in TtfioM WAji, 

(i) Thaj ara MtUflad if 

^-^ g.. ^.^ g..: 

than Oi h (and tharefora • and A wbidi an Aaooiioiib of a and I) ava 
oooaUnta, Wa raiurn to tha oomplata iDtafraL 



(") 


Theyuf 


iwtiaAwlif 








j,.o^ Bi^o, ii,-o^ J^-a 


From J 


i-Ot*,- 


■Ok 


wahAve 

a. 3/s. 


•od from Bt^O, Af 


■0^ we Imt* 








a. 9^ 








a"a- 


HaiMM 








•oUut 






•-/(a+6)+y(a-»), 



wliara/and ^ ara arlutrary funotion* of their argmaantai and Ihaa II aaai|y 
foUowa that 

^-/(a+*)-F(a•6). 

Alao flnom Ji«"0^ ^i""^ va now hava 

-'•-?i-/(a+*)+/(a-*X 



aothat 






Hanoa a-»-ft ia an arhitrarj function of jfl-k-^^ and c-k la an afUtiaij 
ftinction of jr*-jf*» aaj 

Thiia 

-e(-r«+^)^#(x«-y«), 

where e and # wa arbitrary Awctiona of thair arsumanta. 



( 



lesi] 






4f7 


OH) tUmp 


den 


■ mn J JB otd«r «>■> tt> ftfi 


■••fA. tiiFifffi 


tkam^ 




»-A(«X 




whmAteaayAi 


■ettM 


1 if Ha MgnMot, toffathv vHli 





As m aad ^ are not sow tndepMidait, «• iH«n to te «|«AliqM; ami w* 
—kg m •ad m ths ind epcn d Mt nurkWea. 

IVooeediiig M bdbn^ «• ftiid thai th« altanMlhv to tbt intic^ 
iBthokiieMeM 

— ^(•X 
whcf i it any ftipclioe of H» Mg—Mttl, with ■■HfhitiJ •ytfaaa 

To ded with tho kttor oHeriMti^ «• aCUB i«^VB totho iniy^ 
•ad wo Boke /I ond « tho indepeoilcnt nuriolile& A wkmSkr pteem hodi lo 
tho ranH thot tho oKoriMtiTo to tho ialci^ ohoo^r oblidMd li gifw by 

with tbo Mndotod oqwHaomi 

Wothwihsfo 

».AM «.i(oX ^-IWl 

I oi|«otiooo oio 

» COD oooMt ooiy ia two tmnm. In tho int ooh^ 
•Dd *^^*^"** 

tho ooffiwpoiMfiiig iatognk MO 

hwgiMrtmkrlbriMorthoiiilcsraliolmdjrohtoiBod. hyMi 

Ar(«)--i, 

[iotognkoio 

I of tho MMnb olnody ohtoiBid. 



428 siMULTAiiioua [105. 



Htnoa Um motl §mm$X iDlflgnUi tUl om ihiit te ;dtfivid fcoM te 

oompleU Inl^gnb u% 

f»-e(jr*+jf«)+#(4r»-jf^ . 

ii-e(*»+y«).#(jr*.y«). 
i^lr. t. QMMnOiM aimiUrlj tlM iutognOi 

ii- aH-(.H-y)**H-(«-y)y«H-/i(**+jfV. 

of Um muim oquations 

JEr.i. OoiMtnict tbt diflerontial eguaUona of tU tot otd>r Mliiltoil ly 

whort a, 1^ c^ ifc ara arbitnury couhUuU. 

QoDarajbo tU iDUgrab »o a* to deduce othora from thkooio p lolaiiil^gtmL 
Id (MurtiouUr, shew that aoothor iutogral in given by keeping c and k ooo el e nt | 
and by making a and 6 fuuctionn of x and y Huch tbat 






8aS- 
wbert fl ie an arbitrary conatant (Kdnigabetgw.) 

Hamburger's Linear Equation& 

160. It haa appeiinxl, iroiii the clittouaiiioii of the cliMna of 
aiinultaneoua equAtioim iilruiuly coimidored, that the oonstructioo 
of a ayatoia of integrala can bo made to depend on the conBtrue* 
tion of the integrala of a aot of aimultaneoua equations the 
number of which is the aamo aa the number of dependent 
variablea involved. The only indication of any Byatematie method 
of obtaining the integi-als ia funiiahcd in the proof of the exiatenoe 
tho4»reni; they are iiktuinrd in the funii of converging power- 
aeriea in the indt«pi*n(iont vuriiiblcH. What ia uaually deaired for 
the purpiHio ia an expretMion for the integrala in aome form more 
compact than multiple power-st^riea. 

A method, which haa bi*en found effective for a limited 
number of claasea of equationa, haa been devbied* by Hambuiger. 

• Crelk, i, Lxiii (1876), pp. -i4»— :id0, tb« eqoationt being Unear In the 
deritativot of the dependenl tariablei; il»., t. iciii (188S)» pp. 188— tii, the 
•qoationt nol being oec«aiarily linear in tboM <l«rivativ«t. 

Bee also a paper by KAnigtberger, 3taih, Ann,, t. lu (IBM). i.p. 860*186. 
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Denoting the independent variables by «,> ..., g^, the dependent 
▼ariables by «i, ..., im, and, the derivatives of the dependent 
variables by ^i^ as before, where 

ds, 

we first consider a set of m algebraically independent equations 
which are linear in the derivatives. We also assume that they 
can be resolved so as to express the derivatives of the m dependent 
variables with' regard to one and the same independeiit variable : 
let this variable be C|, so that the system may be taken in the 
form 

■I A 
Jmt §m% 

for t « 1, •••, fit: the quantities Wf and 0jtt, for all values^of i,j, t, 
are functions of the variables ^i, ..., Sm» «ii •••» ^- Multiplying 
the equations by X,, ..*., X«i, a set of provisionally indeterminate 
multipliers, and adding, we have 

IXiWi-lXipi,-^! i p/,(2M>i)-0. 
1-1 1-1 y-i •-!, \i-i / 

The values of the derivatives must be such that the differential 
relations 

ds{ - pcidr, — pfgdtCf - ... '^Pindx^ • 0, 

for t M 1, •••» m, must be satisfied : consequently, the relation 

2 11 fli « 

<-i 1-1 y-i#-f 

also must be satisfied. Comparing this differential relation with 
the preceding composite equation and having regard to the 
ordinary subsidiaiy equations constructed in connection with a 
mngle partial differential equation, we construct the set 





2X,ir, 2 Mm 


of ordinaiy equations, to hold for all values of j and «. 


In this aytlem of ordinary equations, let 
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tor all valttet alj and #. Seleoling thoee of the equAliooA giyeii 
by one value of t end the m values of j, we cao eliminate 
X|, •.,, Xfli determinantally ; and we obtain ap equation aaUefied 
by /ly. For each root ^i of thia equation we obtain a set of ratioi 
X| : Xt : ••• : X^, the values of theso ratios depending upon thi 
coeflScients $jti, where t is the same for all the ooeflBcients in thi 
tableau. 

If there be more than one value of #, say if a* be another value 
then certain combinations of the ooeflBcients $j^ must be the same 
as those combinations of the ooeflBcients Ojti, in order to secure the 
same values for the ratios X| : X, : ... : X«|. This requirement 
would impose conditions upon the equations which would not, is 
general, be satisfied : though it might be of interest to oonstruci 
classes of equations for which the appropriate conditions arc 
satisfied, we shall assume that our equations are not thus con* 
ditioned. Accordingly, there will be only one value of #, say # «■ 2 

167. Thus for the present purpose, we restrict ourselves tc 
the consideration of equations in two independent variables, whici 
will be denoted by x and y. Writing 

we may take the equations in the form 

m 

••1 
for I « 1, •••, v*^* Ia connection with the differential relations 

dsi — pidjc — qidy - 0, 
we form the set of ordinary equations 

S Xidsi 



iml 






.4..-^^. 



i»i 



for f »1, ..., m. Take 



dy • fAdx, 
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fer f •I, •••, ffi, and eliminate the qoantities X|, •••» X^ among 
tiMee eqtiations : then ^ Batisfies the eqtiation 



e- 






a» 



Omm-^f^ 



•0. 



which is of order m. 



When /i is a simple root of this equation 9^0, the preceding 
equations determine a unique set of values of X, : X« : ... : Xm ; then« 
when we take 



•««. 



SXiir, 
1-1 



the quantities Oi, •••, Om Are uniquely determinate. Hence we 
have 

that is, there are two linear equations for each simple root of 

e-0. 

Next, let /i be a multiple root of the equation O«0, and 
suppose that it occurs $ times ; then I of the m equations that 
lead to 9 wO are deducible finom the remainder, where 

The ratios Xi : Xt : ••• : X^ are no longer determinate: the 
quantities X|» Xt, ••«, X^ are expressible in terms of i arbitraiy 
quantities iCt, •••, iri by equations of the form 

for rail, •••, ffi, the quantities yn» •••$ Yk being determinate. 
The equation 



i V<I«r-(2 KwXdm 
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now becomes 

2 1 m I 

and therefore, ae the quaotitiee mu •••» i(i are arbitraiy, we have 
the 1 4- 1 linear equations 

S 7rtrf'r-»f 2 yriW,)dx, 

r-l \r-l / 

for fail, ...» t 

160. The extreme case among multiple roota is that in which 

the quantity B ia then the mth power of a linear footer: the 
coeflicienta au» au» •••> amm have a common value, say «i and all 
the coeflSciunta a^, for unequal values of t and j, are aero. The 
equations are 

p<-w< + a9<; 

and the associated subsidiary equations are 
dx djs dti dsm 

1 -a w, Wm 

The equations in this extreme case were considered by Jacobi^, 
independently of the preceding mode of origin : he approached 
them from the stage of intognil relations with any number of 
dependent variables and imy number of independent variables, and 
the particular set just given ore his i^uations when there are two 
independent variableti. 

When /i is a multiple mot of order $, the most important case 
is that in which t^O; the conditions f are connected with the 
elementary divisors (or elementary fiictors) of the determinant B. 
They will not be net out in detail because the method devised by 
Hamburger will be sutficiently ilhiutmteil for the equations, to 
which it con be applied, by a discussion of the simplest casea 

The integral of the Jacobian set can easily bo obtained. Let 
till •••• ^m^i be a complete set of independent integrals of the 
m + 1 ordimuy equations 

dx d^ dji dim 

• 6'c«. n'ifkf, t. I?, p. 7: CrelU, t n (1S27), p. SSI. 

t For this theory. Me Weiertiraae, Oes. Werke, I. n. pp. 19—44. Otbsr 
reference* are ^veo in ?ol. iy of the present work, p. 4S, foot-ooU. 
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which are sabmdiaiy to the Bystem 

for t« I9 ..., m: then the differential relation 

is satisfied in virtue of the above set of ordinaiy eqoatioiiB, and 
eoDaeqaently 

holding for r«l, ..., m4-l. 

Now take any equation 

^<(««i» ....Wiii+i)-0, 

regarded m one of a qrBteib of m equations to express m dependent 
variables $u ... , fM> in terms of w and jf. We have 

multiplying the latter by «, subtracting finom the former, and 
using the partial equation satisfied by the quantity «,» we have 



r-1 

Now, when we write 






80 that -r is the complete derivative of ^i with regard to f«, this 
equation is 

Aeoordingly, take m eqaationa 
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for iM 1, •••» m, independent of one anolher and deiermining^ tha 
m qoantitiee iu •••» '•; then the equation 

(p.-».-«9.)^* + ...+(j^.-V.-.9.)^'-0 

is aatiBfied for each of the values i«l, ••., m. Also as the 
equations are independent of one another and determine the 

quantities fi, ..., t^. the determinant of the quantities -^» 
for t and jwly ••«, ni, does not vanish: ooosequently 

forjwl, •••,tii. ^ 

Hence the m equations 

+<(Ml»..MtlMi+l)-0, 

for t « 1» ...» Ill, give integrals of the Jaoobian set ; and this is true 
however arbitrary the functions ^ may bo, provided only that they 
are independent of one another. 

It can be proved, as in the case of a single dependent variable 
(§§ 81 — 83), that the prcce>ling integrals (when ^i, •••, ^^ are 
kept as arbitrary as possible) include all integrals that are not of 
the type called $pecial in the simpler case. Such special integrals 
could occur in connection with zeros, with branch-values, and with 
singularities of the quantities a, iti, ...» Wm* 

* Thtn osAoot bt sn ideotical nUtion b«lwMii ii|, ..., iia^^i wbkh kida lo 
sa tquslkMi indepcadMit U «|, ..., i.^. II tiioh sn tqusUoo wms poniUs ia 
s form 

*K. . -t •<««)«<>. 

•»j;> d# dM. d$ di ^ 

w« thould Uito hsYi 

r-iCMy C* r-iCMy C|^ 

Alto 

« «l# "i* d# CM. ^ 

0=T-« Z »— S-^«0, 

dS dS 

lor l«l, ....MS oo n isqn i iUj, il toma ol Um d«rivaU?M ^ r^ do as4 

whkh SIS sol tms btosoM «|. ...» m^| art s mI ol iadeptiidMU islssials sf IIm 
•sbtidisiy iijatoiB. 
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Em. 1. Intagnta the equfttioDt 

- i -«i(*-»-yh 



»i-.»» 









The Mbaidiaiy equatioiw, taken aooording to the pnoadinf eipl«i«tioiM| an 

!,-«, f,-f, 

Three indepeodeni integimlB of this ■jttem aro 6Mil/ obtaliMd In the ferm 

when Oy 1^ « aro •rbitnrjr oonttMits; and therefore a eel of integrak of te 
partial diflhreotial equatioDs ie given b/ the equatiooa 

where ^ and ^ are arbitrary ftmctione. Theee equatioos eonetitttte a geiiend 
IntegraL 

JEr. t. Integrate the equations 

«-ft-»*(«5?+'^)' 

'>-'-«?('f-V'),' 

obtaining a general integral in the form 

where/ and ^ are arbitrarj functions. 

State also a oomplete integral: and from it dednoe the general integral 

HiiCBUBOER's Equations in Two Depbndint Vabublu. 

109. . The simplest case of the general problem ooenrs when 
there are two dependent variablee and two mdependent Tariiablee, 
•0 thai the equations may bo taken to be 

The tahsidiaiy ordinary equations are 



486 

Henoe, if 
we have 
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[lea 



conaequently 
and Iherefiure 



Xt(ih + /»)-«-X,at-0, 
Xi^ + X,(fc,-f/A)*0: 

M*+M(«i-«-*i)+a,6|-a,*i-0. 

Tbug» if the radical does not vanish, there are two values of /k 
Denoting either of these values by /*, we have the subsidiaiy 
equations in the form 



where 
Let 



Oa -(0| + /») Ug7i-(a|-|-/i)7,* 



f 



u (x, y, ^1, «,)■• constant 
be an integral of these differential relations : then the relation 

- p («,d», + Mtdx, - Ac) + ff (rfy - /ti«) 
must be identically aatiafic-d, so that 

8tt . 8u , 3m ^, 

It is easy to see that these two equations are not generally 
a complete system : for if they were, and if 

M (a^, y, 'i, It) «■ constant 
were an integral, we should have 



3ii . du 



du 



that is, 
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an equation which, in general, eannot be satisfied identically. 
Writing 

. 8ti . 9ii . 9u 

. dii . 9tt . 9tt • 
we hsTe 

and therefore, if a common integral of the two partial equations 
for fc exists, we must have 

M.(a,)-il.(«,)} |j + lili(«.M)-il.(«.M)}^ -0. 

When this is associated with the other two, the three may make a 
complete system : in that case, there is one integral of the com« 
plete system of three equations in four variables, which may be 
denoted by 

w-w(«,y,fH#,). 

Similarly, from the other value of ^, there may be an integral : 
let it be denoted by 

Then the equations 

u « constant, v « constant, 

give ai\ integral system of the original equations. 

It may however happen that only one of the values of fn may 
lead to an integral equation of the form 

ti » u (d?, y, fi, ft) ■* constant. 
In that case, we can use the equation thus obtained to eliminate 
one of the dependent variables and its derivatives from the original 
equations : and it appears as follows that, if one of the original 
equations is then saticffied, the other also is satisfied so that, in 
&kct, the integral can be used to reduce ^he two original equations 
to one only. 

The integral wconstant is the one integral common to a 
complete system of three equationSi which may be taken in the 

form 

19n Idle j[dH dm 
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and it alio it an integrml of the aystein 



iothat 



,d«,- dm) 
dym^dm) 



and thereCaro 

Now if umuim^ y, tu it) i^^ ^ be used to eliminate J| jHa ft fr^n 
the original equations, we have 

9u , 8tt , di* A 

as the equations giving the values of the derivatives: and 
therefiure 

thatia» 

When by means of these two relations, we eliminate jh and q^ from 
the original equations, they become 

respectively ; and these are easily proved to be one and the same 
equation, in virtue of the relations between the quantities a, a, 7^ 
1^ Eliminating $1 from either of them, we then have a single 
partial equation of the first order involving only ft and its 
derivatives; its integral can be associated with 

t* - M ('• y» * 1. fi) - constant, 
and the two equations constitute an integral equivalent of the 
original equations. 
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It 18 an immediate oonseqnence of this analytical inTeatigatian 
that, if the two equations can be combined in any way with 

» - w («• y, «i. «i) - conatant, 

ao as to lead to a new. hitegral equation indepetident <rf « woon* 
atanty then the new integral can be combined with ««ieoiMtani as 

aboTe to provide an integral equivalent of the original qfatent 

• 

Bm. 1. As an 6ismple*i oonsider the equatioM 

Ihs sqnatioo for A li 

ao thai Hmm art two vahiei for m via 

IVJdaf lbs Tshis ^^fi-ftsf » tba moeiated vahiei of ci and •§ are 

*'"*+y(«i+«*i)' 

and thso the eqnatioQS for « are 

ao that 

and thso the other two equations ars 

du #1 dm 

Ihs^FSlsm for a ii complete: it has the slngk Intsgfal 

•--•-i-y+v-i-i/. 
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Ntit» Uklng Um TaliM |ft-a, (mmI this impliM f •oomUaIi •• m isUgnd 
of tht MibHkiUury ^jaUoi), w« havo 

•» ft»-jr(.,+«i,)' 



Mid tha tquatioiM for m «• 



*»" S[~&r-y(«i-|-8<t)£r "^ 

olMurlj MtuAed hj M-jr, whkb how«v«r i* not an •flboUn intagnl for. oiir 
purpoM. AIms Um oqiutkm 

it Mtiaflad onlj in virtu« of 



du 
Si 



&-»' 



Aod Um other two oquationa then are 

Clearij DO integral that U effective can be derived throng ^mi^ 
We thua have only one integral of the original ayaWun, viii 
«a>jrS^yS^f|i^-t]*«conatant 

▲• explained in the text, thin integral oan be imed to eliminate one of tte 
de|)endent variablee and ita derivatives from the two original eqnaftioofts 
when this elimination haa been effected, the retfultiug equationa are one and 
the eame: and the integral of thb Unt equation will complete the integrml 
equivalent of the original equatioiui. Or, aliio aa expUined in the text| it i 
be lUMd no an, in combination with the origiiud equationai to oonatnMi a i 
integral, inde|>endent of w ■> conistant. The latter procewi hapfienai in tba 
prenent example, to be the aimpler. We have 

When thli in combined with the fimt of the equations, we find 
and, when it b combined with the aecond of the equations, we find 

These two are equivalent to one another in virtue of 

aa derived from the integral already obtained : and so they can be fi|4a(0ed 
by any relation which is a combination of the twa Such a relation ia 




\ 
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an inlagnJ of which wiU aerre to eompleto the int^s''^ ■jrvtem. An intesril 

, «i-l-tst-»-4y-0(jf)» 
whm ^ li nn arbitmrj fttnction. 

Oonw qi iB n tlyt nn integnd equiraleQi of tho two original aqnatiooa to 

whm a la an arhitiary oonatant, and ^ it an arhitrarj fttnoiioiL 
It ia alw poaaihla to obtain the intagral from 

hgr anhatitnting (a- j*-jf*-t^)* for f, and integrating. 
Km. t. Obtafai an integral ajstem of the equationa 



|h-;^yi+*«yf-o' 



in the form 



(KOnigaberger.) 



where a and 6 are arbitraiy conetanta. 

JEr. i. Obtain an integral ejatem of the equationa 
Pi +'•^1 - J* (jr-y)* ^«"^ ) 

where a and 6 are arbitrary oonetanta. 

A.i. Shew that| if «ii at, «t i^ anj three funcUona of «,jr,fi,t|, the 
diftiential eqnationa for f| and tf that oorreepood to the integral relatione 

♦(«if«tf«i)-<>. f(«if«tf «•$)-<>. 
where ^ and ^ are arbitrary, are 



in the form 



(KOnigabefger*) 



••(Pift-i»iti)-i-Aih-l-nti+^ft-i-tift 






(Hamboiger.) 

What are the liinitatioiia on fh» utt utt la order that thoM eqoationa may 
ladnoa ta JaooU'b aetl 
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Hambuboir'8 Fbocess when tubrb au morb thav 
Two Equations. 

ITOi When the number of 'dependent mriaUee it greater 
than two, end |a ie a eimple root of the oritioal equation, we 
proceed in a aimilar manner. The eubeidiaiy equations are 

where the quantities a,, ..., Sm are determinate. Let 

tt(^i y» 'ii •-•• tM)""Con8tant 
be an integral of these relations ; .then the differential relation 

must be aatisfied identically, where p and 9 are independent of the 
differential elements : hence 

for i»l, ..., tii. This is a system of m equations in m'¥% 
variables; according to its character in respect of oompietenessi 
it may possesa two independent integrals, or only one, or. none. 
The most general integral, which it poeseiwes and whioh involvea 
any of the dependent variables, provides an integral of the 
original system. 

It is possible that such an integral may be provided by each 
simple root of the critical eqiiatioa If each root of the critical 
equation is Hiniple, and if an integral can be determined in 
a8m)ciation with each of the root«, the aggregate of all the inte* 
grals thus obtained \h an iiitegk*al equivalent of the original sjrstem 
of equations. 

But an integral equivalent will not thus be provided if it 
iihould not be pottnible to obtain an integral in connection with a 
simple root of the critical equation. In that case, we take such 
inti*gralH, nay m— /*, an are thuH provided: and we use them to 
eliminate, froiii the m urigiiiul eqiiatioim, im — fi of the dependent 



im] 



I with Uieir deriTmiiTes; thtn wiD 
ct §^ ttpatiaom, whidi are of the sum ibna 
invohre only §^ depende n t TamMcaL The 
to the p ioMeni in its initial etage: Imt it ia 
namber of dependent TariaUea haa 1 

Neztk eonader a mnhiple looi of the 
it give rin to a sjatem of diflRerential 




.!.'»*- (I. ~-)''r 

IbraiBl, •••,1; the ajatemthna containing I «fl 

Let the hMt I felatkm be reaolTed ao m to ofnm I af tka 
dementa ib, aay dg^, •.., dsm» in tenna of the 1 
tbeajatem nmj he WfiaieeA bjaajatemof the ibnn 



A 



dsg^Wgdm-^ S <g»(«wda 

§at$'ml,...,t The modified ajatemimpKei^aa the 
implied, thai t of the equations 

Corf vly ...yiiiyare deducihle from the remainder, the qnantitiia 
o^ being the ooeflSeienta in the original aet of eqnationa 

jii » vi + i a^9^, (t • 1, .... mX 

#•1 

and the qnantities X,, .... X. are anch thai the t diliBiantaal 

relationa ariae from 

- m 

In Older to ezpreaa the interdependenoe of iome of the eqim* 
tionaS^«0, ..., JSU»0, we write 

firt«l, o.,t; and timefbre the qnantitiea if are anoh thai 



444 BiMULTAiriora [ITO. 

for all values of fi difforent from i*l 4- 1, ••• » m, together with 

m 

#•1+1 
where the eummatioa with regard to /» ezcludes f^j, while i has 
the values 1. ,.,, f, and jf has the values l-f 1. ..., m. With these 
values, we have 

because the coefficient of each of the quantities 9i, •••» {m vanishes 
on account of the above equations in the quantities s^. 

Thus the I equations 

i»i+i 
can be regarded as replacing t of the equations in the original 
system: other vi^t equations would be required to have a 
complete equivalent of that system. 

Now let 

*(«. y. *i. •... *,»)-con8tant 
be one of the equations in the integral equivalent of the sabsidiaiy 
differential relations; and assume that the differential relations 
are completely integrable*» so that there are f -f 1 such integrals. 
Then the i-elation 

is coiuiistent with the < + 1 differential relations 
djf - /4<lr, 

m 

dsj » Wjdx -f 2 c> (w^dx * dim) ; 
#-i+i 

* Th« MAompiion U a diatinol UmiUtion, m its JatliflofttlMi rtquirat thftt soa* 
dltiooi ahould h% tatistiecL It matt h% reoMmbefed, how«v«r, thai w% ut dMllag 
with equation*, mtrioted in fonn and in th« numbar of indaptn d ta l variaUaa. to 
that tha mathod Stek^ot claim to ba general ; it ia thaiafoia hard^ niaiwaiy to* 
deal generally with all the minnti* of altemativee, whan thaaa ooold ba daall with 
in any partieolar eaae. 
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and therefore 

for p«B(-f 1, •••• m. And these equations must be satisfied by 
each of the functions ^. 

171. Let the (+ 1 functions, supposed to be thus obtained, be 
denoted by ^, •••, ^^i ; and let t arbitrary combinations of these 
functions be taken which, when equated to lero, may be regarded 
as I equations helping to express «,, •••, Sm in terms of « and y. If 

be any one of these integral equations, then, on multiplying by 
s£- the differential equations which determine ^ and on adding 
the results, we hare • 

«« Of *>l\ ••(-fl /CM, 



S'J.O 






for />«l-f 1> ...» m. But when /««0 is regarded m an iotogral 
equation, we have 

and therefore 

Substituting in this equation for ^' + ^/^» <^ ^ ^ (for 
/»iB( + l» ..., m), we have 



i\ 



|^ + «.-irt+ i Sir(/V-l-M*--ir<r)}>$7-*0. 



This relation holds for t IB 1, ...,(; and the fbnctions/» •.••/tare 
independent, so thai the quantity 
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ii not evanetoent ; ooiiiequentljr» the equations 

for sm 1, ,.., I, are aatisQecL And theeo equationa are part of tha 
syBtem equivalent to the original syatem: the eet dT int^[iala 
thua obtained effectively aatisfy I of the equationa of the original 
syatenL 

When we proceed in thia way with all the multiple roota of 
the critical equation and obtain the integrals associated with them 
in turn, and when we similarly retain all the integrals associated 
with the simfde roots of that equi^tion» we obtain an aggregate of 
integrals of the differential equations: let the number of these be 
T. Then these t equations can be resolved so as to express r of 
the dependent variables, say Si, ...» jr,» in terms of the remainder 
and of d?, y ; and they are such aa to satisfy an appropriate set of 
T combinationH of the original equations.. When the values of 
Si, ...,1, and of their derivatives are substituted in the m^r 
other combiuiitioiui, which (with the r just satisfied) constitute 
an algebraic equivalent of the original system, then we have 
a simultaneous set of m ~ r equations having i^i, ...,#, for the 
dependent variables, and x, y for the independent variables. The 
problem of obtaining the integrals of this new set of equations 
is similar to the initial problem : but it is simpler, because the 
number of dependent variables has been reduced from la to m — r. 

As already remarked, the easiest case is that in which each 
root /* of the critical equation is simple. With each such root, 
two differential relations are satisfied: let ii^aiconstant, v^^constant 
be their integral equivalent. Then 

where Qi \a arbitrary, is an integral of the original sj'stem ; and 
a full set of integrals of the original equations is given by 

j^i(Mi. Vi) - 0, g^(ut, r,) - 0, ..., g^(u^, »J- 0, 
where jTi, ..., ^M ore arbitrary functions. 

If, connected with a simple root i^i of the critical eqoatioii, 
only one integral (wiy tij) con be obtained, then 

Uj "> constant 
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takes the place of gj («;, Vj) ^ 0. And if no integral can be obtained, 
then (as already explained) we use the known integrals to reduce 
the order of the system and adopt the process for the integration 
of the reduced system. 

It is to be noticed that what is wanted at each stage, in 
connection with the differential relations of the form 



ttidr, -f ... ^r^dt^ 



dy^lkdx) 



for a simple root fi of the critical equation, and of similar relations 
for a multiple root, is not a complete equivalent of each set 
regarded as a set of PfafRan equations but only those integral 
equations (if anyX which arise by forming an exactly integrable 
combination of the differential relations or which can be obtained 
by some equivalent process. 

Further it is clear from the general argument that, if circum- 
stances make the use of an obtained integral convenient at any 
stage, the integral can be used to reduce the order of the system 
at once without determining any further integral or integrab 
eonneeted with the root in question, or with any other root, of 
the critical equation in ^ 

Sm. L Inlsgrale the equations 

J^-S(»i+t't-«i)-«-|fi 
The crMoal tqualioo for the detorminatioQ of |i la 



fhath, 



, 
, 



l» I 



■0 thai fiM -C Is a siinple root and |i«C Is a ropealed root 



MthAt 

The •ubaidiAry equAlioM u% 
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TaUof |iM ^^t w« hAT« 

X,-Ob Xt-Xa. 

two inUgimla at IheM are 

fi-h«i>-ooiitUnt, jrjf- oonrtint! 
lieiiot an intognd of tha origiDal Bjatem of aquatiooa it 

whore/ U An arbitrary. fUneUoo. 

Neit, taking the re|ieated root /i-', we and that thaie le oa^ aeii^ 

relation among the thrse quantities X: it is 

Xs-fXsoXi. 

The aubeidiarj equationii| on the subotitution of thia value of Xi, lake the 
form 

henoe aa X| : X| ie undotermined, we take the aubaidiaij equatione in the 
form, 



2i,+fa, 



Jcfjf-il* 

Tiiree independent integrals of these equ,atiuns are 

'-i^l'-ounstant. 



h±h 



■■ooustauti 
'■• constant; 
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bcoM two intograb of. the original ■jstom are givaB bf 



440 



,(^. !^. «).<, 



*(' 



h±h *i^^ 



j)-^ 



where ^ end ^ ere arbitrMj ftiocUone or^ wbel le tlw 
integrele ere giveQ bj 

wfaefe f end k ere erbitreiy ftmcikme. 

Henoe en integrel eqaiTelrat of the eyeiem of diflbrenilel eqnelioiie le 
glTOQ bj the three equetione 



where/9 #1 A ere erhitreiy ftioctioim. 
JEr. %, Integrete the equetione 



Altkrnativc Method, with Partial Subsidiary Equations. 

172. In the preceding investigation, the construction of the 
integrals of the system 

p<-iri-|- 2 oaji, (•-!,... ,m) 

#■1 

was made to depend upon the integration of a subsidiary set of 
equations homogeneous and linear in differential elements. As is 
well known from many discussions in earlier parts of this treatise, 
the integration of such a set can be replaced by the integration of 
a system of simultaneous partial differential equations in a single 
dependent Tariable: and indeed, in |g 169, 170, the problem was 
thus actually transferred from the region of ordinary equations 
to that of partial equations. The construction of these partial 
equations can be effected, without the intervention of the subsidiary 
oqtiatioiis as fellows. Let ' 

ii*ii(c,y, Ji, ...y tfli)iBeon8tant 
■ f.T. « 
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be a member of the integnl equindent of the above igRrtea of 
purtiel difiSeroDtiel eqiutione: then the equationa 



dM 



du 



not merely coeziet with the syatem of im equationa bat thej 
are not independent of them, qui equations in the deriTatiTea. 
Consequently, when eubetitution in the prior of the last two 
equationa ia made for pi, ..••/>■»• so that the original ayatem 
haa been completely uschI for purposes of inter-relation of the 
whole set, the two equations 

du Si du ^ 

are not independent of one another so lar as oonoems the deriva- 
tives. Comparing the coefficients otqi, ...,q^, and the quantities 
not involving these derivatives, in the two equationa, we have 



I 



1 aji 



i'l 



du 



du 



du 2 8« au 

where /t ia an unknown quantity and the former equation holda 
for ••!, ...,m. 



The m equations 



S, du du 



for i»l, ..., m, are homogeneous and linear in the m derivatives 
of tt with regard to /|, ..., z^: and th^ do not all vanish, tor 
II M constant is postulated as an integral equation. Hence §a ia 
given by the equation 



e- 



Ou + M. 
flit t 






Om 



Om + M 



0. 
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being the tame equation (or ^ as in the other investigation (§ 167)l 
According to the character of /* as a root of this equation B^bO, 
the ibrm of the system of equations for u alters. 

Let f^»^ be a simple root of 6«bO; then the ibrmerset of 
fn-f 1 equations involving the then unknown qnanti^ ^ and the 
derivatives of tt can be replaced by the set of m equations 



t*-^*'^)-"- 



for {■ilf...,!!!, the quantity fi now being known; and the 
quantities a^, •••» iU ue given by the equation 

M 

'-* 
and by any m — 1 of the m equations 

m 

i-i 
for %«!• ••••m. The set of m equations for .ii involves m-f S 
variables. It may possess no integral at all or no integral 
involving any one of the variables Su ...^Mmi vol that case, no 
integral of the original system of equations is derivable through 
the root ^ of 8 « 0. Or it may possess one integral involving at 
least (one of the variables s^ ..., g^; in that case, 

U » constant, 
where U is the integral in question, is an integral of the original 
system. Or it may possess two integrals U and F, one at least of 
which involves one or more than one of the variables «i, ..., 'mi 
in that case, 

♦ (tr,r)-o 

where ^ is arbitrary, is the most general integral of the original 
system thus obtainable. 

Similarly for each simple root of 8 • 0. 

Next, let fi be a multiple root of 6 » ; then the m equations 

^1-2 o^^-f^Mc-O, (t-1, ..MfnX 

are not independent of one another. Let them be such that t (and 
not more than t) of them can be deduced finom the remainder, so 
that there will be ( relations of the form 
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fMT t«il« •«., I: thus the quantities < are given by 

M 

i-i+i . 
where the first equation holds for s« 1, ..., I: the second holds for 
t«l» •••» I, and j»l-fl» ..Mtiii and in it the summation with 
regard to p is for all values I <f 1* ,.., m excupt p ^j\ and the third 
holds for the values s* 1» .•., <, and for the values 1, ...» I except 
/A » «• * Proceeding as for the simple root, we find that the equations 
for tt are 



3— — i tip 5-- -0, 

for /»»l-f li •••« m. being the same equations as in § 171, This 
set of equations, being m — < 4- 1 in number and involving m -f 2 
variables, can have any number* of integrals from up to I + 1 ; 
let these integrals be 

where 

Not more than one of these integrals can be independent of all the 
variables Si, ••., z^: if there be one such, let it be !/«. 
If « > 1, then the equat(onii 

where /i, ...,yi.i are arbitrary functions, constitute « - 1 integrals 
of the original system ; they are aasociated with the multiple root 
/* of the equation B » 0. 

If «» 1, and if Ux involves one oit least of the variables «i, ..., 
fail then 

Ux » coniitant 

is an integral of the original system: it is associated with the 
multiple root /*• 

* Th« oonditioDt m to Bomber deptod toldy apon lh« Bomber of oqoAtioiit in 
Um tyttem when rendered complete. If tbie nomber be k', where c' ^ a •)> S, then the 
Bomber of inlegrele ie m •«• 8 - k'. 
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When /c » 1 and Ui does not involve any of the variables 
$1, ..., Mmt and when /c »0, no integral is provided for the original 
system in association with the multiple root. 

Similariy for each multiple root of the critical equation O i^ 0. 

As before, the integrals can be used to eliminate some of the 
dependent variables and so to reduce the 6rder of the original 
system. 

Mm. The preceding prooeee can be illustraifld by belBf tpplisd to ths 
eqoalioiis hi Ei. 1, § 171, via 

Let it be sonweed that 

is an integral of theee equations: then the preceding ssplaaalleiis ehtw thai 
the equations 






du ^du ^du ^du _^ 
qakaqiwtioMin7i,ytoi>df«iM«oMaiMltlwMiDa H( 






FWms the Unit three of then equationsi we havs 






-f. 



4M 


IXAIIFU 




ihalH 


H('-S)- 


■<K 


M>ihAl»tim|iltfoall0 


-J. 




and A douUt ml to givMi by 






'r-l 




L Ui#»|. Tht Ani tquAtion giTM 




Mid IIm OthMT MUAtiODI 


ithaou* 





[iTi. 



TbeM three equAtiooe are a oompleie eyiitem: they poeeeee tve 
integnUe, in the form 

henoe the equation 

. where ^ in an arbttrarj AiootUm, ii .|Murt of an integral of the original 
equationa. 

II. Let §m -^^^The ibet equation beoomoe evaneeoent: the nait two 

equationa both become 

du bu bu ^ 

ill" Sit^ f*!*" 

and the laat equation is 

These two equations are a eompleto eystem : tliej |iOMeei tliree inde|iendeol 
integrals, in the form 

hence the equations 






where O and if are arbitrary ftinutions, are |Murt of an integral of the 
equMtioog, 
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TIm Ml intognl of the original equiiUom la giTtn bj oombinliig aU ilia 
parte obtaioMl: H la 



f, + f,-4r//f?V 



being the aame as bj the other proceea. 



Hamburger's Method applied to Non-likear Equations. 

ITS. The method of oonstnicting the integral of a system of 
simultaneous equations in a number of dependent variables, as just 
expounded, depends apparently on the formal property that the 
equations in question are linear in the derivatives of the dependent 
variable. It was only natural to expect that the method could be 
extended so as to apply to equations not restricted to being linear 
in those derivatives; and this extension, due^ initially to Ham- 
burger, was eflfected by a device, (successful specially in connection 
with equations of the second order, as will be seen later), which 
replaces the non-linear system by an amplified linear system. 

Adopting the same notation as before for the independent 
variables, for the dependent variables and for their derivatives, and 
assuming that the number of partial differential equations alge- 
braically independent of one another is the same as the number of 
dependent variables, we take these equations in the form 

/«(^»Jff h ^HfPif •••»Pa» Ji» •••» Jii)"0, 

for t«l, ...» ft. Were the integrals known, and the values of 
«i, •••, fn and of their derivatives substituted in the differential 
equations^ the latter would become identities ; aooordingly» when 
we take 

the integnib of the eqnations are in Moord with the ftirther 
eqoatioiii 



t- 



^ r-I ^^ 



a 

1 

1-1 1 






For 



aaa p. 107. ^^ 
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deduced firom derivatives of the identities by using the i 
relations 

Also, because of the necessary relations 

we have 

These equations hold for t»l, ...» n: they thus constitute a 
system of 8ii equations, involving Sn dependent variables Si, •••» in, 
P%» •••tPmt 9i» •••» 9nl and they are linear in the derivatives of 
those Sn dependent variables. Hence this system of equations is 
amenable to the Hamburger method for linear equations already 
expounded. 

To apply the method, we introduce n quantities /i. ...» /«, which 
are functions of all the variables and which (as to their ratios) will 
be determined subsequently ; and we write 

Then, multiplying the preceding typical equations by /< and adding 
for all values of «\ we have 

a«l CW ,.i Ojf 



H 



!/-a*.l*|-.!.<'*+«-»-> 



■ 
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Agtin, we have 
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iad therefore, if Xi, ...» X^ denote another series of quantities, 
which are fonctions of all the variables and which (also as to their 
ratios) will be determined subsequently, we have 



i K^dx+ t X.^rfy- t Kdp„ 






n 



i K^d»+ i X.^'rfy- t Kdq„ 
««i m mmi cy *" 



«-i 



iy^da>+iK^^dy~iKd... 



«-l 



■^' 



«»1 



In connection with these two setsbof equations and as a generalisatipo 
of the eotre sp onding step in the earlier process, we constonct a sab- 
sidiaiy qrstem of equations 





1 Kdp. iKdq. i Kd$. 

■•1 _«-l _ •-! 


1Wk« 
then 


••t 

"W ~P7 

My. _x,rfy 

0. •■i^• 
({yW^cI«; 

.-4;. 



fbrr^l, ...ii^that is, 
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174 Thif theorom^ whiob ia due ip Hambiuger, otn be 
establiahed m foUowa. 

When v«>o is w integral of the mibeidiary tyttein Minaated 
wiUi a root /* of A«>0, then the relation 

dv-O 
is satisfied in consequence of that system : that is, the relation 

miist be a consequence of the n -f 3 equations. When the ii 4- 8 
equations are iised to remove dy, dii, ...» di^^, ^Pi» ^i ^^ ^he 
differential relation dv^Q, the coeflBcients of the remaining 
differential elements must vanish; and therefore 

for «a>2, .*., ti, together with 

{dp ^ dv\ j^ « a» V 3» -. 

where 



di' 




• 




d9 




• 





We thus have 2fi — 1 equations, homogeneous and linear in the 
derivatives of % and the number of arguments occurring is 8ii 4- S: 
hence the number of integrals common to the system may be 
anything finom sero to n-|-8, according to the extra number of 
equations required to make the system complete. We shall 
assume that the conditions securing the existence of a variable 
non-trivial integral are satisfied : and wo shall make this assump- 
tion for each of the roots of A » : so that there thus will arise 
n equations 

Now let the 2n equations 

/i»0, ...,/ii="Oi »i"Ci, ..., Vtt'Ctt 



/ 



\t 
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be resolTed 00 as to express /h» ..., p^, q^ ..., qn in terms of 
'» Sff hf •••» '^* When their values are substituted in the Sn 
equations, each of these becomes an identity; and therefefe, ftmii 
eaeh equation «c->ei thus changed* we have 

ow ja] opg cx 0ml dq$ dx 

?5^ 2 — ^+ 2 — ?2?»0 
3y •.! 3p« 3y f-i dq^ dy" ' 

ar, • dvidp, • ari ag.^jj 

for^vl, ...vfi. Writing 

d3j^&arfa.&a 

we have 

CE4P fa] cpf CM? fai cq$ ax 

and therefore 

When the formal equations satisfied by Vi are used, and the 
equivalent values of g-' + fi =-* and 5^» 5~ f •■ P^^ ^ ^l^^** 
equations, are substituted in the last relation, it beoomes 

^and this relation, Irhen regard is paid to the equations 

can be truuformed so that it becomes 

Fortbori eaeh of the eqiiations 
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tarjml, .,..ii,b6oooie«an identity whea the mluet of fi, •••» jiWf 
fii ••., 9» tra •ubitituted therein. Henoe 






for ^al, ..., II ; and thurofora 

ay f-1 ^P^.djf «^i dff dy 

Multiplying these equations by l^, and adding the veqpeetive 
. equationa for all values of j, we have 

f-i ay •.! ^ rfy 
When the -valuoa thus given for X and Y 4ire substituted in the 

earlier equation winch is homogeneous and linear in ^ and ^^ 
it becomes 

l,l.l*(t-^)M.l.l'-(S--t)l'-- 

and therefore, as 

for « "i 1, ...» a, we have 

{'•^-IJ.I.H^-fe')}-'^ 

It is impossible, owing to t&e independence of V|» •.., V||» 
/i> •••i/nf quii functions of /)i, ..., Psi 9ii •••• 9«» that the quantity 

shall be evanescent. For let 
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and therefore, on aooomit of the equatione eatieSed bj f^i 



for faSy ...y n: theiit if 
we ehoold have 






8vi ct^ 
•ad therefore, on aoooont of the equations satisfied by %, 



for tvf, ,.., n. Now 



5^ 



'MQ,, 



i-1 ^Pt i-I ^ 



coneequeiitly, we ehotild have 



dvi 



9p,' ■'" dpn' dq, g^ 



^A ^ y. 



ap. 



ai>».' 






-0. 



§^ a^ a^ §^ 
ap, ^-ag, 8}. 

Henoe «i, regarded as a ftinction of pi, ..., p^, f^, ..,, q^, would 
not be fiinetionally distinct from /„ ..., fi,, oontnuy to the 
hypothesis as to the actual construction of f^, ..., flw* Thus 

ft s^ — c^ is not evanescent ; and therefore 



thatia^ 



••1 
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luantitiet <^» ••., U ara proportioiutl to the fint minora ot may 
t oonyititttenU in A, which ha« n diitinet roots ; and thu% 
{ the n aeU of quantitiea {|, ...» i^ aMociated with the 
U of A«>0 in suocetuuon^ we havo n independent eeta 
that the quantity 

/i»» !.« 



u)t vaniaih, where 1%^, ..., Z^*^ are the eet aiMociated with the 

^' 

'e thus have a equations, homogeneous and linear in the 

ities 

dy^djc' '"' dy^ax' 
letenninant of their coefficients is 

j \Pi. ••>, PJ' 

3r of the fiustom in this quantity vanishes : and thereJiMW 

dy dx ^' 
■ 1, ..., n. Consequeutly» the n equations 
dMi^ Pidx'k'Hidy\ 



di^^Pt.dx-k-qndy) 
\ the values of /h, •••• i>iif 9i. ..., qn are given by 

completely integrable system: their integral equivalent 
ins in arbitrary constants: and it constitutes a complete 
ral of the original system 

)urger's theorem is thus established 

oi€ 1. Wh(*n the ctMiiplute intt*gral has thus been obtained, 
tustomary Lngnuigiiin process of varying the parameters. 
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Mljeci to the eonwrmtioo of Ryui of the rqimtioiWi eiui b 
IB Older to deduce other iniegmlji frt^m f ho eompit^le int4^ 

iToCt S. If only a nninber of intogndu 

where m < n, of the mrioofi mibnidinfj ayntome iut» knowi 
can be used to elimuMte m of the dependent vimabl 
^f •••» ^t And a1m> their dorivatiYeii, from /i">0, •••, 
The integmtion of the mirviTing eqimtioni i« a prob 
ampler extent than the original problem. 

JIToCt 8. The preceding theorem requirea an integral 

of a subsidiary system. That subsidiary system may I 
number of functionally independent integrals 

««^»i« 

the number not being greater than n -f 8 : if the number is | 
than unity, we replace the equation 

by the equation 

Xti»\ri« ...)-0. 

where ^ is arbitrary. The argument then proceeds as befti 

itTote 4. The case, when the equations are linear 
derivatiTes and are of the form 

for t ■> 1, ..», fi, being the case tn-ated in the earlier seeti 
this chapter^ is included simply in the gonnral case, Tbo < 
eqoatioii A ■•0, being 



HJ-'f^l-- 



,«n4-^ Om , 



-0, 



m, 9mO, being the critical equrtfas fcr tho sJ Mf lsr as 

9.% 



M 



aiMULTAITBOin IQUATIOin 



iTote 6. When no one of (he dependent wiables 
di|>lici(ly in the original tyiitem, then 

dx 8i* dy ay* 

for I M 1, ..,» fi, ao that the equationa are simplified. In that < 
it may bo poaaible to oonatruct Vi,..., v»» so that no one of them 
oontains any of Uie dependent variables eiplioitly: eaeh of the 
equatiolis 

dfr-/)rdx4-9rdy, (r-l. ...,iiX 

is then oompletely integrablo by itself without reference to the 
other equations. . 

176. Sometimes a member of the final integral equivalent 
be obtained more directly as follows. Let 

be one integral relation in the integral equivalent of a system 

/i-O /,-0; 

then the equations 






dx 



dii 5 dtt ^ 

are satisfied in connection with the system. If then the quantities 
p%f*.p%9x^ eliminated from the equation 

by means of 

/i-O, ...,/,-0. 

the resulting equation must effectively be the same as 

When the latter equation is used to eliminate any of Uie quantities 
Hu •••• 9ttt say q^ (on the suppusition that ^— is not lero), finom the 
transfonned shape of 



^ 



■ 
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the result miist be an identity: the neoenaiy oonditiom that it 
ihould reduce to an identity are a number of relations among the 
derivatiyes of i», which accordingly are a set of simultaneous partial 
equations for the determination of «. 

It is dear, however, that the proc e s s is only of limited 
application; for instance, if ii be a function of «, y, J| only, it 
can be only in the case of equations of exceedingly special form 
that the transformation of the equation 

will lead to the equation 

in a way that gives useful relations between the derivatives of n. 
Moreover, just as in the classical problem of the three bodies^i it 
is not a foct that any integral leads to an identically satisfied 
equation : it may only lead to a relation merely compatible with 
the others. 

Should the method feiKHihen it is necessary to foU £m& upon 
the method given in Hamburger's general theory. 



i(j^-Wi-*fi)-0| 
i(**<^Wi-*fi)-o|. 



K/L t. Lei it be required to iniogrste the equations 

Fi(*fi+wt-*y)-»-^Op* 
Tb tsil the method just BuggeBted in 1 17A, we sesume that 

is an equation in the Integral eqairalent : then we have 

wUoh OMHt b. OMMbtaot with th. glTMi .qoktioni^ «id tiMrafcn 

+ih 3^ («'-ni-«»i)+»»j^(»»-fh -«*)-«. 
• 8m VOL m .r thb VMk, N Ml, 96«. 
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Thk tAoliT^jr BuiMl te tht mom m 



dm , 9u ^ 811 . du ^ 



Mtd thanlbn th* •qiuUoo 



(flr-*fi -jrjt) gj+ ft j^(*«-Wi -*h) 



-(»^-y«i-*»i)^+fij^. 



quk eqiuklkm lo ft And f„ muat ba «n ideuUty. Htnoa 

du dn . 



firom Um Unna indepandtot of ^i and ^t, from Uie ooeflkiiaol %£ fi, and from 
the ooefl&oiaot of ^1 retpeoUveljr : tbo other temu in fi and f^ diaappear of 
thamaalvea. Theaa three aquationa are equivalent to the two 

whioh are 4 oomplete Jaoobian ajrutein: the/ ha?a three independent 
integralai vis. 

and therefore we ehouhi take 

where/and jp are arUtraiy ftinctiooa. 

It ia oonoeivahle that there ahouUl be an integral in the lUll integral 
equivalent which doee not involve «i: lot it be 

Then the two equationa 

* 89 dv 89 

muat be treated in 4 aimilar manner. We aubatitute in the tot lor jh mmI/I| 
bjr meana of the original equationa and, after aubatitution, we eliminate q^ 



[ 



^gMm 



^.ttuma^mlmmiimmmmmlKklm 
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bj DWMM of tlie Moond: the result ahoiiki bo aa kleotH/. tte 
eooditiooi ai« etflify foiiiid to be 

Tka anond of theaa glvM aitlwr 

Udng the tetter eltenietiTe, the flnt oonditioo eea be 

If we eonU hav* 
toMOiarwItii 

tbao co m ple Ui ig the t j tl Ut i a, m ■houM Iut* 
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•adaos^aO^ ^«0: BointifiolwoakibeobtaiiMd. WiMamUIn 



totatlMrwilh 

th^l 



•ttaraathr* 



8» a» _ 
Thoa we obteia M 



tte 



Utiag tiM prior aMnatiT* 



'»^«» A 
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tht flni •qoaUoa btooiaM 

IIm two •quatioM oaa ba rapboad kj 

TlitM Art 4 oo m p l eU JaoobUa •/•tain : Uiej ha^ym two indnund— I inUfnli 

•oooidin^ J, w« iak* 

when it k an arfaitnij Ainction. 

ThiM an integral •quivalont of Um original equaliooa k 

whera/ jp, it aio arUtraij fttncUooa. 

Had il been unpoeaibU to obtain a tbird. integral bj the fivaoedinfpiooMi^ 
the known integrals oould bare been uned aa fSoUowa. 

Owing to tbe relation 
wobave 

ao tbat, wben tbia integral ia retained, tbe tbird diffwential equation ia a 
oonaeq u e n ce of tbe toit and can tberefore be n e ^e ct ed. Again, eKniinatJiif 
% between 

let tbe result be 

It ia eaajr to veriiy tbat 

Fi(*^i+y»i-Jiy)-»-irt('**-Wi-jp»t) 

-{pi('»i+Wt-'«y)+gi(|f*-jfft-j«fi)} ^(•iX 

ao tbat tbe aeoond diflferanttal equation ia aatiafled if tbe Ant ia eatietoi ; H 
need not be ratained wben tbe ftrat ia retained. Subatituting tbe value of $g 
in tbe fint equation, we bare 

/h9i(*+y^('i)}-yi*{j^+J^(«i)}+(y«- jH)ft-0 

aa tbe one equation to be aatiafied, or neglecting ^i^-O^ we bave 

Tbia ia an equation of Lagrangian form. To integrate it, we eonatmot two 
integrala of tbe ordinary equatioiia 

dx dy dii 



I 

I 
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these Are obUiiwble in the form 

Jfjr + ^ («i) "conetant ; 
eod theielbre a general integral ia given hj 

•i-»(*«+y^-*{*y-f^(ti)}. 
where i( ia an arbitrary fbnetional form. Henoe 

[ with the former reault. 



iSr. 1 Aa an illustration of the general method, we etill oonaider the 
aame ijatem aa in the last example. It in easy to see that» aa the eqnatioo 
for^ia * 



where denotea ^i-^yq^xy^ one root is given by 

The eorreeponding eet^ of quantities ft, ^, ^ are such thai 

henoe we may take 

^•Fifi-i^?f» 't-f*?i-|h^» ^"|hCi-Ml« 
But by the ghren eqmtiooi 



-«^ 



andtheo 



in the 



BfloM tha Miuftttoaa for t •!• 



*?^-0l 









(*ft+*»»-f!r) J+Oi'-wi-'fc) J-<^ 
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W« nikt tht itjrattm c o mpleU; it then ia 

{S-*^ StT^ s'^ J5"^ 
s;-*^ sr^ si-\ 

Th* («ro iBt«gimli^ tndapendimt «> iur m thsM •qnaUoM •!• 
Btt^fro9BtlMOffifittAl•7BtMnof•quAiu>a[^J^^-J^ binoi nv taki 



Than 



>n intognU oC tha oomplgU type. 

TIm diiniaiion for the other veluM of |i it left •• ea 
Mm. S. Inlegrele tbe equetioQii 

^(ii-»-ft-jr)/>i-WiJi+JVi'-«Vi J 

[The equetioii for i* ia 

-0; 

end the two tiIum of ^ ere giien bj 

M*tei+ji-jf)- -«y(ji+^i)+*(ih +?■)+/• 
Intigrele of the oompleie tjpe are 

end integreb of the geoerel t jpe ere 

•i-»(*«+/)-/W 

where/end g ere erbitrery ftinotioDe.] 



)-/W ) 
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i-n)|. 



Inl«grato the «|QAtioiiB 

^Pi--fjO-Ji)(^ijr+f«) 
wiMre X denolM fi (^<f jr^s-jv). 

iBr. a. Mereljr m an indioatioii tliAt the general meUiod k Ml ehie|e 
yhMi% eonekkr the oompeimtiTeljr timple pair of equaliOM 

The eqaalkNi for |i becomes 

ii«-1.0; 

Ibe lelalloo between the qiumUtiee ^ and f, U 
Abo 

Ite diflbmtial eqnaiiona f or « are 

Vbrati lot ^a-t, oo that the eqnationo are 
cr^or-dr,cr,8o,dr 

« *l « Oft 

Whaa m «ompleto the ityilam, it beoonifla 






{fi-*^ 5i-*^ 3S-"' 8ji- 

ttwoatyintagnlta 

■ad H b walHi Ibr tiM appUcMtioa of the pmMHi . 

- - 1, H appMn tiMt Um oolf dwtvalito TdM of ff !■ 
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Mid it fa UMlMilBMb* HP p lioftUoo oIUm pfonan, b CmAi jHi ffii jhi ft 
eumoi \m daduoid teiii 

/i-<^ /•-<^ »i-«ii •l-^- 

II nij In rtnurind ihali if we writo 

fi-«-Hog(#-».jfX 

Aod d imii Mi U «t batween Um two aqgatioiM^ thm « Mtfate M •qiMlioii ol 
Um Mooud oid«r which (in the umud ooUtion) fa 

Thfa equAtion (m niAy eaaily be verified) does not 
iotegnL When we take 

the equation beooDMe 






whioh fa ol Lapfaoe'e linear tjpe having equal invaiianU, hertaller to be 
conwidered. 



Can the Jacobian process be qekeraused? 

178. The preceding inveetigationa of Hamburger shew thai, 
for limited claaaee of equations^, it is pueaible to conatnici 
auxiliary aystema suggested by the analogy of the aubaidiary 
equations constructed in asaociation with a linear equation* And 
it is precisely this linear form which has made the process 
effective for the appropriate equations. Moreover, when the 
original simultaneous equations propounded for integration are 
not linear, Hamburger's method is to change the set into an 
amplified set with an amplified aggregate of dependent variables, 
the new set being linear. 

It is natural to enquire whether, as the Lagrangian subsidiary 
equations for a single linear equation in a single dependent 
variable have thus been generalised ^ as to be associable with a 
number of linear equations in the same number of dependent 
variables, there is any corresponding poasibility of generalising 
the Jacobian method of procec^ling with a single equation. It is, 
however, possible to see, from even the simplest case, that the 

* The UmiUUont are impoMd bj the hypothefeit Ihat the eqoatieae ia the 
auiiliary tjttemt are ao far cootistent with one another ai to poM>M one or mote 
Integrals t also, thert are onlj two Independent ? arUblee. 






I 
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generalisation of the Jaoobian method requires, in order to be 
effective, a process which is of too high an order for the applica- 
bility of analysis in its present stage of attainment 

Thus let 

9^9 (*i. ^tfPi. qu ft» ?i. «?. y)-(H 

be propounded as a couple of equations, algebraically independent 
of one another; and let 

A- A(si, I,, p,, quihf qtf ^f y)-constant 

be an equation compatible with them* Then, denoting the 
second derivatives of «, and s^ by r„ «^, <i, andrgt ib> t% respeo* 
tively, we have 



the elimination of ri and r, leads to the equation 

d(/.9.h) d{/,g.k) H/,9.h) ,p 

3(i»i.P».7i) 3(Pi.ft.?.) a(i»i.ft.«) 

Similarly, we have the equation 

H/.9.h) dj/.g^h) Hf^g^h) ^^ 
3(9i.Jt»Pi) 9(ji.?fPi) 8(|>i.ft.«?) 

It is generally impossible to eliminate $i and 9% between these 
two equations. Thus, by associating only a single equation with 
a given pair, it is not possible to generalise Jaoobi's procesa. 

I( however, a second equation, say 

\ k^k(hf 9%. Pi. qu ftf 9t» ^. 3f)-oonstant, 

can bc$ associated with the first pair and with the equation 
jr fli constant, so that 
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we find 

d(/.9.k.k) d(l9,Kk) ^^ 

^Oh. Ji. ft. «•) diPi. Ji. ft. «) 
SimiUrly, we ahould have 

Hf.9.k.k) d(/.g.k.k) ^^ 

3(ft.»i.ft.«t) 3(y.9i.ft.ft) • 

d(f.g.Kk) dif.g.k.k) ^^ 

3(ft.«i»ft. ft) 3(ft.ft.y.9t) 

Cooaequontly. 

Hf.g.Kk) ^ d(lg.k.k) ^^ 

d (^> ft . ft. 9t) 9 (y. 9i. ft. 9f) * 

d( /.g.k.k) ^ d(/.g.h,k) ^^ 

3 (*. ft. ft . «i) 3 (y. ft. ft • ft) * 

which may be regardi^d as two equationn for the determinaiioD of 
k and L The first of them aecuren the relation 

ay ar' 

the second secures the relation 

a^.aft. 

dy ar ' 

and the two equations are thus the necessary and suflkiMii oondi* 
tions for integrability. 

The two equations are also two equations for the determinatioQ 
of A and k, being lineo-linear in the derivatives of these quantities. 
They are simpler in form than the original equations /■■ 0» g^O: 
yet» even so, the integration of the two equations appears to be an 
operation of the second order, which is not resoluble into opera* 
tions of the first order. 

Thus the Jacobian process cannot be generalised when there 
are two, or more than two, dependent variables without requiring 
for its completion opi^rations of higher order than are required for 
Hamburger's generalisation of Lagrange's process. 

Note. It may happen that three equations 
/■■O, y — 0, A •■ constant. 
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are given : conditions as to coexistence must be satisfied . The two 
preceding equations can be regarded as simultaneous equations 
for the determination of one dependent Tariable : the conditions 
that they possess a common integral will be the conditions for the 
coexistence of the three equations. When these are satisfied, h 
can be determined by the usual processes: and then the equations 

fmmO, ^""O, A-Bconstant, i"»constant» 

give values o(pi,quPt, 9, which make 

cif I -pi(ir + Jirfy, cif, '^ptdx -t- ?trfy» 

a completely integrable system. 

Ex. Shew thut^ if n dependent variables f|, «.., f« are to be deiemlned 
in terms of two indqiendent variablea ir and jf hy means of n partial differential 
equations of the first order 

/i-O. .... /,-0^ 
and if other n equations 

where e^ •••» ^ are constants, can be associated with them, then the 
equations 

^ ('• Prf Pi$ ?l» •••»!>•• 9m) ^ (^f 9rf Pit ?l» •••• Pmi ?•) 

for r««l, ..., fi, derivatives with regaid to q^ not appearing in the first 
expression and those with regard to p^ not appearing in the second eipression, 
are satisfied. 

177. In a preceding example of very simple type (§ 175, 
Ex. 5), it was seen that the elimination of one of the dependent 
variables and its derivatives led to an equation of the second 
order. This result is partly due to the special form of the equa- 
tions there given : that it is not true in general for two equations 
of the form 

/(*!. 't. Pi»Ih,qu ?t. «. y) - 0, 

9 ('1. 'f Pi, ft» ji, ?t, «?• y)- 0, 

can easily be seen. Taking the derivatives of the first order of 
both equations, we have 

,%">■ %-'■ g--^ %-'' 

which, with fmO and g^O, are six equations: and as regMds Jb 
and its derivatives, the quantities tiiat oopur in tiienyjurs ^tAi 
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9b» ^Bt ib» d, in the usual uoUtioo. Six quantiiiea cannol. usiudly 
be eliminated between six equations; and therefore we cannot, 
infer that $i is usually determined by an equation of the second 
order. Rut if/vO and j^^O do not explicitly involTC the de- 
pendent variables, theu only five quantities occur tor elimination: 
in that case, there survives a single equation of the second order. 

In the more general case, when the dependent variables do 
occur explicitly, we .associate with the preceding six equations 
the set 

rf«» **• aSa^ **• rf/"*^' da^ ^' dxdy ^' dit ' 

thus making twelve in all. There are ten quantities to be 
eliminated: and therefore two equations will survive after the 
elimination, being two equations of the third order satisfied by Mi. 

Ex,. Prove that, if there be m de|jeod«}Dt verUbles and two iudependeDt 
veriabkii, and if there be m pertisl differeDtiel equatioiie of the fint order 
involving the depeodent veriablce eiplicitljr, then UBuelly the lowest order of 
differential equation aativtled bj a aingle variable ia 8m - 1, and that uiMiallj 
the number of equatiunn of that order Hatiafied by the aingle variable in m. 

We shall rutum to the diHCUHsiou of this matter in Chapter XXI.* 
Meanwhile, these results, as well as other considerations, indicate 
that we require the theory of equations of order higher than the 
first ; accordingly, we proceed to the consideration of that theory. 



K^^.^ 
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